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Editor's statement 

A large body of mathematics consists of facts that can be presented and 
described much like any other natural phenomenon. These facts, at times 
explicitly brought out as theorems, at other times concealed within a proof, 
make up most of the applications of mathematics, and are the most likely to 
survive changes of style and of interest. 

This ENCYCLOPEDIA will attempt to present the factual body of all 
mathematics. Clarity of exposition, accessibility to the non-specialist, and a 
thorough bibliography are required of each author. Volumes will appear in no 
particular order, but will be organized into sections, each one comprising a 
recognizable branch of present-day mathematics. Numbers of volumes and 
sections will be reconsidered as times and needs change. 

It is hoped that this enterprise will make mathematics more widely used 
where it is needed, and more accessible in fields in which it can be applied but 
where it has not yet penetrated because of insufficient information. 

Information theory is a success story in contemporary mathematics. Born 
out of very real engineering problems, it has left its imprint on such far-flung 
endeavors as the approximation of functions and the central limit theorem of 
probability. It is an idea whose time has come. 

Most mathematicians cannot afford to ignore the basic results in this field. 
Yet, because of the enormous outpouring of research, it is difficult for anyone 
who is not a specialist to single out the basic results and the relevant material. 
Robert McEliece has succeeded in giving a presentation that achieves this 
objective, perhaps the first of its kind. 

GIAN-CARLO ROTA 

Vlll 



Foreword 

Transmission of information is at the heart of what we call communication. 
As an area of concern it is so vast as to touch upon the preoccupations of 
philosophers and to give rise to a thriving technology. 

We owe to the genius of Claude Shannon* the recognition that a large class 
of problems related to encoding, transmitting, and decoding information can 
be approached in a systematic and disciplined way: his classic paper of 1948 
marks the birth of a new chapter of Mathematics. 

In the past thirty years there has grown a staggering literature in this 
fledgling field, and some of its terminology even has become part of our daily 
language. 

The present monograph (actually two monographs in one) is an excellent 
introduction to the two aspects of communication: coding and transmission. 

The first (which is the subject of Part two) is an elegant illustration of the 
power and beauty of Algebra; the second belongs to Probability Theory which 
the chapter begun by Shannon enriched in novel and unexpected ways. 

MARKKAC 

General Editor, Section on Probability 

* c. E. Shannon, A Mathematical Theory of Communication, Bell System Tech. J. 27 (1948), 
Introduction: 379-382; Part one: Discrete Noiseless Systems, 382-405; Part two: The Discrete 
Channel with Noise (and Appendixes), 406-423; Part III: Mathematical Preliminaries, 623-636; 
Part IV: The Continuous Channel (and Appendixes), 637-656). 

IX 



Preface to the first edition 

This book is meant to be a self-contained introduction to the basic results in 
the theory of information and coding. It was written during 1972-1976, when 
I taught this subject at Caltech. About half my students were electrical 
engineering graduate students; the others were majoring in all sorts of other 
fields (mathematics, physics, biology, even one English major!). As a result 
the course was aimed at nonspecialists as well as specialists, and so is this 
book. 

The book is in three parts: Introduction, Part one (Information Theory), and 
Part two (Coding Theory). It is essential to read the introduction first, because 
it gives an overview of the whole subject. In Part one, Chapter 1 is 
fundamental, but it is probably a mistake to read it first, since it is really just a 
collection of technical results about entropy, mutual information, and so forth. 
It is better regarded as a reference section, and should be consulted as 
necessary to understand Chapters 2-5. Chapter 6 is a survey of advanced 
results, and can be read independently. In Part two, Chapter 7 is basic and 
must be read before Chapters 8 and 9; but Chapter 10 is almost, and Chapter 
11 is completely, independent from Chapter 7. Chapter 12 is another survey 
chapter independent of everything else. 

The problems at the end of the chapters are very important. They contain 
verification of many omitted details, as well as many important results not 
mentioned in the text. It is a good idea to at least read the problems. 

There are four appendices. Appendix A gives a brief survey of probability 
theory, essential for Part one. Appendix B discusses convex functions and 
Jensen's inequality. Appeals to Jensen's inequality are frequent in Part one, 
and the reader unfamiliar with it should read Appendix B at the first 
opportunity. Appendix C sketches the main results about finite fields needed 
in Chapter 9. Appendix D describes an algorithm for counting paths in 
directed graphs which is needed in Chapter 10. 

x 



Preface Xl 

A word about cross-references is in order: sections, figures, examples, 
theorems, equations, and problems are numbered consecutively by chapters, 
using double numeration. Thus "Section 2.3," "Theorem 3.4," and "Prob. 
4.17" refer to section 3 of Chapter 2, Theorem 4 of Chapter 3, and Problem 
17 of Chapter 4, respectively. The appendices are referred to by letter; thus 
"Equation (B.4)" refers to the fourth numbered equation in Appendix B. 

The following special symbols perhaps need explanation: "0" signals the 
end of a proof or example; "iff" means if and only if; l x J denotes the largest 
integer ~ x; and IX l denotes the smallest integer;;. x. 

Finally, I am happy to acknowledge my debts: To Gus Solomon, for 
introducing me to the subject in the first place; to John Pierce, for giving me 
the opportunity to teach at Caltech; to Gian-Carlo Rota, for encouraging me 
to write this book; to Len Baumert, Stan Butman, Gene Rodemich, and 
Howard Rumsey, for letting me pick their brains; to Jim Lesh and Jerry 
Heller, for supplying data for Figures 6.7 and 12.2; to Bob Hall, for drafting 
the figures; to my typists, Ruth Stratton, Lillian Johnson, and especially Dian 
Rapchak; and to Ruth Flohn for copy editing. 

ROBERT J. McELIECE 



Preface to the second edition 

The main changes in this edition are in Part two. The old Chapter 8 ("BCH, 
Goppa, and Related Codes") has been revised and expanded into two new 
chapters, numbered 8 and 9. The old chapters 9, 10, and 11 have then been 
renumbered 10, 11, and 12. The new Chapter 8 ("Cyclic codes") presents a 
fairly complete treatment of the mathematical theory of cyclic codes, and 
their implementation with shift register circuits. It culminates with a dis­
cussion of the use of cyclic codes in burst error correction. The new Chapter 9 
("BCH, Reed-Solomon, and Related Codes") is much like the old Chapter 8, 
except that increased emphasis has been placed on Reed-Solomon codes, 
reflecting their importance in practice. Both of the new chapters feature 
dozens of new problems. 

xu 



Introduction 

In 1948, in the introduction to his classic paper, "A mathematical theory of 
communication," Claude Shannon1,* wrote: 

"The fundamental problem of communication is that of reproducing at one 
point either exactly or approximately a message selected at another point." 

To solve that problem he created, in the pages that followed, a completely new 
branch of applied mathematics, which is today called information theory and! 
or coding theory. This book's object is the presentation of the main results of 
this theory as they stand 30 years later. 

In this introductory chapter we illustrate the central ideas of information 
theory by means of a specific pair of mathematical models, the binary 
symmetric source and the binary symmetric channel. 

The binary symmetric source (the source, for short) is an object which 
emits one of two possible symbols, which we take to be "0" and "1," at a rate 
of R symbols per unit of time. We shall call these symbols bits, an abbrevia­
tion of binary digits. The bits emitted by the source are random, and a "0" is 
as likely to be emitted as a "l." We imagine that the source rate R is 
continuously variable, that is, R can assume any nonnegative value. 

The binary symmetric channel (the BSC2 for short) is an object through 
which it is possible to transmit one bit per unit of time. However, the channel 
is not completely reliable: there is a fixed probability p (called the raw bit 
error probability3), 0 :s: p :s: !, that the output bit will not be the same as the 
input bit. 

We now imagine two individuals, the sender and the receiver. The sender 
must try to convey to the receiver as accurately as possible the source output, 

* Notes, denoted by superior numerals, appear at the end of most chapters. 



2 Introduction 

and the only communication link allowed between the two is the BSC 
described above. (However, we will allow the sender and receiver to get 
together before the source is turned on, so that each will know the nature of 
the data-processing strategies the other will be using.) We assume that both 
the sender and receiver have access to unlimited amounts of computing power, 
storage capacity, government funds, and other resources. 

We now ask, For a given source rate R, how accurately can the sender 
communicate with the receiver over the BSC? We shall eventually give a very 
precise general answer to this question, but let's begin by considering some 
special cases. 

Suppose R = 1/3. This means that the channel can transmit bits three times 
as fast as the source produces them, so the source output can be encoded 
before transmission by repeating each bit three times. For example, if the 
source's first five bits were 10100, the encoded stream would be 
111000111000000. The receiver will get three versions of each source bit, but 
because ofthe channel "noise" these versions may not all be the same. Ifthe 
channel garbled the second, fifth, sixth, twelfth, and thirteenth transmitted 
bits, the receiver would receive 101011111001100. A little thought should 
convince you that in this situation the receiver's best strategy for decoding a 
given source bit is to take the majority vote of the three versions of it. In our 
example he would decode the received message as 11100, and would make an 
error in the second bit. In general, a source bit will be received in error if 
either two or three of its three copies are garbled by the channel. Thus, if Pe 

denotes the bit error probability, 

Pe = P {2 channel errors} + P {3 channel errors} 

(0.1) 

Since p :s: ~, this is less than the raw bit error probability p; our simple 
coding scheme has improved the channel's reliability, and for very small p the 
relative improvement is dramatic. 

It is now easy to see that even higher reliability can be achieved by 
repeating each bit more times. Thus, if R = 1/(2n + 1) for some integer n, 
we could repeat each bit 2n + 1 times before transmission (see Prob. 0.2) and 
use majority-vote decoding as before. It is simple to obtain a formula for the 
resulting bit error probability p~2n+l): 
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2n+l 

p~2n+l) = L P {k channel errors out of 2n + I transmitted bits} 
k=n+l 

2n+l (2n + I) L k p\l - pin+1- k 

k=n+l 

= pn+l + terms of higher degree in p. ( 2n + I) 
n+l 

3 

(0.2) 

If n > I, this approaches 0 much more rapidly as p ----t 0 than the special case 
n = I considered above.4 So in this rather weak sense the longer repetition 
schemes are more powerful than the shorter ones. However, we would like to 
make the stronger assertion that, for a fixed BSC with a fixed raw error 
probability p <~, p~2n+l) ----t 0 as n ----t 00, that is, by means of these repeti­
tion schemes the channel can be made as reliable as desired. It is possible but 
not easy to do this by studying formula (0.2) for p~2n+l). We shall use another 
approach and invoke the weak law of large numbers, * which implies that, if 
N bits are transmitted over the channel, then for any E > 0 

1. { I number of channel errors I } 1m P - P >E = O. 
N-+oo N 

(0.3) 

In other words, for large N, the fraction of bits received in error is unlikely to 
differ substantially from p. Thus we can make the following estimate of 
p~2n+l): 

p~2n+l) = p{ fraction of transmitted bits received in error 

~ P { fraction> n 
~ P{lfraction - pi >~ - p}, 

and so by (0.3) p~2n+l) does approach 0 as n ----t 00. We have thus reached the 
conclusion that if R is very small, it is possible to make the overall error 
probability very small as well, even though the channel itself is quite noisy. 
This is of course not particularly surprising. 

* Discussed in Appendix A. 



4 Introduction 

So much, temporarily, for rates less than 1. What about rates larger than I? 
How accurately can we communicate under those circumstances? 

If R > 1, we could, for example, merely transmit the fraction 1/ R of the 
source bits and require the receiver to guess the rest of the bits, say by flipping 
an unbiased coin. For this not-very-bright scheme it is easy to calculate that 
the resulting bit error probability would be 

1 R - 1 1 
P =-Xp+--X-
eRR 2 

= ~ - (~- p) / R. (0.4) 

Another, less uninspired method which works for some values of R > 1 will 
be illustrated for R = 3. If R = 3 there is time to transmit only one third of 
the bits emitted by the source over the channel. So the sender divides the 
source bits into blocks of three and transmits only the majority-vote of the 
three. For example if the source emits 101110101000101, the sender will 
transmit 11101 over the channel. The receiver merely triples each received 
bit. In the present case if the channel garbled the second transmitted bit he 
would receive 10 10 1, which he would expand to 111000111000111, thereby 
making five bit errors. In general, the resulting bit error probability turns out 
to be 

Pe=;tX(I-p)+~Xp 

=;t+ p/2. (0.5) 

Notice that this is less than t + p/3, which is what our primitive "coin­
flipping" strategy gives for R = 3. The generalization of this strategy to other 
integral values of R is left as an exercise (see Prob. 0.4). 

The schemes we have considered so far have been trivial, though perhaps 
not completely uninteresting. Let us now give an example which is much less 
trivial and in fact was unknown before 1948. 

We assume now that R = 4/7, so that for every four bits emitted by the 
source there is just time to send three extra bits over the channel. We choose 
these extra bits very carefully: ifthe four source bits are denoted by xo, Xl, X2, 

X3, then the extra or redundant or parity-check bits, labeled X4, X5, X6, are 
determined by the equations 

X4 == Xl + X2 + X3 (mod 2), 

X5 == Xo + X2 + X3 (mod 2), 

X6 == Xo + Xl + X3 (mod 2). 

(0.6) 
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Thus, for example, if (xo, Xl, X2, X3) = (0110), then (X4, X5, X6) = (011), and 
the complete seven-bit codeword which would be sent over the channel is 
0110011. 

To describe how the receiver makes his estimate of the four source bits 
from a garbled seven-bit codeword, that is, to describe his decoding algorithm, 
let us rewrite the parity-check equations (0.6) in the following way: 

=0, 

Xo +X2 +X3 =0, 

+X6 = O. (0.7) 

(In (0.7) it is to be understood that the arithmetic is modulo 2.) Stated in a 
slightly different way, if the binary matrix H is defined by 

H = [~ ~ ~ ~ 
1 101 

1 0 0] o 1 0 , 
001 

we see that each of the 16 possible codewords x = (Xo, Xl, X2, X3, X4, X5, X6) 
satisfies the matrix-vector equation 

(0.8) 

(In (0.8) the superscript Tmeans "transpose.") 
It turns out to be fruitful to imagine that the BSC adds (mod 2) either a 0 or 

a 1 to each transmitted bit, 0 if the bit is not received in error and 1 if it is. 
Thus if x = (xo, Xl, ... ,X6) is transmitted, the received vector is 
y = (xo + zo, Xl + Zl, ... , X6 + Z6), where Zi = 1 if the channel caused an 
error in the ith coordinate and Zi = 0 if not. Thus, if z = (zo, ... , Z6) denotes 
the error pattern, then y = x + z. 

The receiver, who knows only y but wants to know x, now does a very 
clever thing: he computes the following vector s = (so, Sl, S2): 

ST = HyT 

= H(x +Z)T 

(see (0.8)). (0.9) 

Here s is called the syndrome5 of y; a 0 component in the syndrome indicates 
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that the corresponding parity-check equation is satisfied by y, a 1 indicates 
that it is not. According to (0.9), the syndrome does not depend on which 
codeword was sent, but only on the error pattern z. However, since x = y + z, 
if the receiver can find z he will know x as well, and so he focuses on the 
problem of finding z. The equation ST = HzT shows that ST is the (binary) 
sum of those columns of H corresponding to 1 's in z, that is, corresponding to 
the bits of the codeword that were garbled by the channel: 

(0.10) 

The receiver's task, once he has computed s, is to "solve" the equation 
ST = HzT for z. Unfortunately, this is only three equations in seven un­
knowns, and for any s there will always be 16 possibilities for z. This is 
clearly progress, since there were a priori 128 possibilities for z, but how can 
the receiver choose among the remaining 16? For example, suppose 
y = (0111001) was received. Then s = (101), and the 16 candidate z's tum 

out to be: 

0 1 0 0 0 0 0 0 0 1 0 0 1 1 
1 1 0 0 0 1 1 0 0 0 1 0 1 0 
0 0 0 0 0 1 0 1 1 0 0 1 
0 1 1 0 1 0 1 0 1 0 0 0 0 
0 1 0 1 1 1 1 0 0 1 0 0 1 
1 0 0 0 1 0 1 1 1 1 0 1 0 
1 1 1 0 0 1 0 0 1 0 0 
1 1 0 1 0 0 1 0 1 1 1 

Faced with this set of possible error patterns, it is fairly obvious what to do: 
since the raw bit error probability p is <!, the fewer 1 's (errors) in an error 
pattern, the more likely it is to have been the actual error pattern. In the 
current example, we're lucky: there is a unique error pattern (0100000) of 
least weight, the weight being the number of 1 'so So in this case the receiver's 
best estimate of z (based both on the syndrome and on the channel statistics) 
IS z = (0100000); the estimate of the transmitted codeword is 
x = y + z = (0011001); and finally, the estimate of the four source bits is 
(0011). 

Of course we weren't really lucky in the above example, since we can show 
that for any syndrome s there will always be a unique solution to HzT = ST of 
weight 0 or 1. To see this, notice that if s = (000), then z = (0000000) is the 
desired solution. But if s -I (000), then ST must occur as one of the columns 
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of H; if ST = the ith column of H, then the error pattern z, which has one 1 in 
the ith position and O's elsewhere, is the unique minimum-weight solution to 
HzT = ST. 

We can now formally describe a decoding algorithm for this scheme, which 
is called the (7, 4) Hamming code. Given the received vector y, the receiver 
executes the following steps: 

1. Compute the syndrome ST = HyT. 

2. If s = 0, set z = 0; go to 4. 
3. Locate the unique column of H which is equal to s; call it column i; set 

z = all O's except for a single 1 in the ith coordinate. 
4. Set i = y + z. (This is the decoder's estimate of the transmitted code­

word.) 
5. Output (Xo, Xl, X2, X3), the first four components of x. (This is the 

decoder's estimate of the original source bits.) 

It is of course possible that the vector z produced by this algorithm will not be 
equal to the actual error pattern z. However, if the channel causes at most one 
error, that is, if the weight of z is 0 or 1, then it follows from the above 
discussion that z = z. Thus the Hamming code is a single-error-correcting 
code. In fact it is easy to see that the above decoding algorithm will fail to 
correctly identify the original codeword x iff the channel causes two or more 
errors. Thus, if PE denotes the block error probability P{ i -I- x}, 

PE = t (7)P\1 - p)7-k 
k=2 k 

= 21p2 - 70p3 + etc. 

Of course the block error probability PE doesn't tell the whole story, for even 
if i -I- x, some of the components of i may nevertheless be right. If we denote 
the bit error probability P{Xi -I- Xi} by p~\ it is possible to show that, for all 
0::;; i::;; 6, 

fA;) = 9p2(1 - p)5 + 19p3(1- p)4 + 16p\1 _ p)3 

+ 12p 5(1 - pi + 7p6(1- p) + p7 

= 9p2 - 26p3 + etc. (0.11 ) 

Comparing this to (0.1), we see that for BSC's with very small raw error 
probabilities the Hamming code performs at rate 4/7 = 0.571 about as well 
as the crude repetition scheme at rate 1/3 = 0.333. 
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We could also use the (7,4) Hamming code to communicate at R = 7/4 by 
reversing the roles of sender and receiver. Here the sender would partition the 
sequence of source bits into blocks of seven, reduce each block of seven to 
only four via the above decoding algorithm (which in this context would 
become an "encoding algorithm"), and transmit these four bits over the 
channel. The receiver would decode the four received bits by adding three 
extra bits, computed by the parity-check rules (0.6). For this scheme the 
resulting bit error probabilit\, p~) = P{Xi -I Xi} is not independent of i, but 
the average Pe = (L~=OP~)) /7 is given by 

1 4 53 3 2 2 59 3 7 4 
Pe = 8(1 - p) + 28 (1 - p) p + 3(1 - p) p + 28 (1 - p)p + 8 p 

1 39 
= 8 + 28 P + etc. (0.12) 

For a noiseless (p = 0) BSC, this is much superior, for example, to the "coin­
flipping" technique for R = 7/4, which from (0.4) gives Pe = -& = .214. 

Let us sununarize what we know so far by specializing to a particular BSC, 
say p = .1, and for each of the communication schemes discussed so far 
placing a point on the (x, y) plane, with x = R, the rate, and y = Pe, the 
overall bit error probability, as shown in Fig. 0.1. Given sufficient patience 
and ingenuity, we could continue inventing ad hoc schemes and putting points 
on Fig. 0.1. Our eventual goal would be, of course, to learn which points are 
achievable and which are not. Incredibly, this goal has already been reached 
by Shannon. But before giving Shannon's result, let us formalize somewhat 
the concept of a rate R coding scheme with associated bit error probability Pe. 

As suggested by Fig. 0.2, an (n, k) code is a scheme in which the source 
sequence is partitioned into blocks of k bits, and in which each k-bit source u 
block is mapped ("encoded") into an n-bit codeword x, which is transmitted 
over the channel and received, possibly garbled, as y. The decoder maps the n­

bit noisy codeword y into a k-bit block v, which is an estimate of the original 
source sequence u. The rate of this communication system is R = k / n; the 
bit error probability is defined as 

where 

k _ 1" (i) 
Pe -k~Pe' 

i=l 

p(i) = P {v· --I- u·} e l -r l , i = 1,2, ... , k. 

(You should be able to see immediately how each of the schemes described so 
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Figure 0.1 Some achievable (R, Pe) pairs for a BSC with p = .1. 

u X 
~ ~ I Source ~(UI,U2'··· ,Uk) -l Encoder ~( Xl,x2,··· ,xn) --I Channel ~ 

y v 
~ ~ 

IChannel~ (YI,Y2,··· 'Yn )--1 Decoder ~( vI; V2 ,··· ,Vk )~ Destination I 
Figure 0.2 An (n, k) code for the binary symmetric source and BSC. 
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far, with the possible exception of the "coin-flipping" strategy for R ;:: 1, fits 
this description; see Prob. 0.5.) We say that a point (x, y) in Fig. 0.1 is 
"achievable" if there exists such an (n, k) code with kin;:: x, Pe ~ y. Not to 
prolong the suspense, Fig. 0.3 shows the set of achievable points for our 
special BSC (p = .1). Of course the crucial thing to know about Fig. 0.3 is 
the description of the boundary between the achievable and nonachievable 
regions. In order to give the description, we need to introduce the important 
binary entropy function: 
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.5r-------r-------r-------.----.r-.-----~ 

.4 (APPROACHING 
P e = . 5 ASYMPTOTICALLY) 

t .3 ACHIEVABLE REGION 

.2 

.1 

3 4 
R-

Figure 0.3 The achievable (R, Pe ) pairs for a binary symmetric source and a BSC 
(p = .1). 

1/2 1 -
Figure 0.4 The binary entropy function. 

H 2(x) = -x 10g2 X - (1 - x) 10g2(1 - x), O<x<l, 

5 

H 2(0) = H 2(1) = O. (0.13) 

A graph of y = H 2(x) is shown in Fig. 0.4. (Some important properties of 
H2(X) are described in Prob. 0.10.) We can now describe the boundary 
between the achievable and nonachieveable regions in Fig. 0.3. The curved 
part ofthe boundary is the set of points (R, Fe) satisfying 

R = _1_-_H __ 2(_.I_) 
1 - H 2(Fe ) , 

(0.14) 

The remainder of the boundary is a segment of the R axis, from R = 0 to 
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R = 1 - H2(.I) = 0.531. For a general BSC, the story is just the same, except 
that (0.14) is replaced by 

R = _1_-_H_2-=(p-,-) 
1 - H2(Pe) ' 

(0.15) 

and the corresponding segment of the R axis runs from R = 0 to 
R = 1 - H2(p), as shown in Fig. 0.5. 

There are many remarkable things about the results sketched in Figs. 0.3 
and 0.5, but the most remarkable is this: If R < 1 - H2(p), then any positive 
Pe, however small, is achievable! For example, if p = .1, according to Fig. 
0.3, there should exist a code with rate;=: 0.5 and overall error probability 
< 1O-50o ! The important number 1 - H2(P) is called the capacity of the 
channel; this particular implication of Fig. 0.5 is called the channel coding 
theorem; it says that arbitrarily reliable communication is possible at any rate 
below channel capacity. (Compare this to our earlier result, proved via 
repetition codes, that as R ----7 0, Pe could be made to approach 0 as well.) 

It would not be much of an exaggeration to say that this entire book is 
devoted to the study of Fig. 0.5 and its generalizations. In Part one we shall 
describe (complete with proofs) the "achievable" region for a large class of 
source-channel pairs. (The description is given in Chapter 5, which the reader 
is encouraged to skim as soon as possible.) However, the proofs given are 

.5~----~-------.-------r------'------' 

.4 
ACHIEVABLE REGION 

1 3 
R-

Figure 0.5 The achievable (R, Fe) pairs for a binary symmetric source and a general 
BSC. 
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somewhat unsatisfactory, since they only assert the existence of, but do not 
describe explicitly, the corresponding codes. In Part two this problem will be 
partially remedied, for there we shall describe in detail some of the important 
practical codes in use today. 

Problems 

0.1 Explain why the assumption 0 ~ p ~ ! about the raw bit error probability of 
the BSC (see p. 1) involves no essential loss of generality. 

0.2 Suppose R = 1/2n for some integer n, and consider a "repeat each bit 2n 
times" strategy for communicating over the BSC. 
(a) Devise a suitable decoding strategy, and compute the resulting bit error 

probability Pe. 
(b) Show that the formula you obtained in part (a) is exactly the same as 

formula (0.2) for the performance of the R = 1/{2n - 1) repetition 
scheme. 

0.3 Verify formula (0.5). 
0.4 Suppose R = 2n + 1 for some integer n, and consider a "send the majority 

vote of each 2n + 1 successive source bits" strategy analogous to the R = 3 
scheme described on p. 4. 
(a) Show that Pe = (I - p)Q + p(1 - Q), where 

Q = ~ - e: )rC2n+1). 

(b) Show that the performance of the analogous R = 2n scheme yields exactly 
the same value of Pe. 

0.5 Assuming R;;;: 1 and R is rational, show how to convert the vague "coin­
flipping" strategy on p. 4 into an en, k) code in the sense of Fig. 0.2. Then 
verify formula (OA) for the resulting bit error probability. 

0.6 Decode the following vectors, assuming they are "noisy" versions of code­
words from the R = 4/7 Hamming code: 1100000, 1010101,0111100. 

0.7 Decode the following vectors, assuming they are "noisy" versions of code­
words from the R = 7/4 Hamming code: 1010,0001,0111. 

0.8 Verify formula (O.ll). 
0.9 Verify formula (0.12). 

0.10 Show that the binary entropy function H 2 {x) defined by Eq. (0.13), enjoys the 
following properties: 
(a) m{x) = 10g2(1 - x)/x. 
(b) H!j{x) = -[x{1-x)10g2]-I. 
(c) H 2{x) ~ 1 with equality iffx =!. 
(d) H 2{x);;;: 0; limx->o.l H 2 {x) = O. 
(e) H 2{x) = H 2(1 - x). 

0.11 Does the boundary between the achievable and impossible regions, call it B{R), 
have a continuous derivative for all R;;;: O? Compute limR-->ooB{R), and 
interpret your result in communications terms. 
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Notes 

(p. 1). Claude Elwood Shannon was born in Petoskey, Michigan, on April 30, 1916. 
He did his undergraduate work at the University of Michigan, majoring in electrical 
engineering and mathematics, and got his B. S. in 1936. He earned his Ph.D. at the 
Massachusetts Institute of Technology in 1940, and after spending a year at the Institute 
for Advanced Study in Princeton, he joined the technical staff of the Bell Telephone 
Laboratories in Princeton, New Jersey. 

In 1941 Shannon began a serious study of communications problems, motivated in part 
by the needs of the war effort, and this research culminated in the publication of "A 
mathematical theory of communication" in 1948. (This paper is reprinted in full in [25].) 

With many profound scientific discoveries (for example Einstein's discovery in 1905 of 
the special theory of relativity) it is possible with the aid of hindsight to see that the times 
were ripe for a breakthrough. Not so with information theory. While of course Shannon 
was not working in a vacuum in the 1940's, his results were so breathtakingly original 
that even the communication specialists of the day were at a loss to understand their 
significance. Gradually, as Shannon's theorems were digested by the mathematical! 
engineering community, it became clear that he had created a brand-new science, and 
others began to make first-rate contributions of their own. Slowly at first, and then more 
rapidly, the subject grew, until now hundreds of research papers in information theory are 
published each year. 

Thus Shannon is universally acknowledged as the unique father of information theory, 
solely on the basis of his 1948 paper. But in addition, he is also universally acknowledged 
as the most important post-1948 contributor to the subject! Nearly every one of his papers 
since "A mathematical theory of communication" has proved to be a priceless source of 
research ideas for lesser mortals. (For example, in a 1973 collection of the key papers in 
the development of information theory [25], Shannon was the author or coauthor of 12 of 
the 49 papers cited. No other author appeared more than three times.) 

2 (p. 1). In the Los Angeles, California, area channel 52 (KBSC) is the binary 
symmetric channel. 

3 (p. 1). Sometimes p is also called the transition probability or the crossover 
probability for the BSC. 

4 (p. 3). The derivation of this formula for Pe deserves further comment. The binomial 
coefficient (if) ("N choose K") denotes the number of ways of choosing K objects 
without repetition out of a set of N objects. Numerically it is equal to N(N - 1) 
(N - 2) ... (N - K + 1)/ K(K - 1) ... 2· 1. (For further properties of binomial coeffi­
cients, see Knuth [7], Vol. 1.) So there are (in+l) different ways the channel could cause 
exactly k errors among the 2n + 1 transmitted bits. Each such pattern occurs with 
probability pk(1 - p)2n+l-k, and so the term (in+l)pk(1- p)2n+l-k is equal to the 
probability that exactly k of the 2n + 1 copies of the source bit are received in error. 

5 (p. 5). In medical parlance a syndrome is a pattern of symptoms that aids in the 
diagnosis of a disease. Here the "disease" is the error pattern, and a "symptom" is a 
parity-check failure. This felicitous coinage is due to Hagelbarger. 
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Information theory 
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Entropy and mutual information 

1.1 Discrete random variables 

Suppose X is a discrete random variable, that is, one whose range 
R = {x], X2, ... } is finite or countable. Let Pi = PiX = Xi}' (For probabil­
istic terminology consult Appendix A.) The entropy of X is defined by 

1 
H(X) = LPilog-. (1.1) 

i~] Pi 

This definition needs elaboration. First, the base of the logarithm is purposely 
left unspecified. If necessary, however, we shall denote the base-b entropy by 
Hb(X), and say that the entropy of X is being measured in base-b units. Base-
2 units are called bits (hinary igili), and base-e units are called nats (natural 
digi~). Second, if Pi = 0, the term Pi logpi] in (1.1) is indeterminate; we 
define it to be 0, however. (This convention is by no means arbitrary; see Prob. 
1.1.) Finally, if R is infinite the sum (1.1) may not converge; in this case we 
set H(X) = +00. 

Example 1.1 Let X represent the outcome of a single roll of a fair die. Then 
R = {I, 2, 3,4,5, 6} and Pi = ~ for each i. Here H(X) = log 6 = 2.58 
bits = 1.79 nats. D 

Example 1.2 Let R = {O, 1}, and define X by PiX = O} = p, PiX = 1} = 
1 - p. Then H(X) = - P logp - (1 - p) 10g(1 - p), and so H2(X), as a 
function of ° ::;; P ::;; 1, is identical to the binary entropy function H 2(p), 
which was defined in Eq. (0.13). In what follows, we will frequently represent 
the function-P logp - (1 - p) 10g(1 - p), where the bases of the logarithms 
are unspecified, by H(p), and call it the entropy function. Figure 1.1 gives its 
graph (cf. Fig. 0.4). More generally, if p = (p], ... , Pr) is any probability 

17 



18 Entropy and mutual information 

log 2 

1/2 

Figure 1.1 The entropy function H(p). 

vector, that is, Pi;;' 0 and L.Pi = 1, we define H(p) = H(PI, P2, 
... , Pr) = L.Pi logpi -I. This notation is not quite consistent, since for r = 2 
we have H(p, 1 - p) = H(p). (Thus we use the symbol H in three slightly 
different ways: H(X) is the entropy of the random variable X; H(p) = 

-plogp - (1- p)log(1- p) for O:s: p:S: 1; and H(PI, P2, ... , Pr) = 

L.Pi logpi -I ifp is a probability vector.) D 

Example 1.3 Ifthe sum L.':=2(nlog2n)-1 is denoted by A, and ifthe random 
variable X is defined by P{X = n} = (Anlog2n)-1 for n = 2,3, ... , then 
H(X) = +00. (See Prob. 1.2.) D 

It turns out that H(X) can be thought of as a measure of the following things 
about X: 

(a) The amount of "information" provided by an observation of X. 
(b) Our "uncertainty" about X. 
(c) The "randomness" of X. 

In the next few paragraphs we will discuss these properties informally, but the 
reader should be told immediately that H(X) does in fact measure these 
things in a deep mathematical sense as well. Indeed there are many possible 
functions of a random variable X that share the properties to be discussed 
below, but only H(X) will do for the study of communications problems. 

For each x E R define lex) = -logP{X = x}. Then I is a new random 
variable, and H(X) is its average. The function lex) (see Fig. 1.2) can be 
interpreted as the amount of information provided by the event {X = x}. 
According to this interpretation, the less probable an event is, the more 
information we receive when it occurs. A certain event (one that occurs with 
probability 1) provides no information, whereas an unlikely event provides a 
very large amount of information. For example, suppose you visited an oracle 
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t 
I(x) 

I 
p{X:X}-

Figure 1.2 The function lex). 

who could answer any "yes or no" question. If you asked, "Will I live to be 
125?" and got a "no" answer, you would have gained very little information, 
since such extreme longevity is exceedingly improbable. Conversely, if you 
got a "yes," you would have learned much. If now millions of people visited 
the oracle and asked the same question, most would get a "no," a few would 
get a "yes," and the average amount of information provided would be H(p), 
where P = P {age at death ;;. 125}. Moreover, just before receiving the 
oracle's reply you would probably be slightly anxious; this reflects the fact 
that a small amount of uncertainty exists about the answer. H(p) is equally a 
measure of this uncertainty. I Finally, if a dispassionate census worker were 
assigned to record the oracle's answers, he would become extremely bored 
and might begin to suspect the oracle of being a machine that always says 
"no." This reflects the fact that the random variable X representing the 
oracle's reply is not very random. Here H(p) measures the randomness of X. 

As a less transcendental example, define X by P {X = o} = P {X = I} 
=!. Then /(0) = /(1) = H(X) = log 2 = 1 bit, that is, the observation of 
the "bit" X provides one "bit" of information. 

Our first theorem concerns the maximum possible value for H(X) in terms 
ofthe size of R. 

Theorem 1.1 Let X assume values in R = {Xl, X2, ••• , Xr }. Then o:s: 
H(X) :s: log r. Furthermore H(X) = 0 iff Pi = 1 for some i, and H(X) = 

log r iff Pi = l/r for all i. 

Proof Since each Pi is :s: 1, each term Pilogpil in (1.1) is ;;. 0, so 
H(X) ;;. O. Furthermore P logp- l = 0 iff P = 0 or 1, and so H(X) = 0 iff 
each Pi = 0 or 1, i.e., one Pi = 1 and all the rest are O. 



20 Entropy and mutual information 

Now by Jensen's inequality (see Appendix B), smce logx IS strictly 
convex n, 

with equality iff Pi is a constant independent of i, i.e., Pi = 1/ r for all i. D 

Informally, Theorem 1.1 identifies a uniformly distributed random variable 
as the most "random" kind of random variable. Formally, it asserts that the 
maximum value of the function H(PI, P2, ... , Pr), as P = (PI, ... , Pr) 
ranges over the r - 1 dimensional simplex {Pi;=: 0, LPi = I}, is log r and is 
achieved uniquely at p = (l/r, l/r, ... , l/r). 

Our next goal is to define, for a pair of random variables X and Y, a 
quantity H(XI Y) called the conditional entropy2 of X, given Y. In order to 
do this neatly, we introduce some streamlined notation. For x in the range of 
X, y in the range of Y, define: 

p(x) = PiX = x}, 

p(y) = P{Y = y}, 

p(x, y) = PiX = x, Y = y}, 

p(xly) = P{ X = xl Y = y} = p(x, y)/ p(y), 

p(ylx) = P{ Y = ylX = x} = p(x, y)/ p(x). 

(1.2) 

(This notation is occasionally ambiguous, and if absolutely necessary appro­
priate subscripts will be added, for example, px(x), PYlx(y, x). This need will 
arise, however, only when actual numbers are substituted for the letters x, y; 

see Example 1.6.) Our definition is: 

H(XI Y) = E [log p(~IY)] 
1 

= LP(x, y)log-(xl )' 
X,Y P Y 

(1.3) 

(In (1.3) we observe the same conventions as we did for sum (1.1): 
OlogO-1 = 0; a divergent sum means H(XIY) = +00.) Let us pause to 
motivate the definition via a simple model for a communications channel, 
called a discrete memoryless channel (DMC). 
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r -I s-I 

Figure 1.3 A discrete memoryless channel. 

inputs 
outputs 

• • • 
• 

" 
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x- p(y\)() 

• • 
• • 

Figure 1.4 Another view of a DMC. 

A DMC (Fig. 1.3) is an object that accepts, every unit of time, one of r 
input symbols, and in response expels one of s output symbols. (This channel 
is "discrete" because there are only finitely3 many input and output symbols, 
"memoryless" because the current output depends only on the current input 
and not on any of the previous ones.) The precise labeling of the input and 
output symbols is of no real importance, but it is often convenient to let 
{a, 1, ... , r - I} and {a, 1, ... , s - I} represent the input and output 
alphabets. 

The output is not a definite function of the input, however; rather the 
channel's behavior is governed by an r X s matrix of transition probabilities 
(p(ylx)). The number p(ylx) represents the probability that y will be the 
output, given that x is the input. Clearly the number p(ylx) must satisfy 

p(ylx) ;;. ° for allx, y, 

LP(ylx) = 1 for allx. 
y 

Sometimes. when rand s are not too big, the DMC is depicted graphically as 
shown in Fig. 1.4. In such a picture each pair (x, y) with p(ylx) > ° is joined 
by a line labeled with the number p(ylx). 

Example 1.4 (the binary symmetric channel, already discussed in the intro­
duction). Here r = s = 2, and the graph looks like this: 
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O.~----_'_-~p----~.o 

I·~--------------'·' 1- P 

Example 1.5 (The binary erasure channel). Here r = 2, s = 3. The inputs 
are labeled "0" and "1," and the outputs are labeled "0," "1," and "?" 

o~--"--_o 

? 

Such a channel might arise in practice for example if the inputs to a physical 
channel were the two squarewaves. 

and 

"0 11 "1 II 

The detector at the output would receive a noisy version of these square 
waves, ret): 

~or 
"0" 

It might base its decision about whether "0" or "I" was sent on the value of 
the integral f ret) dt = I. If I is positive, the detector could decide "0" was 
sent; if negative, "1." However, if III is very small, it might be best not to 
make a "hard decision" about the transmitted bit, but rather to output a 
special erasure symbol "?" If the channel is relatively quiet, the transitions 
o ----; 1 and 1 ----; 0 would be much less likely than 0 ----; ? and 1 ----; ?, so the 
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assumptions P{Y = llX = O} = P{Y = 0IX = I} = ° might be reasonable. 
(For more on "hard decisions," see Prob. 4.15.) D 

Suppose now that the inputs to a DMC are selected according to a 
probability distribution p(x) on {a, 1, ... , r - I}, that is, assume the input X 
to the channel is characterized by 

PiX = x} = p(x), x E {a, 1, ... , r - I}. 

Having specified X, we can now define a random variable Y which will 
represent the output ofthe channel. The joint distribution of X and Y is given 
by 

p(x, y) = PiX = x, Y = y} 

= PiX = x}P{Y = ylX = x} 

= p(x)p(ylx), 

and the marginal distribution of Y is 

p(y) = P{Y = y} 

= LP{Y=yIX=x}P{X=x} 
x 

= L p(ylx)p(x). 
x 

Similarly, 
p(xly) = p(x, y)/ p(y) 

= p(ylx)p(x)/ L p(ylx')p(x'). 
x' 

Hence corresponding to every DMC and input distribution there is a pair of 
random variables: X, the "input" to, and Y the "output" from, the channel. 
Conversely, given any pair (X, Y) of discrete random variables, there exist a 
DMC and input distribution such that X is the input and Y is the output: 
simply define the channe1's transition probabilities by p(ylx) = P{ Y = 
ylX = x}. In other words, given any ordered pair (X, Y) of random variables, 
it is possible to think of Y as a "noisy" version of X, that is, as the result of 
transmitting X through a certain DMC. 

Example 1.6 Let X assume the values ±1, ±2, each with probability !, and 
let Y = X2. The corresponding DMC looks like this: 
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+2> pl!:2): 1/4 I 4 py(4): 1/2 

-2 +I> p. (-t,): 'l I I Py(l): 1/2 X 4 
-I 

X Y 

In this example X and Yare uncorrelated, and yet it is clear that Y provides 
a considerable amount of "information" about X (see Prob. 1.10). D 

Given that we think of Y as a noisy version of X, and that H(X) is a 
measure of our prior uncertainty about X, how can we measure our uncer­
tainty about X after observing Y? Well, suppose we have observed that 
Y = y. Then, since the numbers p(xly) = P{X = xlY = y} for fixed y 
represent the conditional distribution of X, given that Y = y, we define the 
conditional entropy of X, given Y = y: 

1 
H(XI Y = y) = ~ p(xly) log p(xly) . 

This quantity is itself a random variable defined on the range of Y; let us 
define the conditional entropy H(XI Y) as its expectation: 

H(XI Y) = L p(y)H(XI Y = y) 
y 

1 
= L p(y) L p(xly) log-(xl ) 

y x p y 

1 
= LP(x, y)log-(xl )' 

x,y p y 

in agreement with Eq. (1.3). Thus, for a given pair X, Y of random variables, 
H(XI Y) represents the amount of uncertainty remaining about X after Y has 
been observed. 

Example 1.7 Consider the following DMC, which is a particular case of the 
binary erasure channel of Example 1.5: 
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o ~-'---"'O 

? 

Here Px(O) = ~, px(l) = ~. Then a simple calculation yields: 

H2(X) = 0.9183 bits, 

H2(XIY = 0) = 0, 

H2(XIY = 1) = 0, 

H2(XIY =?) = 1. 

25 

Thus, if Y = ° or 1, there is no remaining uncertainty about X, but if Y = ?, 
we are more uncertain about X after receiving Y than before! However, 

H2(XI Y) = 0.3333 bits, 

so that, on the average, at least, an observation of Y reduces our uncertainty 
about X. D 

We now present a technical lemma on H(XI Y) that will be useful later. 

Theorem 1.2 Let X, Y, Z be discrete random variables. Using obvious 
notation (see Eqs. (1.2)), define,for each z, A(z) = 2:x,yp(y)p(zlx, y). Then 

Proof 

H(XIY) ~ H(Z) + E(logA). 

H(XI Y) = E [log_II_] 
p(x y) 

1 
= LP(x, y, z)log-(xl ). 

x,y,z P Y 

'"' '"' p(x, y, z) 1 
= L...J p(z) L...J (z) log-(xl)' 

z x,y p p y 
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For fixed z, p(x, y, z)/ p(z) = p(x, Ylz) is a probability distribution, and so 
we can apply Jensen's inequality to the inner sum. The result is 

H(XI y) '" ~ p( z) log [P:Z) . ~ P~(xI; )z)] 

'"""' 1 '"""' '"""' p(x, y, z) 
= L.J p(z) log (z) + L.J p(z) log L.J (xl)' 

z p z x,y p y 

But p(x, y, z)/ p(xly) = p(x, y, z)p(y)/ p(x, y) = p(y)p(zlx, y). D 

Corollary (" Fano s inequality"). Let X and Y be random variables, each 
taking values in the set {Xl, x2, ... , xr }. Let Pe = P{ X -=I=- Y}. Then 

H(XIY) ~ H(Pe ) + Pe log(r - 1). 

Proof In Theorem 1.2 define Z = 0 if X = Y and Z = 1 if X -=I=- Y. Then 
A(O) = 1 and A(l) = r - 1. D 

[Note: The proof of Theorem 1.2 via our streamlined notation contains 
some subtle features; see Prob. 1.11.] 

Fano's inequality has an interesting heuristic interpretation. Think of 
H(XI Y) as the amount of information needed to determine X once Y is 
known. One way to determine X is to first determine whether or not X = Y; 
if X = Y, we are done. If, however, X -=I=- Y, there are r - 1 remaining 
possibilities for X. Determining whether or not X = Y is equivalent to 
determining the random variable Z defined in the proof; since 
H(Z) = H(Pe ), it takes H(Pe ) bits to do this. If X -=I=- Y (this happens with 
probability Pe), the amount of information needed to find out which of the 
remaining r - 1 values X has is, by Theorem 1.1. at most loge r - 1). 

Example 1.8 We apply Fano's inequality to the channel of Example 1.7. Here 
r = 3, and PiX = Y} =~, Pe =~. Fano's bound is thus H(XIY) ~ 
H m + ~ log 2 = ~ log 3 + ~ log ~ + ~ log 2 = log 3 - ~ log 2 = 1.2520 bits. 
(For examples where Fano's inequality does better, see Prob.1.11.) D 

Now since H(X) represents our uncertainty about X before we know Y, 
and H(XI Y) represents our uncertainty after, the difference H(X) - H(XI Y) 
must represent the amount of information provided about X by Y. This 
important quantity is called the mutual information between X and Y, and is 
denoted by leX; Y): 
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leX; Y) = H(X) - H(XI Y). 
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(1.4) 

(In Example 1.7, Jz(X; y) = 0.9183 - 0.3333 = 0.5850; thus, informally at 
least, the observation of a channel output provides 0.5850 bits of information 
about the input, on the average.) Using the notation of Eq. (1.2), we obtain 
several important alternative forms for leX; Y): 

leX; Y) = L p(x, y) log P(x(~)) , 
X,Y P 

(1.5) 

" p(x, y) 
= ~p(x, y)log (x) ( )' 

X,Y P P Y 
(1.6) 

" p(ylx) 
= ~p(x, y)log-( -) . 

X,Y p Y 
(1.7) 

(The details are left as Prob. 1.14.) 
We thus see that leX; Y) is the average, taken over the X, Y sample space, 

of the random variable4 

1(' ) = 1 p(xly) = 1 p(x, y) = 1 p(ylx) 
x, y og p(x) og p(x)p(y) og p(y) . 

Now lex; y) can be either positive or negative (e.g., in Example 1.7 
1(0; 0) = log~ and 1(0; ?) = logi); however, we shall now prove the impor­
tant fact that leX; Y) cannot be negative. This is surely reasonable, given our 
heuristics: we do not expect to be misled (on the average) by observing the 
output of the channel. 

Theorem 1.3 For any discrete random variables X and Y, leX; Y) ;:: O. 
Moreover leX; Y) = 0 if and only if X and Yare independent. 

Proof We apply lensen's inequality to Eq. (1.6): 

-leX Y) =" ( )1 p(x)p(y) , ~p x, y og ( ) 
X,Y P x, Y 

~ log L p(x)p(y) 
X,Y 

= log 1 = O. 

Furthermore, in view of the strict convexity n of log x, equality holds iff 
p(x)p(y) = p(x, y) for all x, y, that is, iff X and Yare independent. D 
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(Although we shall not emphasize it, Theorem 1.3 shows that leX; Y) is a 
good measure of the dependence between X and Y, better for example than 
the covariance Cov(X; Y). for example, recall Example 1.6. There, as is 
easily verified, Cov(X; Y) = 0 but 12(X; Y) = 1 bit.) 

Using Eqs. (1.4)-(1.7), it is possible to prove immediately several impor­
tant facts about mutual information: 

leX; Y) = I(Y; X), 

leX; Y) = H(Y) - H(YIx), 

leX; Y) = H(X) + H(Y) - H(X, Y), 

where in (LlO) we have defined the joint entropy of X and Y by 

1 
H(X, Y) = LP(x, y)log-(-). 

x,y p x, y 

(1.8) 

(1.9) 

(LlO) 

(LlI) 

The proofs of these relationships are left as Prob. 1.14. They can be easily 
remembered by means of the Venn diagram shown in Fig. 1.5. It is a fruitful 
exercise to give informal interpretations of each of the relations implied by 
Fig. 1.5. For example, Eq. (1.8) expresses the "mutuality" of mutual informa­
tion; H(X, Y) = H(X) + H(YIX) becomes "our uncertainty about X and Y 
is the sum of our uncertainty about X and our uncertainty about Y, once X is 
known," and so on. 

Now if we are given three random variables X, Y, Z, we define the mutual 
information leX, Y; Z) ("the amount of information X and Y provide about 
Z"), analogously with Eq. (1.7), by 

H(X,Y) 
~ ______ ~A~ ______ ~ 

Figure 1.5 A mnemonic Venn diagram for Eqs. (1.4) and (1.8)-(1.10). 
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J(X y. Z) = E [1 p(zlx, y)] 
, , og p(z) 

" p(zlx, y) 
= ~ p(x, y, z) log p(z) . 

x,Y,z 

We would not expect X and Y together to provide less information about Z 
than Y alone does, and indeed this is the case. 

Theorem 1.4 J(X, Y; Z) ;=: J(Y; Z), with equality iff p(zlx, y) = p(zly) for 
all (x, y, z) with p(x, y, z) > O. 

Proof 

J(Y; Z) - J(X, Y; Z) = E [log p(zly) _ log p(zlx, y)] 
p(z) p(z) 

- E [lOg p(zly) ] 
- p(zlx, y) 

" p(zly) 
= ~ p(x, y, z) log (zlx ) . 

xy,z p , y 

Applying Jensen's inequality, we have 

. . ~" p(zly) J(Y, Z) - J(X, Y, Z) '-" log ~ p(x, y, z) I 
xy,z p(z x, y) 

= log L p(x, y) • p(zly) 
xY,z 

= log 1 = O. 

The conditions for equality follow from the discussion of Jensen's inequality 
in Appendix B. D 

The condition for equality in Theorem 1.4 is very interesting; it says that the 
sequence (X, Y, Z) is a Markov chain, which for our purposes means simply 
that X, Y, and Z can be viewed as shown in Fig. 1.6. Here DMC 1 is 
characterized by the transition probabilities p(ylx), and DMC 2 by the 
transition probabilities p(zly) = p(zlx, y). We have already observed that 
given any pair of random variables (X, Y), it is possible to devise a DMC 
with X as the input and Y as the output. However it is not true that if 
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(X, Y, Z) is any triple of random variables, there exists a pair ofDMC's such 
that X, Y, Z have the relationship of Fig. 1.6. Indeed, it is clear that a 
necessary and sufficient condition for this is that (X, Y, Z) forms a Markov 
chain, that is, p(zly) = p(zlx, y) (i.e., Z depends on X only through Y). 

Now let's assume that (X, Y, Z) is a Markov chain, as in Fig. 1.6. Then by 
Theorem 1.4, J(X; Z) ::;; J(X, Y; Z), and since (X, Y, Z) is a Markov chain, 
J(X, Y; Z) = J(Y; Z). Hence J(X; Z) ::;; J(Y; Z). Now if (X, Y, Z) is a 
Markov chain, so is (Z, Y, X) (see Prob. 1.15), and hence J(X; Z) 
::;; J(X; Y). Since this is an extremely important information-theoretic prop­
erty of Markov chains, we display it as a theorem. 

Theorem 1.5 If (X, Y, Z) is a Markov chain, then 

{ J(X; Y) 
J(X; Z) ::;; J(Y; Z). D 

Referring again to Fig. 1.6, we find that DMC's tend to "leak" information. 
If the DMC's are deterministic (i.e., if Y is a definite function of X and Z a 
definite function of Y), we can think of the casade in Fig. 1.6 as a kind of 
data-processing configuration. Paradoxically, Theorem 1.5 says that data 
processing can only destroy information! (For an important generalization of 
this, see Eq. (1.15).) 

Example 1.9 Let Xl, X 2 , X3 be independent random variables; then (Xl, 

Xl + X 2, Xl + X 2 + X 3) is a Markov chain, and so J(Xl; Xl + X 2 
+ X 3) ::;; J(Xl; Xl + X 2) (see Probs. 1.16 and 1.39). D 

Example 1.10 In Fig. 1.6 assume that X is described by P{X = O} = 

P{ X = I} =!, and that both DMC's are binary symmetric channels with 
error probability p. Then 

J(X; Y) = 1 - H2(P) bits, 

J(X; Z) = 1 - H2[2p(1 - p)] bits. 

These two functions are plotted as follows: (For an extension of this 

x--l OMC I ~ y -1 .... _D_M_C_2_-'~ Z 

Figure 1.6 An information theorist's view of a Markov chain. 
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p 

example, see Probs. 1.18 and 1.20.) D 

We conclude this section with two results about the convexity of leX; Y) 
when it is viewed as a function either ofthe input probabilities p(x) or ofthe 
transition probabilities p(ylx). 

Theorem 1.6 leX; Y) is a convex n function of the input probabilities p(x). 

Proof We think of the transition probabilities p(ylx) as being fixed, and 
consider two input random variables Xl and X 2 with probability distributions 
PI(X) and P2(X). If X's probability distribution is a convex combination 
p(x) = api (x) + {3 P2(X), we must show that 

al(XI; YI ) + {31(X2; Y2) :s: leX; y), 

where YI , Y2 and Yare the channel outputs corresponding to Xl, X 2, and X, 

respectively. To do this consider the following manipulation, which uses 
obvious notational shorthand: 

al(XI; YI ) + {31(X2; Y2) - leX; Y) 

" p(ylx) " p(ylx) 
= L.JapI(X, y)log-(-) + L.J{3P2(X, y)log-(-) 

~y PI y ~y 0Y 
(see Eq.(1. 7» 

" p(ylx) - L.J[apI(x, y)+{3P2(X, y)]log-(-) 
x,y P y 

= a L PI (x, y) log P((y» + {3 L P2(X, y) log P((y» . 
x,y PI Y x,y P2 y 

(1.12) 

We now apply Jensen's inequality to each ofthe above sums. For example, 

" p(y) 0<" p(y) 
L.JPI(X, y)log-(-) '-" log L.J PI(X, y)-( ). 
x,y PI Y x,y PI Y 
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" p(y) " p(y) " L.JPI(X, y)-(-) = L.J-(-)L.JPI(X, y) 
x,y PI Y Y PI Y x 

= L p(y) • PI(y) 
y PI(y) 

=1. 

Hence the first sum in (1.12) is ~ 0; similarly, so is the second. 

Corollary The entropy function H (PI, P2, ... , Pr) is convex n. 

D 

Proof Let X be a random variable distributed according to PiX = i} = Pi. 
Then J(X; X) = H(X) = H(PI, P2, ... , Pr). The result now follows from 
Theorem 1.6. D 

Theorem 1.7 J(X; Y) is convex U in the transition probabilities p(ylx). 

Proof Here the input probabilities p(x) are fixed, but we are given two sets of 
transition probabilities PI(ylx) and pz(ylx) and a convex combination 
p(ylx) = apI (ylx) + t3 P2(ylx). It is required to show that 

J(X; Y) ~ aJ(X; YI ) + t3J(X; Y2), (1.13) 

where Y, YI , Y2 are the channel outputs corresponding to the transition 
probabilities p(ylx), PI(ylx), and pz(ylx). Again using obvious notation, the 
difference between the left and right sides of (1.13) is (see Eq. (1.5)) 

" p(xly) 
L.J[apI(x, y) + t3P2(X, y)]log-(x) 
x,y P 

" PI(xly) " pz(xly) 
- L.JapI(X, y)log (x) - L.Jt3P2(X, y)log (x) 

~y P ~y P 

" p(xly) " p(xly) 
=aL.JPI(x,y)log (xl )+t3L.Jpz(x,y)log (xl)' (1.14) 

x,y PI y x,y Pz Y 

The first sum in (1.14) is, by Jensen's inequality, 
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[~ P(XIY)] ~ a log f:PI(X, y) PI (xIY) 

= alogLPI(Y) = O. 
y 

Similarly the second sum is ~ O. D 

1.2 Discrete random vectors 

In Eq. (1.11) we defined the entropy H(X, Y) of a pair of random variables, 
and on p. 28 we defined the mutual information J(X, Y; Z) between a pair of 
random variables and a third random variable. In this section we will general­
ize those definitions and define H(X), H(XIY), and J(X; V), where X and Y 
are arbitrary random vectors. 

Our point of view is that a random vector X = (Xl, X 2, ... , Xn) is just a 
finite list of random variables Xi' The distribution of X (the joint distribution 
of Xl, X 2, ... , Xn) is the function P(XI' X2, ... , xn) = P{XI = Xl, X 2 = 

X2, ... , Xn = xn}, where each Xi is in the range of Xi' A glance at the 
definitions in Section 1.1 should convince the reader that H(X), 
H(XI Y), J(X; Y) depend only on the distribution functions p(x), p(ylx), etc., 
and not in any way on the fact that the values assumed by X and Yare real 
numbers. Hence we can immediately extend these definitions to arbitrary 
random vectors; for example the entropy of X = (Xl, ... , Xn) is defined as 

1 
H(X) = ~ p(x) log p(x) , 

where the summation is extended over all vectors x in the range of X. And 
obviously Theorems 1.1-1.7 remain true. 

The generalization of Theorem 1.5 to arbitrary random vectors has a 
particularly important application, which we now discuss. Consider the model 
for a communication system shown in Fig. 1.7 (cf. Figs. 0.2 and 5.1). In Fig. 
1.7 the random vector U is a model for k consecutive source outputs; the 
encoder is a device that takes U and maps it into an n-tuple X for transmission 
over the channel; Y is the channel's noisy version of X; and the decoder is a 
device that takes Y and maps it into a k-tuple V, which is delivered to the 
destination and is supposed to reproduce U, at least approximately. 
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The point of all this is that, for any realizable communication system, the 
sequence (U, X, Y, V) of random vectors forms a Markov chain (see Fig. 
1.6). Informally this says that the output of each box in Fig. 1.7 depends only 
on its input and not on any of the earlier random vectors. Formally it gives 
many conditions on the various conditional probabilities, for example, 
p(ylx, u) = p(ylx), p(vly, x) = p(vly). (There is really no question of prov­
ing this part; it is one of the fundamental assumptions we make about a 
communication system.) Applying Theorem 1.5 to the sub-Markov chain 
(U, X, V), we get 1(U; V) ::;; leX; V). Similarly leX; V) ::;; leX; Y). Hence 
for the random variables of Fig. 1.7, 

1(U; V) ::;; leX; Y). (1.15) 

This result is called the data-processing theorem. Stated bluntly, it says that 
the information processing (the work done by the encoder and decoder of Fig. 
1.7) can only destroy information! It says, for example, that the noisy channel 
output Y in Fig. 1.7 contains more information about the source sequence U 
than does the decoder's estimate V. (While this is true theoretically, the data 
processing of the decoder is nevertheless required to render this information 
usable.) 

We now come to a pair of inequalities involving leX; Y) and 
2::7=II(Xi; yt), where X = (XI, X 2, ... , Xn) and Y = (YI , Y2, ... , Yn) are a 
pair of n-dimensional random vectors. 

Theorem 1.8 if the components (XI, X 2, ••• , Xn) of X are independent, 
then 

n 

leX; Y) ;;. L I(Xi ; Yi ). 

i=1 

~-.(Ul'U2'· .. 'Uk) ...... lencoderl -. (X"X2 ' .. ·,Xn) ...... 

U X 

...... lchanneJ! --. (V, ,V2,··· ,Vn) ...... Jdecoderl ...... (V, ,V2'··· ,Vk) 

V V 

Figure 1.7 A general communication system. 
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Proof Letting E denote expectation on the joint sample space of X and Y, we 
have 

leX; Y) = E[lOgP(X IY)] 
p(x) 

(see Eq. (1.5)) 

=E[lOg p(xIY) ] 
P(XI)P(X2) ... P(Xn) , 

since X I, X 2, ... , X n are assumed independent. On the other hand, 

tl(Xi, Yi) = tE[lOgP(XiIYi)] 
i=1 i=1 p(x,) 

Hence 

n 

L l(Xi' Ii) - leX; Y) 
i=1 

= E[lOgP(XIIYI)'" p(xnIYn)] 
p(xIY) 

~ log E [p(XIIYI) ... P(Xn IYn)] = 0 
p(xIY) 

by Jensen's inequality, since this last expectation is 

x,y x,y 

=1. D 

Example 1.11 Let XI, X 2, ... ,Xn be independent identically distributed 
random variables with common entropy H. Also let n be a permutation of 
the set {I, 2, ... , n}, and let Ii = Xn;(i). Then leX; Y) = nH, but 
2:l(Xi; Ii) = kH, where k is the number of fixed points of n, that is, the 
number of integers i with n(i) = i. In particular if n has no fixed points, for 
example if n(i) == i + I (mod n), then 2:l(Xi ; Yi) = 0 (see Prob. 1.23). D 

If we think of (YI , Y2, ••• , Yn ) as the n outputs of a noisy channel when the 
inputs are XI, X 2, ... ,Xn, Theorem 1.8 tells us that, if the inputs are 
independent, Y provides more information about X than the total amount of 



36 Entropy and mutual information 

information provided about each Xi by the corresponding h The next 
theorem will tell us that if we drop the assumption of independence about the 
Xi and assume instead that the (X, Y) channel is memoryless, that is, 

n 

P(Yl, ... , YnlXl, ... , xn) = IIp(Yilxi), 
i=l 

the situation is quite different! 

(1.16) 

Theorem 1.9 If X = (Xl, ... , Xn) and Y = (Yl , ... , Yn) are random vec­
tors and the channel is memoryless, that is, if(1.l6) holds, then 

n 

J(X; Y) <S; L J(Xi; Yi )· 

i=l 

Proof Again letting E denote expectation on the joint sample space of X and 
Y, we have 

J(X; Y) = E [lOg P(yIX)] 
p(y) 

(see Eq. (1.7)) 

= E [1 p(Yllxl) . .. P(Yn Ixn)] 
og p(y) 

by (1.16). On the other hand, 

Hence 

tJ(Xi; Yi ) = tE[lOgP(YiIXi)] 
i=l i=l P(YI) 

n 

J(X; Y) - L J(Xi; Ii) 
i=l 

= E [ log P(Yl) ;C;/(Yn)] 

<S; log E [P(Yl) ;C;/(Yn)] 

=0 
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by lensen's inequality, since this last expectation is 

L p(y){- .. } = L P(YI) ... P(Yn) 
y y 

=1. D 

Example 1.12 Let X be a random variable with entropy H, and let Xl 
= X 2 = ... = Xn = YI = ... = Yn = X. Then the hypotheses of Theorem 
1.9 are satisfied, and I(X; y) = H, L:I(Xi; yt) = nH (see Prob. 1.23). D 

Corollary If X = (Xl, X 2 , ... , X n ), then 

n 

H(X) <S; L H(Xi)' 
i=l 

Proof Define Yi = Xi and apply Theorem 1.9. D 

Note Since the conclusions of Theorems 1.8 and 1.9 can both be satisfied 
simultaneously iff I(X; Y) = L:I(Xi; Yi), itfollows that a sufficient condition 
for equality to hold in either theorem is the hypothesis of the other. Interest­
inglyenough, these conditions are also necessary (see Probs. 1.24 and 1.25). 

1.3 Nondiscrete random variables and vectors 

In this section our goal is to extend the results of Sections 1.1 and 1.2 to 
random variables and vectors which can assume an uncountable number of 
values. A completely rigorous treatment of this subject proves to be very 
difficult, and so we shall content ourselves with a few elementary facts and 
refer the interested reader elsewhere5 for details. 

As we shall see, the entropy H(X) can be defined for a nondiscrete random 
variable, but it always turns out to be infinite! However, the definition of the 
mutual information between a pair X, Y of random variables (or vectors) can 
be generalized to the nondiscrete case in a much more interesting and useful 
way. The key to this generalization is the notion of a discrete quantization of 
a random variable X. 

If X is a random variable with distribution function F(x) = P{X <S; x}, 
and if {Si, i = 1, 2, ... } = P is a partition6 of the real line R into a finite or 
countable number of Lebesgue-measurable subsets, the quantization of X by 
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P, denoted by [X]P or merely by [X], is the discrete random variable defined 
by 

P{[X] = i} = P{X E Si} 

= f dF(x). 
Si 

If X and Yare a pair of random variables, we define their mutual information 
leX; Y) as 

leX; Y) = sup l([X]p; [Y]Q) 
P,Q 

(1.17) 

where the "sup" is taken over all pairs of partitions P and Q ofthe real line. 
Similarly if X = (XI, ... , X r ) and Y = (YI , ... , Ys ) are a pair of random 
vectors, 

leX; Y) = sup l([X]; [Y]), (1.17') 

where the supremum is taken over all partitions [X] = ([XJ], ... , [Xr ]), 

[Y] = ([YI , ... , [Ys ]) ofthe component random variables. 
A partition PI is said to be a refinement of P2 if every set in PI is a subset 

of some set in P2. Notice that, if PI is a refinement of P2 , [X]P2 is a 
deterministic function of [X]Pl' and so by Theorem 1.5 (also see Prob. 1.22) 
l([X]P2; Y) ~ l([X]pJ; Y) for any random variable Y. This observation 
shows that the "sup" in definition (1.17) is in fact a kind of limit as the 
partitions P and Q become increasingly fine. Indeed, it is easy to show that, if 
PI, P2 , QI, Q2 are partitions and [Xh, [Xh, [Yh, [Yh are the corresponding 
discrete random variables, there exist partitions P and Q corresponding to 
random variables [X] and [Y] such that 

l([X]; [Y]) ;;. l([XL; [YL), i = 1,2. (1.18) 

Now, if X and Yare already discrete with ranges {XI, X2""} and 
{YI, Y2, ... }, by selecting an X partition so that no set contains more than 
one Xi, and a Y partition so that no set contains more than one Yj, clearly 
l([X]; [Y]) = leX; Y). Equally clearly, no refinement could increase 
l([X]; [Y]), and so definition (1.17) reduces to our earlier definition. 

Definition (1.17) of leX, Y) is fairly simple but it is not convenient for 
actually computing leX, Y) for a given pair of random variables. Ideally we 
would like to have a formula for leX, Y) analogous to Eq. (1.5), (1.6), or 
(1.7) involving integrals rather than sums, but unfortunately in general no 
such formula exists.? However if X and Yare sufficiently smooth such 
formulas do exist, as we shall now see. 

Let us assume that X and Y have a continuous joint density, i.e. that there 
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exists a continuous nonnegative function p(x, y) defined for pairs (x, y) of 
real numbers such that if A and B are intervals on the real line, 

PiX E A, Y E B} = LLp(X, y)dxdy. 

In this situation the individual densitites of X and Yare given by 

p(x) = J~oo p(x, y) dy, q(y) = J~oo p(x, y) dx, 

and the conditional densities by 

( I ) - p(x, y) 
p x y - q(y) , 

( I ) - p(x, y) 
pyx - p(x) . 

Let us now assume that the integrals 

Joo I 
heX) = p(x)log-( )dx 

-00 p x 

Joo Joo 1 
h(XIY) = p(x, y)log-(-I-) dxdy 

-00 -00 p x y 
both exist. 

Theorem 1.10 Under the preceding assumptions, 

J(X; Y) = heX) - h(XI Y). 

(1.19) 

(1.20) 

Proof Choose 0 < lOl < lO2 arbitrarily, and let . .. < X-I < Xo < Xl < ... be a 
countable set of points such that I1.Xi = Xi - Xj-1 satisfies lOl < I1.Xi < lO2 for all 
i. Similarly choose (Yj) such that lOl < I1.Yj < lO2. Let [X] denote the quantiza­
tion of X obtained from the partition of the real line consisting of the half­
open intervals [Xi-I, Xi), and let [Y] denote the quantization of Y correspond­
ing to the partition consisting of the intervals [Yj-1, Yi). We now introduce the 
nonce notation: 

p(i) = P{[X] = i} = r p(x) dx 
Xi-l 

JYj 

qU) = P{[Y] = j} = Yj-l q(y) dy 

JYi Jx; p(i, j) = P{[X] = i, [Y] = j} = p(x, y) dx dy 
Yj-l Xi-l 

p(ilj) = P{[X] = il[Y] =j} = p(i,j)/qU). 
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Since all the densities involved are assumed to be continuous, by the mean 
value theorem for integrals8 

(1.21) 

for some Si E [Xi-I, Xi], tj E [Yj_l, Yj]. Similary, by invoking a two-dimen­
sional mean-value theorem,8 we have 

p(i, j) = r r p(xly)q(y) dx dy 
Yj-t Xi-l 

= p(sijl tij) r r q(y) dx dy 
Yj-l Xi-l 

(1.22) 

for some point (sij, tij) in [Xi-I, xd X [Yj_l, Yj]. Hence 

p(ilj) = ~xiP(sijl tij). (1.23) 

Now, by Eq. (1.4), J([X]; [Y]) = H ([X]) - H([X]I[Y]) = LiP(i)logp(i)-1 
- Li,jP(i, j) logp(ilj)-I. By (1.21) we have 

1 1 
H([X]) = L~xiP(si)log-( .) + L~xiP(si)log A( .). 

i p~ i il~ 
(1.24) 

In (1.24) the first sum is an approximation to the integral for heX) (see 
(1.19», and so for small enough C2 it will converge. The second sum 
converges (to a sum less than log cl l ) because ~Xi > CI. Similarly, 

(1.25) 

The first sum in (1.25) is the integral of a step-function approximation to 
p(x, y) logp(xly)-I, and so for C2 small enough it will approximate h(XI Y). 
The second sum is identical to the second sum in (1.24) since by (1.22) 
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Thus we finally obtain 

(1.26) 

But as we have already observed the first sum in (1.26) is an approximation to 
hex), and the second to h(XI Y). So by making the X and Y partitions 
increasingly fine, i.e. as £2 ----t 0, 1([X]; [YD will approach heX) - h(XI y), as 
asserted. (For an important application of Theorem 1.10, see Probs. 1.27 and 
1.28.) D 

The definition of heX) bears a strong superficial resemblance to the 
definition (Eq. (Ll» ofthe entropy of a random variable, and it is tempting to 
call heX) the entropy of X. This however would be a misnomer, because we 
should really define H(X) in general as the supremum of H([XD over all 
discrete quantizations of X. But it came out in the proof of Theorem 1.10 (Eq. 
(1.24» that H([XD is the sum of two terms; one is an approximating sum for 
heX), but the other, 2:p(i) 10g(~Xi)-]' is a kind of measure of the mesh size 
and clearly approaches +00 as the ~Xi become smaller and smaller. Indeed, it 
is easy to show that H([ XD itself always approaches +00 (Prob. 1.31) even if 
the integral heX) converges to -oo! Hence, although heX) is a useful quantity 
to know, it is not in any sense a measure of the randomness of X. Indeed, 
heX) is not even invariant under a coordinate transformation (see Prob. 1.33). 
For this reason heX) is usually called the differential entropy of X, to 
distinguish it from the ordinary, or absolute entropy. 

As in the discrete case, we can easily extend the definitions of leX; Y) and 
heX) to random vectors. To define leX; Y) in general, just take discrete 
quantizations of each component separately. For heX), assume the existence 
of an n-dimensional continuous density p(x) and define heX) = 

- f p(x) logp(x) dx. 

Example 1.13 Let X = (X], x 2, ••• ,Xn ), where the Xi are independent 
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Gaussian (normal) random variables with means f1i and variances a;. Then 
the density for X is the function 

g(x) = IT (2na;)-1/2 exp [_ (Xi - ~i)2]. 
i=l 2a i 

The differential entropy of X is easily computed: 

h(X) = J g(x) log g;X) dx 

~ 1; J g( x) log { (bwi)I/2 cxp [(X' ~,)'] } dx 

~ J () [1 1 (2 2) (Xi - f1i)2] d = ~ gi Xi 2 og na i + 2 Xi, 
i=l 2a, 

(where gi(Xi) = (1/ v2na7) exp[ -(Xi - f1i)2/2am 

n 

= 2:Hlog(2na;) + 1], 
i=l 

(since f gi(Xi) dxi = 1 and f gi(Xi)(Xi - f1if dXi = aD 

- !!. 1 2 (2 2 )1/ n - 2 og ne a 1 ... an· 

In the special case n = 1, we have 

h(X) = ~ log 2nea 2. 

(1.27) 

D 

It is an interesting and important fact that among all n-dimensional random 
variables with given variances, independent Gaussian random variables have 
the largest differential entropy. 

Theorem 1.11 If X = (Xl, X 2, ... ,Xn) has density p(x) and if E[(Xi -

f1i)2] = a;, i = 1,2, ... , n, then h(X):S: (n/2)log2ne(aia~ ... a~)l/n, 
with equality iff p(x) = g(x) (see Definition (1.27» almost everywhere. 

Proof By hypothesis the marginal density Pi(X) of Xi satisfies f Pi(X) dx = 1, 
f Pi(X)(X - f1i)2 dx = ar Hence it follows from the computation of Example 
1.13 that 
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J 1 - n 2 2 lin p(x)10g--dx--log2JTe(ol···On) . 
g(x) 2 
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Thus, if Y denotes an n-dimensional random vector distributed according to 
the Gaussian density g(x), 

J g(x) 
heX) - heY) = p(x) log p(x) dx. 

By Jensen's inequality, however, the latter integral is 

~ log J g(x) dx = O. 

Furthermore, equality holds iff g(x) = p(x) for almost all x. (For an 
extension of Theorem 1.11, see Probs. 1.34 and 1.35.) D 

Having detoured briefly through the interesting topic of differential entropy, 
we return to our main concern, mutual information. Our aim is to show with 
some measure of credibility that Theorems 1.3, 1.4, 1.5, 1.8, and 1.9 remain 
true in the general case. Theorems 1.3, 1.8, and 1.9 present no serious 
difficulties; here are some remarks on their proofs. 

Theorem 1.3. The fact that leX; Y) ~ 0 follows immediately from the fact 
that l([X]; [Y]) ~ 0 for any discrete quantizations [X], [Y]. Moreover, if [X] 
and [Y] are independent, so are [X] and [Y], and so l([X]; [Y]) = 0 for all 
quantizations; hence leX; Y) = 0 by Eq. (1.17). Finally, if X and Yare 
dependent, it is possible to find quantizations [X] and [Y] which are also 
dependent (see Prob. 1.36), and so leX; Y) ~ l([X]; [Y]) > O. 

Theorem 1.8. Generalizing the observation made above, we have that, if 
Xl, ... , Xn are independent, so are [Xd, [X2], ••• , [Xn], and so by 
Theorem 1.8 

n 

l([X]; [Y]) ~ L l([Xi]; [Yi ])· (1.28) 
i=l 

But as the quantizations ofthe [Xd and [yt] become increasingly fine, the left 
side of (1.28) approaches leX; Y), and the right side approaches 
L~l l(Xi ; Yi )· 

Theorem 1.9. Here the main problem is to appropriately generalize the 
hypothesis 

n 

p(ylx) = II p(Yilxi) (1.29) 
i=l 
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(see Eq. (1.16)). To do this properly would lead us far afield into a study of 
conditional probability distributions (see, e.g., Feller [4], Vol. II, §Y.1O). 
However, we avoid these problems by defining achannel to be memoryless if 
(1.29) holds for every quantization of the inputs to and outputs from the 
channel. This condition is usually easy to verify (see Prob. 4.27) and has the 
advantage that Theorem 1.9 immediately implies 

n 

J([X]; [V]) <S; L J([Xi ]; [Yd)· (1.30) 
i=! 

for every partitioning of the inputs and outputs, and so Theorem 1.9 follows 
for arbitrary random variables by taking increasingly fine quantizations in 
(1.30). 

Finally we come to Theorems 1.4 and 1.5. First observe that Theorem 1.5 
follows as a direct corollary of Theorem 1.4, so we focus on Theorem 1.4. 
There is no problem in proving that J(X, Y; Z) ;:: J(Y; Z) in general, since 
for every quantization of X, Y and Z we get J([X], [Y]; [Z]) ;:: J([Y]; [Z]) 
directly from Theorem 1.4. However, it is not so easy to prove the second part 
of Theorem 1.4, i.e. that J(X, Y; Z) = J(Y; Z) iff (X, Y, Z) forms a Markov 
chain. The problem is that if (X, Y, Z) is a Markov chain, and if [X] and [Z] 
are partitions of X and Z, it may not be possible to find a partition [Y] of Y 
such that ([X], [Y], [Z]) is a Markov chain (see Probs. 1.37-1.39). We prefer 
not to burden the reader with a detailed proof, but refer instead to Pinsker 
[24], Chapter 3, where the cited result is proved with full rigor.9 

Problems 

1.1 Show that the convention 0 log 1/0 = 0 adopted in definition (1.1) of H(X) is 
forced if we make either of the following two assumptions: 
(a) H(X) is a continuous function ofthe probability vector p = (PI, pz, ... ). 
(b) If X and Yare random variables defined on the same sample space, and if 

X = Y a.e., then H(X) = H(Y). 
1.2 If X is defined as in Example 1.3, show that H(X) = +00. 
1.3 Let X be a discrete random variable, and let f be a real-valued function defined 

on the range of X. Show that H(X) ;;. H[f(X)], with equality iff f is one to 
one on the set {x: P{X = x} > 0]. 

1.4 Find two distinct distributions PI;;' P2 ;;. ... ;;. Pn > 0 and ql;;' q2 ;;. 
... ;;. qm > 0 such that H(PI, P2, ... , Pn) = H(ql, q2, ... , qm). 

1.5 What is the minimum value of H(PI, ... , Pn) = H(p) as p ranges over the set 
of n-dimensional probability vectors? Find all p's which achieve this minimum. 

1.6 Given a probability distribution (PI, P2, ... , Pn) and an integer m, 0 ~ m ~ n, 
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define qm = I - L.':=IPj. Show that H(PI,"" Pn) ~ H(PI, ... , Pm, qm) 
+ qm log( n - m). When does equality hold? 

1.7 Let f(x) be any function defined for all x;;. 1. If X is a discrete random 
variable with range R = {XI, ... , xn }, define the f-entropy of X by 
Hf(X) = L.~=IPd(l/ Pi), where Pi = P{X = Xi}. (Ordinary entropy: 
f(x) = logx.) 
(a) If f(x) is convex n, find the best possible upper bound on H(X) that 

depends only on n. Show by example that the probability distribution that 
achieves this maximum may not be unique. 

(b) If f(x) = logx/x, show that Hf(X) < log(e)/e. [N.B. f(x) is not convex 
n.] 

(c) Work harder on part (b) and show that in fact Hf(X) ~ log(3)/3, with 
equality iff exactly three of the Pi'S equal t, and the rest are O. 

1.8 Let a = (aI, a2, ... ) be a sequence of nonnegative real numbers such that the 
sum Z(s) = L.ne-a,s converges for all sufficiently large s. (For example, if 
there are only finitely many a's, this condition is satisfied.) For each a> 0 
define <I>(a) = sup {H(p): L.Pnan = a}. Show that <I>(a) is given parametri­
cally by <I>(a) = log Z(s) - sZ'(s)/ Z(s), where Z'(s)/ Z(s) = -a. [Hint: If 
L.Pnan = a, define a new probability distribution by qn = e-a,s / Z(s), and 
apply Jensen's inequality to the sum L.Pn log(qn/ Pn).] If a = (aI, a2, ... , aN) 
has only finitely many components, show that a graph of <I> ( a) versus a looks 
like this: 

B c 

a-

Give the coordinates of the points A, B, and C. 
1.9 Let p = (PI, P2, ... ) be a countable probability distribution, that is, Pn ;;. 0 for 

n = 1,2, ... , and L.':=IPn = 1. Show that if L.':=IPn log n converges, then 
H(p) is finite. Conversely if H(p) is finite and p is monotone (i.e., 
PI ;;. P2 ;;. ... ). show that L.Pn log n < 00. Show by example that the latter 
assertion is not true if the assumption of mono tonicity is dropped. 

1.10 Let X and Y be the random variables defined in Example 1.6. Show that 
Cov(X, Y) = 0, leX; Y) = 1 bit. Find the DMC for which X is a noisy version 
ofY. 

1.11 Find necessary and sufficient conditions on the joint probability distribution 
p(x, y, z) for equality to hold in Theorem 1.2. Using this result, for any r;;' 2 
and any value 0 ~ Pe ~ 1, construct random variables X and Y with ranges 
{I, 2, ... , r} for which Fano's inequality (the corollary to Theorem 1.2) is 
sharp. 
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1.12 Show that Fano's inequality implies both an upper bound and a lower bound on 
Pe in terms of H(XI Y). Interpret the upper bound heuristically. 

1.13 Suppose X and Yare random variables which both assume values in a finite 
group. Define Z = Y - X. using Theorem 1.2, show that H(XI y) ~ H( Z). If 
X and Z are independent, show that H(XI Y) = H(Z). 

1.14 Verify Eqs. (1.5)-(1.10). 
1.15 Show that (X, Y, Z) is a discrete Markov chain iff (Z, Y, X) is. 
1.16 Verify Example 1.9. 
1.17 (a) Suppose that X is a random variable uniformaly distributed on {O, 1, 2}. 

Among all random variables Y assuming only the two values {O, I}, how 
large can leX; Y) be? 

(b) Now let X be a random varable uniformly distributed on 
{O, 1, ... , n - I}. Among all random variables Y assuming the values 
{O, 1, ... , m - I}, how large can leX; Y) be? [Note: Only the case m < n 
is interesting.] 

1.18 Show that a cascade of n identical BSC's. 

>Co _IBSe #11_ XI _ '" -00KtiiJ -Xn ' 

each with raw error probability p, is equivalent to a single BSC with error 
probability ~[l - (1 - 2p)n], and hence that limn-->(xJ(Xo; Xn) = 0, if 
P =1= 0, 1. 

1.19 If X, Y, and Z are three discrete random variables defined on the same sample 
space, the conditional mutual information leX; YI Z) ("the mutual information 
between X and Y, given Z") is defined by 

" p(x, ylz) 
leX; YI Z) = ~ p(x, y, z) log p(xlz)p(ylz) ' 

X,y,Z 

where we adopt the usual conventions about the sum. Prove: 
(a) leX; YIZ) = I(Y; Xlz). 
(b) leX; Y, Z) = leX; Z) + leX; Ylz). 
(c) leX; YI Z) ;;. ° with equality iff (X, Z, Y) is a Markov chain. 

1.20 (Finite Markov chains). Let A = (aij) be an r X r stochastic matrix, that is 
aij ;;. ° and L:S:6aij = 1 for i = 0, 1, ... , r - 1. Regard A as the matrix of 
transition probabilities for a DMC, i.e. P{Y = fiX = i} = aij' Consider a 
semi-infinite cascade of copies of this channel: 

Now let (Po, PI, ... , Pr-d = P be a probability vector which is stable with 
respect to A, i.e., Pj = L:;:~ Piaij, f = 0, 1, ... , r - 1, and suppose Xo in the 
above sketch is distributed according to p. 
(a) Show that X o, XI, X 2 , ..• are identically distributed random variables. 

Under what conditions are they independent? (The sequence 
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X o, Xl, X 2 , ••. is called a finite Markov chain; see Feller [4], Vol. 1, 
Chapters XV and XVI.) 

(b) The (per symbol) entropy of the Markov chain X o, Xl, ... is defined as 

H = lim .!.H(Xo, Xl, ... X n- l ). 

Show that 

n-----*(X) n 

1 
H= LPiaijlog-. 

i,j aij 

(c) Compute the stable probability distributions and the entropy of the Markov 
chains whose transition probability matrices are given by 

[a 1 - a] 
fJ I-fJ' 

[

0 0 0 
000 

! ! 0 
o 0 

~ 1 [:~: 0' : 

o qr-l, 

(In the last example each row is a left cyclic shift ofthe preceding one.) 
1.21 Is leX; Y) strictly convex n in p(x)? Is it strictly convex U in p(Ylx)? 
1.22 Let X = (Xl, ... , Xn) and Y = (Yl , ... , Ym ) be discrete random vectors, and 

let f and g be real-valued functions of n and m real variables, respectively. 
Show that 1[f(X); g(Y)] ~ leX; Y). 

1.23 Supply the missing details in Examples 1.11 and 1.12. 
1.24 Show that equality holds in Theorem 1.8 iff p(xly) = IT:l p(xiIYi) for all 

(x, y). 
1.25 Show that equality holds in Theorem 1.9 iff Yl , Y2 , .•. , Yn are independent, 

and hence that equality holds in the corollary to Theorem 1.9 iff Xl, ... , Xn 
are independent. 

1.26 Prove or disprove: If X and Y = (Yl , Y2 , ••. , Yn ) are discrete random vectors, 
leX; Y) ~ 2:::ll(X; Yi). 

1.27 Let X and Z be independent random variables with continuous density func­
tions, and let Y = X + Z. If heY) and h(Z) exist, show that leX; Y) 
= heY) - h(Z). Show that the same formula holds if X and Z are random 
vectors. 

1.28 (Continuation). Let X and Z be independent random variables, X discrete and 
Z with continuous density, and let Y = X + Z. Show that Y has a continuous 
density, and that if heY) and h(Z) exist, then leX; Y) = heY) - h(Z). Show 
that the same result holds if X and Z are random vectors. 

1.29 If X = (Xl, ... , Xn) are independent Gaussian random variables with means 
Ili and variances a; and X' = (Xl, ... , X~) are ditto with means III and 
variances aj2, show that X + X' = (Xl + X;, ... , Xn + X~) are ditto with 
means Ili + III and variances a; + a j2. 

1.30 If Xl, X 2 , •.. , Xn are independent random variable with differential entropies 
h(Xi) = hi, show that 
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h(XI + ... + Xn);;;: ~IOg(te2h'} 

with equality iff the Xi are Gaussian with variances aT = e2h, /2ne. 
1.31 If X has a continuous density, show that sup H([X]) = +00, where the 

supremum is taken over all discrete quantizations of X. 
1.32 Construct a random variable whose density p(x) is continuous for all real x 

such that h(X) = -00. 
1.33 Let X be a random n-dimensional vector with continuous n-dimensional 

density p(x) and differential entropy h(X). Let f be a continuously differenti­
able one-to-one mapping of Euclidean n-space En onto itself. Show that 
h[f(X)] = h(X) + J p(x)logIJI dx, where J = J(Xl, ... , xn) is the Jacobian 
of the transformation f. 

1.34 Let X = (Xl, ... , Xn) be a random variable with density, and suppose 
E[(Xi - fli)(Xj - flj)] = Pij for all i, j. Prove that 

h(X) ~ ~ log2ne(a 2 )I/n, 

where a 2 is the determinant of the matrix (Pij). Furthermore, show that equality 
holds iff X is an n-dimensional normal random variable whose covariance 
matrix is (Pij). (See Feller [4], Vol. 2, Section III.6.) 

1.35 Let f(x) be a continuous real-valued function defined on an interval I. The 
object of this problem is to find out how large the differential entropy h(X) can 
be if X has a density function that satisfies p(x) = 0 if x 1'. I, and 
J I p(x)f(x) dx = A, where inf(f) < A < sup(f). (For example, if I = 
(-00,00) and f(x) = (x - fl)2, we will arrive by a new route at the one­
dimensional case of Theorem 1.11.) Define G(s) = J Ie-sf(x) dx. Show that 
there exists So with G'(so)/G(so) = -A, and define q(x) = e-sof(x) /G(so) for 
x E I, q(x) = 0 for x 1'. I. Show that h(X) ~ log G(so) + soA with equality iff 
X's density = q(x) almost everywhere. [Hint: See Prob. 1.8.] Apply this 
general technique to three cases: 
(a) f(x) = logx, 1= (1,00). 
(b) f(x) = x, 1= (0,00). 
(c) f(x) = lxi, 1= (-00,00). 

1.36 If X and Yare dependent random variables, show that there exist discrete 
quantizations [X] and [Y] which are also dependent. 

The next three problems are for readers with some knowledge of general 
Markov chains; see, for example, Feller [4], Vol. 2, Section VLII. 

1.37 Let (X, Y, Z) be a Markov chain such that for any quantizations [X] and [Z] 
there exists a quantization [Y] such that ([X], [Y], [Z]) is a discrete Markov 
chain. Prove that I(X; Y, Z) = I(X; Y). 

1.38 Consider Markov chains of the form (X, f(x), Z) or (X, Y, f(Y». Show that 
such chains have the property described in Prob. 1.37, and hence that Theorem 
1.4 holds for them. [Hint: For the (X, f(x), Z) case, if {Si} is the X partition, 
let f(Si) be the Y partition.] 
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1.39 Let Xl, Xz, X3 be independent, identically distributed Gaussian random vari­
ables with mean 0 and variance 1. Show that the sequence (X, Y, Z), where 
X = Xl, Y = Xl + Xz, and Z = Xl + X z + X 3, is a Markov chain. (See 
Example 1.9.) But show also that, if [X] and [Z] are quantizations of X and Z 
which both assume more than two values, ([X], [Y], [Z]) is never a Markov 
chain, for any quantization [Y] of Y. 

Notes 

1 (p. 19). Suppose you could ask question Qn: "Will I live to be nT' Think about 
how your uncertainty (anxiety!) would increase as n decreased. 

2 (p. 20). H{XI Y) is also sometimes called the equivocation (of Y about X). 
3 (p. 21). In orthodox mathematical jargon "discrete" means finite or countable. 

There would be no problem in letting our DMC's have countable input and output 
alphabets, but in order not to conflict with accepted information-theoretic usage we 
shall usually not do so. 

4 (p. 27). These definitions make sense only when p{x)p{y) -I O. If p{x)p{y) = 0, 
then p{x, y) = 0 also, and we may define lex; y) arbitrarily without affecting the values 
of leX; Y). 

5 (p. 37). The most complete treatment of this subject is given in the first three 
chapters of Pinsker's book [24]. 

6 (p. 37). A partition of the real line R is a collection of subsets (Si) with U Si = R 
and Si n Sj = ¢ if i -I j. 

7 (p. 38). This statement is not strictly true. In Pinsker [24] it is shown that leX; Y) 
is either infinite or equal to the expected value in the joint sample space of X, Y of the 
logarithm of the Radon-Nikodym derivative dflxy/dflx X fly, where flxy is the joint 
probability measure of (X, Y) and flx X fly is the product of the marginal X and Y 
measures. Thus symbolically 

leX; y)=J(log dflxy )dflxy . 
dflx X fly 

8 (p. 40). The general theorem being applied here is that, if f{x) is continuous, 
fsf{x)g{x) dx = f{xo) fsg{x) dx for some Xo E S. (See Apostol [2], Theorem 14.16, for 
example.) 

9 (p. 44). Perhaps a brief guide to Pinsker's proof is in order. The desired result is 
that leX, Y; Z) = I{Y; Z) iff (X, Y, Z) is a Markov chain. Thus, if the conditional 
mutual infonnation leX; ZI Y) is defined by leX; ZI Y) = leX, Y; Z) - I{Y; Z), the 
required result is leX; ZI Y) = 0 iff (X, Y, Z) is a Markov chain. Chapter 3 in Pinsker 
is wholly devoted to the properties of conditional mutual information. He first gives an 
abstract measure-theoretic definition of leX; ZI Y), not the one given above, then 
proves various elementary properties like leX; ZI Y) ;;. 0 (equivalent to Theorem 1.4) 
and leX; ZIy) = I{Z; Xly) (see Prob. 1.19), and finally proves that 
leX; ZI Y) = 0 iff (X, Y, Z) is Markov. Finally, in Section 3.6 he proves that 
leX; ZI Y) = leX, Y; Z) - I{Y; Z), and attributes the result to Kolmogorov. 
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Discrete memoryless channels and their 
capacity -cost functions 

2.1 The capacity-cost function 

A discrete memoryless channel (DMC; see p. 20 ff.) is characterized by two 
finite sets: Ax, the input alphabet, and Ay, the output alphabet, and a set of 
transition probabilities p(ylx), defined for each x E Ax and y E A y, which 
satisfy p(ylx) ;;. 0, 2:yp(ylx) = 1, all x E Ax. If Ax has r elements and Ay 
has s elements, the transition probabilities are conveniently displayed in an 
r X s stochastic matrix l Q = (qxy), whose rows are indexed by Ax and 
columns by A y. Furthermore, associated with each input x there is a 
nonnegative number b(x), the "cost,,2 of x. Usually Ax will be taken as 
{a, 1, ... , r-1}andA y as{0, 1, ... ,s-l}. 

Example 2.1 Ax = Ay = {a, I}, 

where ° ~ p ~~, q = 1 - P (this is the binary symmetric channel; see p. 
21), and b(O) = 0, b(l) = 1. D 

Example 2.2 Ax = {a, ~, I}, Ay = {a, I}, 

° 1 

° [1 0] Q= 1 1 1 ' 
2 2 2 
101 

and b(O) = b(l) = 1, b(~) = 0. 

50 

D 
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Example 2.3 Ax = Ay = {a, 1, 2}, 

Q~ [~ ° 0] 
1 ° , ° 1 

and b(O) = b(l) = 1, b(2) = 4. (We shall return to these examples later in the 
chapter.) D 

The motivation for this definition is that we are supposed to imagine a 
device-the "channel"-which accepts, every unit of time, one symbol 
x E Ax, and in response expels a symbol y E A y. The channel is unreliable in 
the sense that the output is not a definite function of the input; p(ylx) is the 
probability that y is the output, given that x is the input. Furthermore, use of 
the channel is not free; the "cost" of using input x is b(x). 

More generally, imagine that this channel is used n consecutive times, with 
inputs x], X2, ... , Xn and corresponding outputs y], Y2, ... , Yn. The memory­
less assumption is that the output Yi at time i depends only on the input Xi at 
time i, i.e., the probability that Y], ... , Yn is the output, given that x], ... , Xn 
is the input, is the product rr~] p(xilxi). The cost of sending x], ... , Xn is 
defined as 

n 

b(x) = L b(Xi)· (2.1) 
i=] 

If the n inputs are described probabilistic ally by the random variables 
X = (X], X 2, ... , Xn) with joint distribution function p(x) = p(x], ... , xn), 
the average cost is defined by 

n 

E[b(X)] = L E[b(Xi)] 
i=] 

= L p(x)b(x). (2.2) 
x 

For each n = 1, 2, ... , we define the nth capacity-cost function Cn(3) of 
the channel by 

Cn(f3) = max{I(X; Y) : E[b(X)] ~ nf3}, (2.3) 

where the maximum m (2.3) is extended over all pairs 
(X, Y) = ((X], ... , X n ), (Y], ... , Yn )) of n-dimensional random vectors for 
which (i) the conditional probabilities P{YIX} are consistent with the given 
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channel transition probabilities, i.e. P{YI = YI, ... , Yn = YnlXI = Xl, ... , 

Xn = xn} = I17=1 p(Yilxi), and (ii) the input vector X satisfies E[b(X)] ~ nfJ. 
We shall call an input vector X a test source; if it satisfies E[b(X)] ~ nfJ, we 
shall call it fJ-admissible. Hence the maximization in (2.3) is taken over all n­
dimensional fJ-admissible test sources. 

Several remarks about the function Cn(fJ) are in order. First, note that for a 
given matrix of transition probabilities (p(Ylx)) the function leX; Y) is a 
continuous function of the input distribution p(x). The set of such distribu­
tions satisfying LP(x)b(x) = E[b(X)] ~ nfJ is a compact subset of rn_ 
dimensional Euclidean space, and so the function leX; Y) actually achieves 
its maximum value.3 This is the reason "max" rather than "sup" appears in 
(2.3). Second, notice that if we define fJmin by 

fJrnin = minb(x), 
XEAx 

(2.4) 

then E[b(X)] ;:: n·fJmin, and so Cn(fJ) is defined only for fJ ;:: fJmin. Finally, 
observe that if fJI > fJ2' the set of test sources satisfying E[b(X)] ~ nfJ2 is a 
subset of the set of test sources satisfying E[b(X)] ~ nfJI' and so Cn(fJI) ;:: 
Cn(fJ2), i.e. Cn(fJ) is an increasing function of fJ ;:: fJmin. 

The capacity-cost function4 of the channel is now defined by 

1 
C(fJ) = sup- Cn(fJ)· (2.5) 

n n 

The number C(fJ) will turn out to represent the maximum amount of 
information that can be transmitted reliably over the channel per unit of time, 
if the channel must be used in such a way that the average cost is ~ fJ per unit 
of time. The precise statement of this result, Shannon's channel coding 
theorem, will be proved in Section 2.2. Our object in this section is to develop 
techniques for computing C(fJ) for a given DMC and cost function. 

We begin by showing that the functions Cn(fJ) are all convex. 

Theorem 2.1 Cn(fJ) is a convex n function offJ ;:: fJmin. 

Proof Let aI, a2 ;:: 0, al + a2 = 1. We must show that, for fJh fJ2 ;:: fJmin, 

Cn( alfJl + a2fJ2) ;:: al Cn(fJI) + a2 Cn(fJ2). 

To do this, let Xl, X2 be n-dimensional test sources with distributions PI (x), 
pz(x) which achieve Cn(fJd, Cn(fJ2), respectively, that is, ifYI , Y2 denote the 
outputs corresponding to Xl, X2, then 
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E[b(Xi)] ~ nf3i } 
l(Xi; Y i) = Cn(f3i) , i = 1,2. 

53 

(2.6) 

(2.7) 

Define a further test source X with distribution p(x) = alPl(x) + a2P2(x), 
and let Y be the corresponding output. Then E[b(X)] = LxP(x)b(x) = 

alLxPl(X)b(x) + a2LxP2(x)b(x) = alE[b(Xl)] + a2E[b(X2)] ~ n(alf3l 
+ a2(32) (see (2.6)), and so X is (alf3l + a2(32)-admissible. Thus 
leX; Y) ~ Cn(alf3l + a2(32). But, since leX; Y) is a convex n function ofthe 
input probability distribution p(x) (Theorem 1.6), leX; y) ~ all(Xl ; Yl) 
+ a2l(X2; Y2) = al Cn(f3l) + a2 Cn(f32) (see Eq. (2.7)). D 

Our next result shows that the apparently formidable definition (2.5) is not 
so bad after all.5 

Theorem 2.2 For any DMC, Cn(f3) = nCl(f3) for all n = 1, 2, ... and all 

13 ~ f3min. 

Proof Let X = (Xl, ... , Xn) be a f3-admissible test source that achieves 
Cn(f3), that is, 

E[b(X)] ~ nf3, 

leX; Y) = Cn(f3), 

(2.8) 

(2.9) 

where Y = (Yl , ... , Yn ) is the corresponding channel output. By Theorem 
1.9, 

n 

leX; Y) ~ L l(Xi; Yi). 
i=l 

Ifwe define f3i = E[b(Xi)]' it follows that 

n n 

Lf3i = L E[b(Xi)] 
i=l i=l 

= E{b(X)] 

~ nf3. 

Furthermore, from definition (2.3) of Cl(f3i), 

l(Xi; Yi) ~ Cl (f3i). 

(2.10) 

(2.11) 

(2.12) 
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Since by Theorem 2.1 C l (f3) is a convex n function of 13, Jensen's inequality 
impies that 

1 n (1 n) {I } -;;~Cl(f3i) ~ Cl -;;~f3i = Cl -;;E[b(X)} . 

But, since (l/n)E[b(X)] ~ 13 and C l (f3) is an increasing function of 13, 
n 

L Cl(f3i) ~ nC l (f3). (2.13) 
i=l 

Combinging (2.9), (2.10), (2.12), and (2.13), we obtain Cn(f3) ~ nCl (f3). For 
the opposite inequality, let (X, Y) be a pair of random variables that achieve 
C l (f3): 

E[b(X)] ~ 13, 

I(X; Y) = Cl (13). 

(2.14) 

(2.15) 

Let Xl, X 2 , ... , Xn be independent, identically distributed random variables 
with distribution functions the same as X, and let Yl , Y2 , ... , Yn be the 
corresponding channel outputs. Then E[b(X)] = l:E[b(Xi)] ~ nf3 by (2.14), 
and I(X; Y) = l:~II(Xi; Yi ) (Theorems 1.8 and 1.9) = nCl (f3). Thus 
Cn(f3) ;:: nCl (13) and well. D 

Corollary For a memoryless channel C(f3) = Cl (f3) (see definition (2.5)). 

[NB. This result is not true for channels with memory; see Prob. 2.10.] 

Let us now discuss the general properties of the function C(f3) for a given 
DMC and cost function. We know that it is an increasing, convex n function 
if 13 ;:: f3min. Its convexity implies that it is also continuous for 13 > f3min; see 
Appendix B. (It is also continuous at 13 = f3min; see Prob. 2.5.) We shall now 
argue that C(f3) is actually constant for sufficiently large 13. Let us define 
Cmax = max{ C(f3) : 13 ;:: f3min}, that is, 

Cmax = max{I(X; Y)}, (2.16) 

where the maximum is taken over all (one-dimensional) test sources X, with 
no bound on E[b(X)]. Cmax is called the capacity ofthe channel. Ifwe define 

f3max = min{E[b(X)] : I(X; Y) = Cmax}, (2.17) 

then clearly C(f3) = Cmax for all 13 ;:: f3max, and C(f3) < Cmax for 13 < f3max. It 
follows from the facts that C(f3) is increasing and convex n for 13 ;:: f3min and 
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is constant for fJ ;;. fJmax that C(fJ) is actually strictly increasing for fJmin :s: 
fJ :s: fJmax (see Prob. 2.6). Hence in this interval C(fJ) could be defined by 

C(fJ) = max{I(X; Y) : E[b(X)] = fJ}, fJmin:S: fJ :s: fJmax. (2.18) 

Finally, we turn to the computation of C(fJmin) = Cmin. A test source X is 
fJmin-admissible iff it has p(x) = ° when b(x) > fJmin, that is, if it uses only the 
cheapest inputs. Hence Cmin is the capacity of the reduced channel, which 
is derived from the original one by deleting those inputs x for which 
b(x) > fJmin. 

Combining all these facts, we see that a typical C(fJ) curve might look as 
shown in Fig. 2.1. 

Example 2.1 (continued) 

Q= [! ~l 
b(O) = 0, b(l) = 1. Here fJmin = 0, the reduced channel has only one input, 0, 
and so Cmin = C(O) = 0. Let X be a test source that achieves C(fJ) for some ° :s: fJ :s: fJmax. Then (see (2.18)) we must have PiX = I} = fJ, PiX = O} = 
a = 1 - fJ, and C(fJ) = leX; Y) = H(Y) - H(YIX) = H(aq + fJp)- H(p). 
Since H(x) attains its maximum value, log2, at x = ~ (cf. Fig. 1.1), it follows 
that H(aq + fJp) attains its maximum, log2, at fJ =~. Hence fJmax =~, and 
the entire C(fJ) curve (see Fig. 2.2) is given analytically by 

Cmax • 

Cmin 

~min ~max 

Figure 2.1 A typical C(f3) curve. 

log 2-H(p) rrr--
+-k-

Figure 2.2 C(f3) for Example 2.1. 
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{ 
H[(1-fJ)q+fJp] - H(p), 

C(fJ) = 
log 2 - H(p), 

Example 2.2 (continued). 

Q~ [i n 

O~fJ~l 
2' D 

b(O) = b(l) = 1, b(~) = O. Here fJmin = 0 and C(O) = 0 as before. Let X 
denote a test source that achieves C(fJ) for some 0 ~ fJ ~ fJmax, and let 
p(x) = P{X = x} for x = O,~, 1. Now J(X; Y) is convex n in p(O), p(~), 
p(l), and E[b(X)] = (p(O) + p(1)) is symmetric in p(O) andp(1), and so we 
must have p(O) = p(1) = fJ/2. Then J(X; Y) = H(Y) - H(YIX) = log2 -
(1 - fJ) log 2 = fJ log 2. Thus fJmax = 1, and the C(fJ) curve (see Fig. 2.3) is 
given by 

C(fJ) = {fJ log 2, 0 ~ fJ ~ 1, 
log 2, fJ ;:: 1. 

This illustrates the fact that C(fJ) need not be strictly convex for fJrnin ~ 
fJ ~ fJmax. D 

Example 2.3 (continued). 

Q = [~ ~ ~l' 
001 

b(O) = b(l) = 1, b(2) = 4. Let X be a test source achieving c(fJ), and let 
ai = P{X = i}, i = 0, 1,2. Then C(fJ) = H(Y) - H(YIX) = H(Y) = 

H(X) = H(ao, aI, a2), and for fJmin ~ fJ ~ fJmax, E[b(X)] = ao + 
al + 4a2 = fJ. Clearly, fJmin = 1, and the reduced channel has only the inputs 
0, 1, with transition probabilities 

IOQ 2 Pl 
Figure 2.3 C(f3) for Example 2.2. 
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Q' = [~ ~l 
The capacity of this channel (see Example 2.1) is log 2, so CCl) = log 2. Also 
Cmax = max{H(ao, ai, a2)} = log3, where ao = al = a2 = l (Theorem 
1.1), and so /3max = l + l + ~ = 2, Cmax = log3. For 1 ~ /3 ~ 2, we must 
maximize H(ao, ai, a2) subject to ao + al + 4a2 = /3. This is symmetric in 
ao and ai, and so we take ao = al = a, a2 = 1 - 2a. This forces 
a = 2/3 - /3/6, and so CCf3) = H(2/3 - /3/6,2/3 - /3/6, /3/3 - 1/3) for 
1 ~ /3 ~ 2. the graph of CCf3) is shown in Fig. 2.4. A generalization of 
Examples 2.1 and 2.3 is given in Prob. 2.3. D 

We conclude this section with a theorem which tells how to compute the 
capacity (i.e., Cmax) of a channel whose transition matrix has a high degree of 
symmetry. We shall call a stochastic matrix Q symmetric if every row of Q is 
a permutation of every other row, and every column is a permutation of every 
other column. A DMC is symmetric if its transition probability matrix is 
symmetric. 

For example, 

Q~ [I 
I I 

II 3" "6 
I 1 
"6 3" 

is symmetric, but 

Q' = [; 

I I 

!l 3" "6 
1 1 
3" "6 

is not. (But see Prob. 2.2.) 

Theorem 2.3 If a symmetric DMC has r inputs and s outputs, its capacity is 

log 3 

log 2 

2 

Figure 2.4 C(f3) for Example 2.3. 
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achieved with equiprobable inputs, i.e., p(x) = llr, x E {O, 1, ... , r - I}, 
and the capacity is 

where (qQ, ql, ... , qs-I) is any row of the transition matrix. 

Proof6 leX; Y) = H(Y) - H(YIX), H(YIX) = 2:xp(x)H(YIX = x). But 
since every row of the matrix is a permutation of every other row, 

1 
H(YIX = x) = LP(ylx)log p(ylx) = H(qQ, ql, ... , qs-I) 

y 

is independent of x. Also, by Theorem 1.1, H( Y) ::;; log s with equality iff 
p(y) = lis for y E {O, 1, ... , s - I}. But the condition on the columns of 
the transition matrix guarantees that, if p(x) = 1 I r for all x, then p(y) = 1 Is 
~ill~ D 

For example, the channel with symmetric transition matrix Q given above 
has Cmax = 10g4 - H(~, ~, i, i) = 10g(25j33-1) = 0.0817 bit. As a more gen­
eral example, the r-ary symmetric channel has as transition probability matrix 
the r X r matrix qxy = £ if x -I- y, and qxy = 1 - (r - 1)£ if x = y, where ° ::;; £ ::;; I/(r - 1). For r = 2 this is the familiar BSC; r = 4, is as follows: 

r 
1 - 3£ 

Q= £ 
£ 

£ 

£ 

1 - 3£ 
£ 

£ 

£ 

£ 

1 - 3£ 
£ 

By Theorem 2.3, the capacity of the r-ary symmetric channel is 
logr- H[l-(r-l)£, £, .'" £] =logr+(r-l)dog£+(I- r£+£)log 
(1 - r£ + c). (A method for computing the entire capacity-cost function 
C(f3) for an r-ary symmetric channel is given in Prob. 2.3.) 

2.2 The channel coding theorem 

According to the results of Section 2.1, if X = (XI, X2, ... , Xn) represents n 
consecutive inputs to a given DMC, and if Y = (YI , ... , Yn ) is the corre-
sponding output, then n-II(X; y) ::;; Cmax . This suggests, according to the 
informal interpretation of leX; Y) given in Chapter 1, that the channel can 
transmit at most Cmax bits 7 of information per unit of time. On the other hand, 
if X is a test source that achieves C(f3max) = Cmax, then leX; Y) = Cmax , and 
this suggests that, if used properly, the channel can transmit at least Cmax bits 
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of information per unit of time. Thus Cmax ought to represent the maximum 
rate at which information can be transmitted over the channel. More generally, 
for an arbitrary 13 ;:: f3min, C(f3) ought to represent the maximum rate at which 
information can be transmitted over the channel, if the average input cost 
must be ::;; 13. It is our object in this section to make these vague allegations 
precise. 

Consider the following thought experiment. We model an information 
source as a sequence U = (UI , U2 , ... , Uk) of independent, identically 
distributed random variables with common distribution function P{ U = O} = 

P{ U = I} =!. Our object is to transmit these k "bits" of information over 
the channel, using the channel n times, with an average cost ::;; 13. Let 
X = (XI, ... , Xn) be the corresponding channel input, Y = (YI , Y2 , ... , Yn) 

the channel output, and U = (UI , ... , Uk) the receiver's estimate ofU, which 
we assume depends only on Y (Fig. 2.5). 

We assume this is a pretty good system, say P{ Ui -=I=- Ui } < £ for all i, 
where £ is some small number. Then, by Theorem 1.8, leU; U) ;:: 

k A A A A 

L,u=ll(U; Ui), and l(Ui; Ui) = H(Ui) - H(UilUi) = log 2 - H(UilUi) 
;:: log 2 - H(£) by Fano's inequality (corollary to Theorem 1.2). Thus 
we have leU; U) ;:: k[1 - H2(£)]. Also, by the data-processing theorem 
(Eq. (1.15)), l(U; V) ::;; leX; Y). Finally, by Eq. (2.3), leX; Y) ::;; Cn(f3) 
= nC(f3). Combining these three inequalities, we have (implied logs are 
base -2): 

k C(f3) 
- ::;; -:------='::-'-:--:-
n 1 - H 2(£)· 

(2.19) 

The ratio k / n, which we shall call the rate of the system, represents the 
number of bits per channel use being transmitted by our imaginary commu­
nication system. The bound (2.19) is an increasing function of the bit error 
probability £; this is not surprising: it says merely that the more reliably we 
want to communicate, the slower we must communicate. Quantitatively, Eq. 
(2.19) says that, if the channel is being used so that the average input cost is 
::;; 13, and if we wish to design a system with rate r> c(f3), then the resulting 
error probability £ is bounded below by £ ;:: H- I [1 - C(f3) / r] > O. Even if 

Ichannell -+ 
A 

Y --+- U 

Figure 2.5 An imaginary communication system. 
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there is no cost constraint, if r> Cmax , then [; ;:: H zl(1 - Cmax / r) > O. In 
words, we cannot communicate reliably at rates above channel capacity. 

What about rates below C(f3)? Here (2.19) is no help, since if k / n < c(f3), 
(2.19) is satisfied for all [; ;:: O. This is not a weakness in our bound, for we 
shall now prove that, if R < C(f3) and [; > 0, it is possible to design a system 
of the above sort with average cost::;; 13, k/ n ;:: R, and P{ Ui -# Ui } < [; for 
all i! This stunning result, due to Claude Shannon, is called the channel 
coding theorem. The key to this result is the concept of a code, which we now 
describe. 

Given an integer n, a (channel) code of length n over Ax is a subset 
C = {Xl, X2, ... , XM} of A~.8 The rate of the code is defined as r = 

(1/ n) log M -if logs are base 2, the rate is in units of bits per (channel input) 
symbol. The code is f3-admissible if b(Xi) = l:;=l b(xij) ::;; nf3 for all i, where 
Xi = (Xii, ... , Xin) is the expansion of Xi into components. 

A decoding rule for the code C is a mapping f: A~ ----+ C U {?}. The 
special symbol "?" denotes decoder failure; its significance will emerge 
below. 

A code can be used to design a communication system, in the sense of Fig. 
2.5, as follows. Let k be an integer such that k ::;; 10g2 M. Then it will be 
possible to assign a distinct codeword Xi to each of the 2 k possible source 
sequences.9 A one-to-one mapping from the set of all possible source 
sequences into the code C is called an encoding rule. If the source sequence 
to be transmitted is u = (Ul' ... , Uk), the idea is to encode u into one of the 
codewords Xi via the encoding rule, and transmit Xi over the channel. At the 
other end of the channel appears a noisy version of Xi; call it y. The receiver 
decodes y into a codeword Xj (or "?") via the decoding rule f; the estimate u 
ofu is then the unique source sequence u (ifthere is one) that corresponds to 
the codeword Xj. The error probability for the system, given that Xi is 
transmitted, denoted by P<j!, is then given by 

(2.20) 

where P(yIXi) = n;=l p(Yilxij) is the appropriate product of entries from the 
channel's matrix Q of transition probabilities. 

Before we state and prove the coding theorem, we shall illustrate the 
concept of coding with three rather primitive examples. (It is the object of 
Part two to give nonprimitive examples!) 
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Example 2.4 Ax = Ay = {a, 1}, 

Q= [! ~ l 
b(O) = b(l) = 0. (This is the BSC with no input cost constraint.) Code: 
n = 3, M = 2, C = {(OOO), (Ill)}, rate = t bit per symbol. Decoding rule: 
f(Y1Y2Y3) = (xxx), where x = "majority vote" of Y1, Y2, and Y3. It is an easy 
exercise to prove that p~) = p~) = 3 p2 - 2 p3, which is less than the raw 
error probability p if p <! and much less if p is very small (see Eq. (0.1 ». D 

Example 2.5 Ax = {O, !, 1}, Ay = {a, 1}, 

Q~ [i n 
b(O) = b(I) = 1, b(!) = 0. (This is the same as Example 2.2.) Code: C = 
{(Xl, X2, ... , Xk,!,!, ... ,!) : Xj = ° or 1, i = 1,2, ... , k}. Here k is some 
fixed integer ~ n and M = 2 k. The code's rate is k / n bits per symbol. This 
code is /3-admissible for all /3;=: k / n. Decoding rule: f(Y1,"" Yn) = 

(Y1, ... , Yk, !, !, ... , !). Here PYi = ° for all i (see Prob. 2.11). D 

Example 2.6 Ax = {a, 1}, Ay = {a, 1,2, 3}, 

:3 :3 "6 "6 [1 1 1 1] 
Q= ! ! ! ! ' 

663 3 

b(O) = b(I) = 0. (This is the "symmetric" channel of p. 57.) Code: n = 2, 
M = 2; C = {(00), (ll)}, rate r =! bit per symbol. Decoding rule given by 
the table below: 

o 
00 00 

00 00 

00 ? 

? 11 

2 

00 

? 

11 

11 

3 

? 

11 

11 

11 

!(YI Y2) = (YI'Y2)th 
entry in the decoding 
matrix. 

Here it turns out (see Prob. 2.12) that PYi =~, i = 1, 2. D 
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Returning now to the bound (2.19), recall that we set out to design, for 
given values of f3, R < C(f3), and E> 0, a system with k / n ~ Rand 
P{ Ui -I- Vi} < E for all i. From the preceding discussion, we see that it will 
be possible to do this if we can find a code C of length n, together with a 
decoding rule, for which M ~ 2 rRn1 and Py! < E for all E. The following 
theorem asserts that it is possible to do this. 

Theorem 2.4 Let a DMC with capacity-cost function C(f3) be given. Then, 

for any f30 ~ f3min and real numbers f3 > f3o, R < c(f3o), E > 0, for all 
sufficiently large n there exists a code C = {Xl, X2, ... , XM} of length nand 
a decoding rule such that: 

(a) each codeword Xi is f3-admissible, 
(b) M ~ 2 rRn1 , 

(c) Py! < E for all i = 1, 2, ... , M. 

Corollary (the channel coding theorem for DMC'slO). For any R < Cmax and 
E > 0, there exists a code C = {Xl, ... , XM} of length n and a decoding rule 
such that: 

(a) M ~ 2 rRn1 , 
(b) Py!<Eforalli=1,2, ... ,M. 

Proof of corollary Let f30 = f3max in Theorem 2.4. D 

Proof of Theorem 2.4 Throughout the proof, think of n as a large integer. It 
will be specified more precisely later. 

Consider the set Q of all pairs (x, y) consisting of one channel input 
sequence X = (Xl, ... , xn) and one channel output sequence y = (Yl, ... , Yn), 
both oflength n. In symbols, Q = A1- X A~. We make Q into a sample space 
by defining 

p(x, y) = p(x)p(ylx); (2.21) 

p(x) = P(Xl) ... p(xn), where p(x) is a probability distribution on Ax that 
achieves c(f3o); and p(ylx) = p(Yllxl) ... P(Yn Ixn), where p(Ylx) are the 
channel transition probabilities. 

Let us now choose R' to satisfy R < R' < C(f3o) and define a subset T ~ Q 

as follows: 

T = {(x, y) : I(x; y) ~ nR'}, (2.22) 
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where lex; y) = log2[p(ylx)/ p(y)]' The set T can be thought of as the set of 
pairs which are close together (see Prob. 2.17) in a certain sense. Also, we 
define a subset B ~ A ~: 

B = {x : h(x):s: f3n}. (2.23) 

Here B is the set of f3-admissible codewords. Finally, we define the set 
T* ~ Tby 

T* = {(x, y) : (x, y) E T and x E B}. (2.24) 

Now let C = {Xl, X2, ... , XM} be any code, good or bad, oflength n. We 
define a decoding rule as follows. Ify is received, we examine the set 

S(y) = {x : (x, y) E T*} ~ B 

(which could be thought of as a "sphere" around y). If S(y) contains exactly 
one codeword Xi, we set fey) = Xi. Otherwise, either because S(y) contains 
no codewords or more than one codeword, we set fey) =?, that is, we 
deliberately make an error.11 This decoding rule is depicted in Fig. 2.6. 

f(r)= ? 

f(y) = ? - . 
Figure 2.6 The decoding rule used in the proof of Theorem 2.4. 
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If we use the code C with the decoding rule just described, if Xi is 
transmitted and if y is received, an error can occur iff either Xi tjc S(y) or 
Xj E S(y) for some j -I- i. Hence (see Eq. (2.20)) 

M 

P<p ~ P{Xi tjc S(y)} + LP{Xj E S(y)}. 
j=l 
#i 

(2.25) 

To put (2.25) into a more convenient form, let us define the indicator 
functions of the set r* as follows: 

{
I if (X,y)Er*, 

~(x, y) = 0 
if (x, y) tjc r*, 

- {O ~(x, y) = 1 

Now (2.25) can be rewritten as 

if (X,y)Er*, 

if (x, y) tjc r*. 

P<p ~ L"K(Xi, y)P(yIXi)+ LL~(Xj, y)P(yIXi) 
Y #i Y 

(2.26) 

(2.27) 

Our goal is to somehow find a code {Xl, ... , XM} for which Qi is very 
small for all i simultaneously. Unfortunately, however, Qi is an extermely 
complicated function and cannot be evaluated explicitly (or even closely 
estimated) except for the simplest possible codes-certainly not for big, 
complex codes with large n and huge M! So what is the point in introducing 
the bound p<p ~ Qi in the first place? The point is that, although it is not 
possible to estimate Qi for a particular code, it is possible to estimate the 
average value of Qi as {Xl, ... , XM} ranges over the set of all possible codes! 
Astonishingly,12 this average will turn out to approach 0 if M = 2 Rn and 
n ----; oo! This remarkable proof technique is called random coding, because 
we choose the code {Xl, ... , XM} "at random" according to a certain 
probability distribution. Let us now see how it works in detail. 

The first step is to describe the appropriate probability distribution on the 
set of all possible codes. It is 

M 

P(Xl, ... , XM) = II P(Xi), 
i=l 

where if Xi = (Xi], Xi2, ... , Xin), P(Xi) = I1~=1 P(Xik). This probability distri-
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bution corresponds to the experiment of choosing the code "randomly" by 
picking the individual codeword coordinates independently, according to the 
probability distribution p(x) that achieves C(f3o). 

We now view Qi(X1, ... , XM) as a random variable on the sample space of 
all possible codes; its expected value is (see Eq. (2.27» 

=E1+LEY)· 
IIi 

First, we bound E1: 

Hence 

E1 = L P(X1)'" P(XM) L"K(Xi, y)P(yIXi) 
Xl"",XM Y 

= LP(X, y)"K(x, y) (see (2.21» 
X,Y 

= P{(x, y) ¢:. T*} (see (2.26» 

= P{(x, y) ¢:. T or x¢:. B} (see (2.24» 

~ P{(x, y) ¢:. T} + P{x ¢:. B}. 

(2.28) 

(2.29) 

E1 ~ P{ I(x; y) < nR'} + P{ b(x) > f3n} (see (2.22), (2.23), (2.29» 

But 
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n 

= L I(xk; Yk). 
k=l 

Hence I(x; y) is the sum of n independent identically distributed random 
variables I(xk; Yk). By definition, E[I(xk; Yk)] = I(X; Y) = C(/30), so that 
each I(xk; Yk) has mean c(/30). Since R' < C(/30), it follows from the weak 
law oflarge numbers (see Appendix A) that 

lim P{ I(x; y) < nR'} = O. (2.30) 
n-->oo 

Similarly, b(x) = 2:~=1 b(Xk) is the sum of n independent, identically distrib­
uted random variables with mean::;; /30, Since /3 > /30, it follows that 

lim P{ b(x) > n/3} = O. (2.31 ) 
n-->oo 

Combining (2.29), (2.30), (2.31), we see that El can be made as small as we 
wish by choosing n large enough. 

Next, consider the term E~) in (2.28): 

~) = L p(xt} ... P(XM) L 8 (Xj, y)P(yIXi) 
Xl,···,XM Y 

= L p(Xj)8(Xj, y) L p(xi)p(ylxi) 
Xj,y Xi 

= L p(Xj)8(Xj, y)p(y). 
Xj,y 

Hence, by (2.26), (2.24), and (2.22), 

E~)::;; L p(x)p(y). (2.32) 
(X,y)ET 

Now for (x, y) E T, p(x)p(y) ::;; p(x, yp-R'n (see (2.22». Hence the bound 
(2.32) can be continued: 
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E~) <S; L p(x)p(y) 
(X,Y)ET 

<S; rR'n L p(x, y) 
(x,Y)ET 

Finally, by combining (2.28), (2.29), and (2.33), we get 

E(Qi) <S; P{I(x; y) < nR'} + P{b(X) > n{3} + M·rR'n. 
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(2.33) 

(2.34) 

If M = 2.2 rRn1 , the last term in (2.34) is <S; 4·2- n(R'-R). Since R' > R, it 
follows that for sufficiently large n, this term can be made as small as desired. 
We have already observed (see (2.30) and (2.31)) that the other two terms can 
be made arbitrarily small. Hence it is possible to choose n large enough so 
that, with M = 2·2 rRn1 , 

E(Qi) < e/2, (2.35) 

which is almost what we need. 
The last step in the proof is to define a function PE(Xl, ... , XM) by 

(2.36) 

Here PE is a kind of overall error probability, assuming that each of the M 
codewords is transmitted with probability 1/ M. If we regard PE as a random 
variable defined on the sample space of all possible codes, then from (2.27) 
and (2.35) we have, for M = 2·2 rRn1 and n large enough, 

E(PE ) < e/2. 

Thus the average value of PE is < e/2, and so there must be a particular code 
(Xl, ... , XM) with PE(Xl, ... , XM) < e/2. This code may not satisfy the 
conclusions of Theorem 2.4, because it may contain codewords Xi for which 
b(Xi) > n{3 and/or p<J/ > e. But, if more than half of the codewords Xi had 
P<2 ;:: e, from (2.36) we would have PE ;:: e/2, a contradiction. So if we 
delete the codewords with p<J/ ;:: e from the code, we obtain a code with 
;:: 2 r Rn 1 codewords for which p<J/ < e for all i.13 This code therefore satisfies 
conclusions (b) and (c) of Theorem 2.4. Finally, notice that, if b(Xi) > n{3, the 
decoding sphere S(y) = {x : (x, y) E T and b(x) <S; n{3} cannot contain Xi, 

that is, P<J/ = 1. Hence this new code cannot contain any codewords which 
are not {3-admissible, and so (a) is satisfied also. D 
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Problems 

2.1 Compute the complete capacity-cost functions of the following channels: 

(.) Q ~ [l ° : l b(O) ~ 1, b(l) ~ b(2) ~ O. q 

P 

(b) Q= [6 p ~l b(O) = 0, b(l) = 1. 
P 

(The channel in part (b) is called a binary erasure channel; it can be depicted 
like this: 

o ~--~--o 

? 

The input symbols can be received correctly or erased, that is, received as "?") 
2.2 Let us call a channel weakly symmetric if the columns of its transition matrix Q 

can be partitioned into subsets Ci such that, for each i, in the matrix Qi formed 
by the columns in Ci each row is a permutation of every other row, and the 
same is true of columns. (For example, Q' on page 57 is weakly symmetric but 
not symmetric.) Show that the capacity of a weakly symmetric channel is 
achieved with equiprobable inputs. 

2.3 Let us define a strongly symmetric channel of order r as one whose transition 
matrix Q has the form illustrated below for r = 4: 

where p ~ 11r and (r - l)p + q = 1. The object of this exercise is for you to 
compute C(f3) for this channel, for arbitrary input costs b(x), by supplying the 
details in the following argument. (Assume f3rnin = 0; see Prob. 2.4.) 

If X is a test source achieving C(f3), let f(x) = P{X = x}, g(x) = 
P{Y = x}, for x E {O, 1, ... , r - I}. Then f(x) = [g(x) - p]/(q - p), and 
the constraint ,,£b(x)f(x) = f3 is equivalent to ,,£b(x)g(x) = f3(q - p) + Bp, 
where B = ,,£b(x). J(X; Y) = H(Y) - H(q) - (1 - q)log(r - 1), so the object 
is to maximize H(Y) subject to ,,£b(x)g(x) = f3(q - p) + Bp. To do this we 
can use the results ofProb. 1.8 and obtain the parametric solution: 
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C(f3) = 10gA(A) -AA'(A)/A(A) - H(q) - (1 - q)log(r - 1), 

f3 = - _l_(A'(A)/A(A) +Bp) 
q-p 
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as A ranges over the interval A E [..10, 0] and f3 ranges over [0, (1/ n)B], ..10 being 
the unique solution to the equation A'(Ao)/ A(Ao) = -Bp. 

2.4 The object of this exercise is to show that there is no essential loss of generality 
in assuming f3min = O. If we are given a channel whose capacity-cost function 
C(f3) has f3min > 0, let C'(f3) denote the capacity-cost function of the same 
channel in which all the costs have been decreased by f3min. Show that 
C(f3) = C'(f3 - f3min). 

2.5 The object ofthis exercise is to prove that C(f3) is continuous at f3 = f3min. To 
do this, supply the details in the following argument. 

Let (PI, Pz, ... ) be a sequence of probability vectors representing the 
input distributions of test sources achieving C(f3I), C(f3z), ... , where 
limn-->oof3n = f3min. Then there is a subsequence (Pnl' Pn2' ... ) which converges 
to a probability vector p. If X is a test source with input distribution P, then 
E[b(X)] = f3min and J(X; Y) = limp-->p!m C(f3). Hence C(f3min) ;;. 
limp-->p+ C(f3). Since C(f3) is an increasing function of f3 ;;. f3min, this proves 
the reqmred continuity. 

2.6 Let f(x) be an increasing, convex n function of x ;;. Xl. Assume f(x) is 
constant for x;;. Xz, where Xl < Xz. Show that f(x) is strictly increasing for 
Xl ~x~xz. 

2.7 Characterize as fully as you can the DMC's with Cmax = O. 
2.8 The sum of DMC's with transition matrices Ql, Qz, ... , Q m is defined as the 

channel whose matrix is 

o o 

Q= 
• 

o 

If C<.2ax denotes the capacity of the ith channel, show that the capacity of the 
sum channel is given by 

2.9 Consider two DMC's with input alphabets A:fl, output alphabets Acp, transition 
probabilities p(i)(ylx), and cost functions b(i)~x), i = 1, 2. Their product is 
defined as a channel with input alphabet AV X A~), output alphabet A~) 
X A~), transition probabilities P«Yl, Yz)1 (Xl, XZ» = p(l)(Yllxl) . p(Z)(Yzlxz), 
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and cost function b(xI, Xz) = b(l)(XI) + b(Z)(xz). (Physically, the product chan­
nel is the pair of channels being used in parallel.) Show that the capacity-cost 
function of the product channel is given by 

C([3) = max{ CI(t) + Cz([3 - tn· 
t 

Thus show that the graph of C([3) is obtained by adding both coordinates of the 
curves CI([3) and Cz([3) at points on the two curves having the same slope. 

2.10 (The capacity ofa simple channel with memory). Let ZI, Zz, ... be identically 
distributed random variables, a Markov chain, taking values in 
{a, 1, ... , r - I} (cf. Prob. 1.20). The Z;'s can be used to define an additive 
channel with Ax = Ay = {a, 1, ... , r - I}, by the rule Yi == Xi + Zi(mod r) 
where Xi and Yi are the input and output from the channel at time i. The n­
dimensional capacity is defined as C}:~ = max {I(X; Y)} as X ranges over all 
n-dimensional test sources, and the capacity is Cmax = sup(1/n)C}:~. Show 
that C~ = nlog r - H(ZI, ... , Zn) = nlog r - H(p) - (n - I)H, where p 
is a probability vector describing the common distribution of the Zi'S, and H is 
the entropy of the chain. Conclude that Cmax = log r - H. Apply this result to 
the case where r = 2 and the chain's transition probabilities are given by the 
stochastic matrix 

2.11 For the channel and cost function in Example 2.5, show explicitly how to 
achieve what is promised by the coding theorem, that is, give a precise 
description of a code C that has properties (a), (b), and (c) of Theorem 2.4. 

2.12 Complete the details of ExamEle 2.6, and show how the decoding function 
could be improved to achieve P 2 = ~ for i = 1, 2. 

2.13 In the proof of Theorem 2.4 we gave an explicit decoding rule for a given code 
C = {XI, ... , XM} (see pp. 63). This rule, while adequate for our purposes, is 
not optimal and is rarely used in practice. In this exercise we shall introduce 
and study two other decoding rules, which are better than the one in Theorem 
2.4 but are more difficult to analyze. Thus suppose the probability that Xi will 
be transmitted is Pi, i = 1,2, ... , M. Given the received vector y, minimum 
error probability decoding (MED) chooses the codeword for which the condi­
tional probability p(xily) is largest. Maximum likelihood decoding (MLD) 
chooses the one for which P(yIXi) is largest. 
(a) Show that MED lives up to its name, that is, the probability of decoder 

error, given that y is received, is minimized by MED, and hence also that 
the average error probability PE = L.~IPiP<J! is minimized. 

(b) Show that if Pi = 1/ M for all i, then MLD performs identically to MED. 
(c) On a BSC, define the Hamming distance dH(x, y) between X and y as the 

number of components in which they disagree. Show that a MLD decoder 
always picks a codeword Xi which is closest to y with respect to this 
distance (see Prob. 2.17 and also Section 7.3). 

2.14 (Continuation). Consider the following code of length 4 over 
{a, I}: XI = 0000, Xz = 0011, X3 = 1100, X4 = 1111. Suppose the codewords 
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are sent over a BSC (error probability p) with unequal probabilities, 
P{xJ} =!, P{X2} = P{X3} =!, P{L!} = ±. Find a decoding rule that mini­
mizes PE = !P~) + !P(i) + !P(i) + ±p~). 

2.15 Show that, if Po > Pmin, it is possible to replace conclusion (a) in Theorem 2.4 
with "each codeword is po-admissible"; and if Po < Pmax, to replace conclusion 
(b) with "M;;' 2 rCCPo)nl." 

2.16 Instead of requiring the average cost per channel use to be ~ P, we could 
require that the maximum allowable cost be ~ P, that is, define 
C(fJ) = sup{I(X; Y) : b(X) ~ P with probability I}. Compute C(fJ) for the 
channels of Examples 2.1, 2.2, and 2.3. (pp. 55-56). Does the coding theorem 
remain valid for C(P)? 

2.17 For a BSC, show that the set T defined in Eq. (2.22) is of the form 
T = { (x; y) : d H( x; y) ~ r}, where d H( x, y) is the Hamming distance between 
x and y (i.e., the number of components in which x and y differ), and find r in 
terms of n, R', and B, the crossover probability of the channel. (Assume 
p(x = 0) = p(x = 1) = !.) 

2.18 Let Q be a finite set, and let f be a function mapping Q into the real numbers. 
Prove that there exists an element W E Q such that f( w) < y iff it is possible to 
define a probability distribution on Q such that E[f(w)] < y. 

2.19 Consider the DMC whose matrix of transition probabilities is 

I I 0 0 0 2: 2: 

0 I I 0 0 2: 2: 

Q= 0 0 I I 0 2: 2: 

0 0 0 I I 
2: 2: 

I 0 0 0 I 
2: 2: 

(There is no cost constraint, i.e., b(x) = 0 for all x.) 
(a) Compute Cmax . 

(b) Find a code of length 1 with rate log 2, and PCf} = 0 for all i. 
(c) Find a code of length 2 with rate! log 5, and PCf} = 0 for all i. . 
(d) If {XI, ... , XM} is any code oflength n for this channel with pC;} = 0 for 

all i, show that the code's rate is < log~.14 
2.20 The binary eras sure channel has matrix of transition probabilities 

o ? 1 
Q = 0 [q p 0], 

lOp q 

where 0 ~ p ~ !, p + q = 1 (Assume no input cost, i.e., b(x) = 0 for all x.) Its 
capacity is Cmax = 1 - P (see Prob. 2.1b). Assume that this channel is 
equipped with noiseless, delayless feedback, that is, the receiver is able to 
communicate back to the sender the symbol he has received. The sender adopts 
the following "coding" strategy for communicating the output of a binary 
symmetric source over this channel: he merely repeats each symbol until it is 
finally received correctly. 
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(a) Calculate the average number of channel symbols required per source 
symbol if this strategy is used. 

(b) Using the results of part (a), design, for any R < emax, f > 0, a code of 
length n with M codewords such that M ;;. 2 r Rn 1, p<J! < f for each i (see 
corollary to Theorem 2.4).15 

In the next six problems we will sketch a proof of a coding theorem for a 
DMC without cost constraint that is in some ways stronger, and in other ways 
weaker, than the channel coding theorem (corollary to Theorem 2.4). First we 
must make some definitions. For each pair XI, X2 E Ax, we define 

J(XI, X2) = L J P(yIXI)P(ylx2) 
yEAy 

and 

where the minimization is taken over all independent, identically distributed 
random variables assuming values in Ax. Finally, the important quantity Ro is 
defined by 

Ro = -log2 Jo· 

The theorem to be proved is this: 
Ro theorem for a DMC. For any R < Ro there exists a code {XI, X2, ... , XM} 

with at least M = i2Rnl codewords of length n, and an appropriate decoding 
rule, such that if PE = (2:;":.1 P<J!)/ M denotes the average decoding error 
probability, then PE < 2- n(!Io-R). (This theorem is stronger than the channel 
coding theorem in that it gives an explicit estimate of how small PE can be 
made as a function of n. It is weaker in that Ro < emax , so that for rates 
Ro < R < emax it does not imply that PE -+ 0 is possible at all.) 

2.21 Consider a code of length n containing only two codewords, 
XI = (Xli, X12, ... , Xln) and X2 = (X21, X22, ... , X2n). Assume that, given a 
received n-tuple y, the decoder outputs XI if p(ylxl) > p(yIX2) and X2 if 
P(yIX2) > p(YlxIJ. Let YI = {y : p(ylxl) > P(yIX2)}' Y2 = {y: P(yIX2) 
> p(ylxl)}. If p)J denotes the probability of decoder error, given that Xi is sent, 
show that 

n 

p<J! ~ II J(Xlk, X2k), i = 1, 2, 
k=1 

by verifying the following steps: 

p<J! ~ L P(yIXi) 
yEY, 

~ L J P(yIXI)P(ylx2) 
YEA~ 

n 

= II J(Xlk, X2k). 
k=1 
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2.22 If now {Xl, ... , XM} is a code containing M codewords of length n, and the 
decoder picks the codeword Xi for which P(ylXi) is largest, denote by pc:J the 
probability of decoder error, given that Xi is transmitted, and show that 

M n 

pc:J ~ L II J(Xik, Xjk). 
j=l k=l 
jf-i 

2.23 By averaging the expression obtained in Prob. 2.22 over all codes, where the 
individual codewords are chosen independently according to the probability 
distribution that achieves Jo, obtain the estimate 

E[Pc:J] < M·rRon . 

2.24 Now complete the proof ofthe Rn coding theorem. 
2.25 Show that for a BSC, 

Rn = 1 -log2 [1 + 2) p(l - p)], 

where p is the raw bit error probability. Furthermore show that 
!Cmax < Rn < Cmax , where Cmax = 1 - H2(P) is the capacity of the BSC. 

2.26 Compute Rn for the binary erasure channel (see Prob. 2.1 b). 

Notes 

1 (p. 50). A stochastic matrix is a matrix of nonnegative real numbers with the 
property that the sum of the entries in each row is 1 (cf. Prob. 1.20). 

2 (p. 50). We emphasize at once that the most important example of a cost function is 
b(x) = 0 for all x E Ax. The main reasons for introducing b(x) at all are to underscore 
the duality between the results of Chapters 2 and 3, and to prepare for the important 
input-constrained Gaussian channel of Chapter 4. 

3 (p. 52). We are invoking the theorem that a continuous real-valued function defined 
on a compact subset of a metric space achieves its supremum and infimum; see Apostol 
[2], Theroem 4.28. 

4 (p. 52). This terminology is not standard; in the special case b(x) == 0 (cf. Note 2) 
C(f3) is obviously constant for all f3 ;;;: 0, and is called merely the channel capacity; see 
p.54. 

5 (p. 53). Given the conclusion of Theorem 2.2, the reader may wonder why we gave 
the complicated definition (2.5) in the first place. The answer is that this definition 
allows a simple proof of the converse to the coding theorem (see Chapter 5, especially 
Eq. (5.9)); also, for channels with memory, Theorem 2.2 is false (see Prob. 2.10). 

6 (p. 58). A close inspection of the proof of Theorem 2.3 reveals that all we need is 
for the transition probability matrix to have constant row entropy and column sum. 

7 (p. 58). Assuming the implied logarithms are base 2. 
8 (p. 60). If A is a set, the symbol An denotes the set {(aI, a2, ... , an): ai E A} of 

ordered n-tuples from A. 
9 (p. 60). More generally, the code C could be used to communicate the output of 

any source, binary, memoryless, or otherwise, provided the number of possible source 
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outputs is ~ M. This robustness makes the coding theorem (Theorem 2.4) much more 
valuable than our discussion indicates, since few real sources are accurately modeled 
by a binary symmetric source. 

10 (p. 62). This corollary, which states that we can communicate arbitrarily reliably 
at rates below channel capacity, is called the channel coding theorem, since, as 
mentioned in Note 2, the cost constraint is usually absent, and so the more general 
result of Theorem 2.4 is relatively unimportant. 

11 (p. 63). This decoding rule is not the best possible one; see Probs. 2.13 and 2.14. 
However it is relatively easy to analyze and is sufficiently close to optimal to allow us 
to prove the coding theorem. 

12 (p. 64). But see Prob. 2.18. 
13 (p. 67). Note that deleting codewords from C cannot change PCf} for the remaining 

codewords, since PCf} = L:{p(ylx;): ytf. I-I (x;)}. 
14 (p. 71). This is a famous example of a channel with a nonzero zero-error capacity. 

It is known that no codes exist for this channel with PE = 0 and rate > ~ log 5; see the 
paper by Shannon [25], pp. 112-113, and Lovasz [51]. 

15 (p. 72). This result becomes more interesting in light of the theorem, due to 
Shannon, that feedback cannot increase the capacity of a DMC! (See Shannon [25], p. 
120) What is true however is that feedback in general makes the design of encoders and 
decoders much simpler. There is a substantial literature on channels with feedback; see 
[25], pp. 373-436. 



3 
Discrete memoryless sources and their 

rate-distortion functions 

3.1 The rate-distortion function 

Consider an information source that produces, every unit of time, a symbol u 
from a finite set Au, called the source alphabet. Suppose that the sequence of 
symbols produced by the source can be modeled by a sequence U1, U2 , ••• of 
independent, identically distributed random variables with common distribu­
tion function P{U = u} = p(u). Such an information source is called a 
discrete memoryless source (DMS), and the numbers p(u) are called the 
source statistics. 

Now suppose that we are required to transmit the source's output over a 
channel to a certain destination. We assume that a transmitted source symbol 
u E Au will be reproduced at the destination as a symbol V which is an 
element of another finite set Av, called the destination alphabet. (Av will 
usually, but not always, contain Au as a subset.) Also, suppose that for each 
pair (u, v) there is a nonnegative number d(u, v) which measures the error, or 
distortion, caused when the source symbol u is reproduced as the destination 
symbol v. The function d is called a distortion measure. 1 

Finally, suppose that the function d is extended to pairs (u, v) = 

(Ul, U2, ... , Uk; VI, V2, ... , Vk) from At X At by 

k 

d(u, v) = L d(Ui' Vi)· 
i=1 

(3.1) 

It is usually, but not always, convenient to take Au = {a, 1, ... , r - 1}, 
Av = {a, 1, ... , s - 1}, and to arrange the distortions d(u, v) into an r X s 
matrix D. 

Example 3.1 Au = Av = {a, 1}; source statistics p(O) = p, p(l) = q = 

1 - p, where p ~ ~; and distortion matrix 

75 
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D = [~ ~ l D 

Example 3.22 Au = {-I, 0, + I}, Av = {-!, +H; source statistics (t, t, D 
and distortion matrix 

D~ U n 
(These two examples will be explored further on p. 81 ff.) D 

Let k be a fixed, positive integer. Consider the independent random 
variables UI , U2, ... , Uk which model the first k symbols emitted by the 
source, and let VI, V2, ••• , Vk be any collection of k random variables taking 
values in the destination alphabet A v, and defined on the same sample space 
as the U/s. We can calculate the mutual information leU; V) between the 
random vectors U = (UI , ... , Uk) and V = (VI, ... , Vk), and also the aver­
age distortion E(d) = E[d(U, V)], defined by 

E(d) = L p(u, v)d(u, v) 
n,v 

= L p(u)p(vlu)d(u, v). (3.2) 
n,v 

(In (3.2) the summation is extended over the rksk pairs (u, v) = (UI, 

... , Uk, VI, ... , Vk), where Ui E Au, Vi E Av, and p(u, v) = P{U = u, 
V = v}, p(vlu) = P{V = vlU = u}.) 

We now define3 the function Rk( 0), which is a function of the source 
statistics (p(u)), the distortion matrix D, and the real number 0, by 

Rt(o) = min{l(U; V): E(d) ~ kO}. (3.3) 

In (3.3) the minimization is extended over all pairs (U, V) = 

((UI , ... , Uk), (VI, ... , Vk)) of k-dimensional random vectors assuming 
values in A t X A ~ for which UI, ... , Uk are independent with common 
distribution function P{ U = u} = p(u), where (p(u)) are the given source 
statistics, and the average distortion E(d) defined in (3.2) is ~ ko. Since the 
source statistics (p(u)) are fixed, in computing Rk(O) for a fixed 0 we must 
vary the conditional probabilities p(vlu) that define V. These probabilities can 
be thought of as transition probabilities defining a channel with U as input, V 
as output. In the present context this channel is usually called a k-dimensional 
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test channel, and the minimization (3.3) is said to take place over all test 
channels whose average distortion is ~ k(j. 

Several preliminary remarks about the function Rk((j) are in order. First 
note that for fixed (p(u)) the function J(U; V) is a continuous function ofthe 
rk sk transition probabilities p(vlu). The subset of the set of transition 
probabilities where E(d) ~ kO is a compact region of rksk-dimensional 
Euclidean space, and so the function J(U; V) actually achieves its minimum 
value on this region.4 This is the reason we write "min" rather than "inf" in 
Eq. (3.3). Second, notice that the minimum possible value of E(d) is given by 
k . (jmin, where 

(jmin = L p(u) . mJn d(u, v), 
UEAu 

(3.4) 

as may be seen from (3.2), since E(d) ~ 2:(u,v)p(u, v)minv d(u, v) = k(jmin' 
Thus Rt( (5) is defined only for 15 ~ (jmin. Finally, observe that if 151 > 152 , the 
set of k-dimensional test channels satisfying E( d) ~ 152 is a subset of those 
for which E(d) ~ 151, and so Rk((jl) ~ Rk((j2), that is, Rk((j) is a decreasing 
function of 15 ~ (jmin. 

The rate-distortion function of the source is now defined as 

(3.5) 

The number R((j) turns out to represent the mInImum number of bits 
(assuming all logarithms are base 2) needed to represent a source symbol if 
we are willing to tolerate an average distortion of 15. The precise statement of 
this result, Shannon's source coding theorem, will be stated and proved in 
Section 3.2. Our object in the rest of this section is to develop techniques for 
computing R( (5) for a given DMS and distortion measure. 

Our first result is that the functions Rt( (5) are convex. 

Theorem 3.1 Rt( (5) is a convex U function of 15 ~ (jmin. 

Proof Suppose aI, a2 ~ 0, al + a2 = l. We must show that, for 151, 
152 ~ (jmax, 

(3.6) 

To do this, let Pi(ulv) be the transition probabilities for a test channel 
achieving Rk((ji), i = 1,2. Then if VI, V2 denote the test channel outputs, 

(3.7) 
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i = 1,2, (3.8) 

where di = d(U, Vi) denotes the average distortion in the ith test channel. 
Now define a new test channel with transition probabilities p(vlu) = 

alPl(vlu) + a2P2(vlu). If V denotes the output from this test channel, then 
from (3.2) and (3.8), E[d(U; V)] = alE[d(U; VI)] + a2E[d(U; V2)] :s: (alOl 
+ a202). Hence this test channel is admissible for the calculation of 
Rk(alOl + a202), and so leU; V) ;;. Rk(alOl + a202). 

On the other hand since leU; V) is a convex U function of the transition 
probabilities p(vlu) (Theorem 1.7), l(U; V) :s: all(U; VI) + a2l(U; V2) = 

alRk(Ol) + a2Rk(02). The last two inequalities combine to give (3.6) and so 
prove Theorem 3.1. D 

The next result shows that for a DMS the computation of R(O) is consider­
ably easier than would appear from definition (3.5). 

Theorem3.25 ForaDMS, ~(o) = kR1(0)forallkandO;;' Omin' 

Proof Let p(vlu) be the transition probabilities for a k-dimensional test 
channel achieving ~(O). Then 

leU; V) = ~(o), 

E[d(U, V)] :s: ko. 

Since U1, U2, ... , Uk are independent, by Theorem 1.8 we have 

k 

leU; V) ;;. L l(Ui; Vi)' 
i=l 

Ifwe define Oi = E[d(Ui, Vi), we have 

l(Ui; Vi) ;;. R1(Oi), i = 1,2, ... , k, 

k 

E[d(U, V)] = L Oi :s: kO. 
i=l 

(3.9) 

(3.10) 

(3.11) 

(3.12) 

(3.13) 

Combining (3.11) and (3.12), we have leU; V) ;;. 2:7=1 R1(Oi). But since Rl is 
convex U, 
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by (3.13) and the fact that RI is a decreasing function of O. Hence R.,.(o) = 

leU; V) ;=: kRI (0). To prove the opposite inequality, let p(ulu) be a one­
dimensional test channel that achieves RI(o), and define p(vlu) = 

I17=1 p(uilui). It is easy to verify that the memoryless test channel so defined 
has E(d) ~ ko and leU; V) = kRI(o) (see Prob. 3.3). Thus R.,.(o) ~ kRI(o) 
as well, and Theorem 3.2 is proved. D 

Corollary 

R(o) = RI(o) 

= min{I(U; V): E(d) ~ a}. 

Proof This follows immediately from Theorem 3.2 and definitions (3.3) and 
(3.5). D 

Let us now pause for a general description of the function R(o). We already 
know that R(o) is a decreasing, convex U function of a ;=: Omin. The convexity 
implies immediately (see Appendix B) that R(o) is continuous for 0> Omin. 
R( 0) is also continuous at a = Omin, but we leave the proof of this fact as 
Prob. 3.4. Furthermore, we shall now show that R(o) = ° for all sufficiently 
large o. Indeed, if we define omax by 

Omax = mJn L p(u)d(u, u), (3.14) 
u 

then R(o) = ° iff a ;=: Omax. To see this, observe that a test channel which 
maps every input u deterministically onto a U for which 
L.p(u)d(u, u) = omax will have leU; V) = ° and E(d) = Omax. This shows 
that R(o) = ° for a;=: omax. Conversely, if R(o) = 0, then a test channel 
achieving this must have U and V independent (Theorem 1.3), and so 

E(d) = L p(u)p(u)d(u, u) = L p(u) L p(u)d(u, u) 

;=: L p(u)· omax = omax 
V 

by (3.14). Thus if R(o) = 0, then a ;=: omax. 

v u 

Since R( 0) is decreasing and convex U for a ;=: Omin, and is constant for 
a;=: Omax, it follows that R(o) is strictly decreasing for Omin ~ a ~ omax (see 
Prob. 2.6), and so in this range R(o) is given by 
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R(o) = min{l(U; V): E(d) = 0, (3.15) 

Thus a typical R( 0) curve will look something like Fig. 3.1. (However R( 0) 
need not be strictly convex U; see Prob. 3.2.) In Prob. 3.8, however, it is shown 
that there is no essential loss of generality in assuming that Omin = 0, i.e. that 
for every source symbol u there exists at least one destination symbol for 
which d(u, v) = 0, in which case the R(o) curve looks like Fig. 3.2. 

The value of R(O) (or R(omin) if Omin > 0) is in general somewhat 
difficult to compute (see Prob. 3.7). However, if in addition to assuming 
that each row of the matrix D has at least one 0, we assume that each 
column has at most one 0, R(O) is easy to compute. For in this case a test 
channel with E(d) = ° must map each u into the set of "perfect" 
representatives of u, Gu = {vld(u, v) = O}. But by our assumption on the 
columns of D the sets Gu are disjoint, and so in the test channel V 
completely determines U. Thus R(O) = leU; V) = H(U) - H(UI V) = 

H(U), the source entropy. In this rather typical situation, the R(o) curve 
looks like Fig. 3.3 (cf. Prob. 3.5). 

We shall now actually compute R(o) for Examples 3.1 and 3.2. 

Figure 3.1 A typical R(o) curve. 

Figure 3.2 Without loss of generality, Omin = o. 
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Example 3.1 (continued). Here the source statistics are P{ U = O} = p, 
P{ U = 1} = q, with P ::;; !, and the distortion matrix is 

D = [~ ~ l 
Clearly Omin = 0, Omax = min{p, q} = p, and by the preceding remarks 
R(O) = H(U) = H(p). To find R(O) for 0 < 0 < p, note that for a test channel 
achieving R(O), leU; V) = H(U) - H(UI V) = H(p) - H(UI V), and 
E(d) = P{U -# V} = O. But by Fano's inequality (corollary to Theorem 1.2) 
H(UIV) ::;; H(O), and so R(O) ;:: H(p) - H(O). This lower bound turns out 
to be the value of R( 0) for 0 ::;; 0 ::;; p. To prove this we must produce a test 
channel with E(d) = 0, leU; V) = H(p) - H(O). The best way to do this is 
to define a "backwards" test channel, that is, to give the transition probabil­
ities, p(ulu), by p(ulu) = 0 if u -# u, = 1 - 0 if u = u. The backwards test 
channel is shown in Fig. 3.4. Clearly such a test channel will have E(d) = 0, 
H(UI V) = H(O). However, we must make sure that it is possible to choose 
a = P{V = O} so that P{U = O} = p and P{U = 1} = q. We must have 
p = a(l - 0) + (1 - a)O, that is, a = (p - 0)/(1 - 20). Since 0 < 0 
< p ::;; !, this value of a lies in [0, 1], and so the required backwards test 
channel exists. Hence finally (see Fig. 3.5) 

(O,H(U)) 

Figure 3.3 R(O) = source entropy, usually. 

u=O .,----~~--~.v=O 

8 
1- 8 

u = I .----~ .. .------. v = 1 

Figure 3.4 A backwards test channel for Example 3.1. 
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H(p) 

~ log 2 

p 

Ex. 3.1 Ex. 3.2 

Figure 3.5 R( 0) for Examples 3.1 and 3.2. 

R(o) = { H(p) - H(o), 
0, 

0::;; 0::;; p, 
a ;=: p. 

4/3 

D 

Example 3.2 (continued). Here the source statistics are p(u) = t for 
u = 0, ± 1, and the distortion matrix is 

D~ U n 
An easy calculation gives Omin = 1, omax =~. Since leU; V) is a convex 
U function in the test channel transition probabilities, symmetric in 
p{V=+!IU=O} and p{V=-!IU=O}, and d(O,!)=d(O,-!), it 
follows (see Prob. 3.6) that in a test channel achieving R(o) we must 
have p{ V = ±!I U = O} =!. By similar reasoning, we must have 
p{ V = +!I U = + I} = p{ V = -!I U = -I} = 1 - a for some ° ::;; a ::;; !. 
For such a test channel leU; V) = H(V) - H(VIU) = 10g2 -
~H(a) - tlog2 = ~[10g2 - H(a)], and E(d) = ~[(1 - a) + 2a] + t = 1 
+ 2a/3. Hence finally (see Fig. 3.5) 

{ 
~(log2 - H(3(o - 1)/2», 

R(o) = 
0, 

l::;;o::;;~ 
3' 

a ;=: ~ 

We conclude this section by computing the rate-distortion function in 
general for an r-ary symmetric source with respect to the Hamming distortion 
measure, also called the error probability distortion. Here the sourCe and 
destination alphabets are identical: Au = Av = {a, 1, ... , r - I}, and the 
sourCe statistics are P{U = u} = l/r for u = 0, 1, ... , r - 1. The distor-
tions are given by 
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d(u, u) = {~ 
The matrix D is as follows for r = 4: 

if u = u 
if u -=I u. 

D~ [; ton 
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Notice that for a (U, V) test channel, E(d) = L:{p(u, u): u -=I u} = 

P{ U -=I V}, which explains why this particular distortion measure is called 
the error probability distortion. 

From (3.4) Omin = 0, and from (3.14) Omax = 1 - llr. The value of R(O) in 
the range ° ~ 0 ~ 1 - 1 I r is given in the following theorem. 

Theorem 3.36 With respect to the error probability (Hamming) distortion 
measure, the r-ary symmetric source has rate-distortion function 

R(O) = {log r - 0 log(r - 1) - H(O), 
0, 

° ~ 0 ~ 1 - llr, 
o ;:: 1 - 1 I r. 

Corollary R( 0) for a binary symmetric source, same distortion measure, is 

R(O) = {10g2 - H(O), 
0, 

° ~ 0 ~!, 
o ;:: !. 

(Note that this corollary, which is the special case r = 2 of Theorem 3.3, is 

the special case p = ! of Example 3.1; see pp. 81-82.) 

Proof Consider a (U, V) test channel that achieves R(O) for a fixed 0, ° ~ 0 ~ 1 - llr. Then R(O) = leU; V) = H(U) - H(UIV). But H(U) = 

log r (cf. Theorem 1.1); and since 0 = E(d) = P{ U -=I V}, by Fano's inequal­
ity (corollary to Theorem 1.2) H(UIV) ~ Olog(r - 1) + H(O). Hence 
R( 0) ;:: log r - 0 loge r - 1) - H (0). To show the opposite inequality, assume ° ~ 0 ~ 1 - 1 I r, and define a test channel by 

{
1-0 

p(ulu) = _O_ 
r - 1 

if u = u, 

if u -=I u. 

Then a simple calculation gives E(d) = 0, leU; V) = H(V) - H(VIU) = 

log r - H[1 - 0, Ol(r - 1), ... , Ol(r - 1)] = 

log r - 0 log(r - 1) - H(O). D 
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3.2 The source coding theorem 

The rate-distortion function, which was studied from a purely mathematical 
point of view in Section 3.1, has a beautiful communication-theoretic 
significance, which is this: R( 0) is the number of bits needed to represent a 
source symbol, if a distortion 0 is allowable. Thus a source symbol can be 
"compressed" into R(O) bits; since R(O) decreases as 0 increases, more 
compression is possible as 0 increases. For this reason "rate-distortion 
theory" is sometimes called "data-compression theory." 

To see why R( 0) might have this significance, consider the following 
situation. Let (UI , U2 , ... , Uk) = U represent the first k symbols emitted 
by a certain DMS. Let us suppose that these k symbols are "compressed" 
into n bits (Xl, X 2 , ... , Xn) = X, and that it is somehow possible to re­
cover from X k destination symbols (VI, ... , Vk) = V such that 
L~IE[d(Ui' Vi)] :s: ko. Under these circumstances it is reasonable to assert 
that the n bits Xl, ... , Xn represent the k source symbols UI , ... , Uk with 
an average distortion :s: O. The relationship between U, X, V can be sketched 
as shown in Fig. 3.6. 

Now we know from Eqs. (3.3) and (3.5) that J(U; V) ;=: Rk(O) ;=: kR(O); 
from Theorem 1.5 that J(U; V) :s: J(X; V); from the definition of J(X; V) 
(see Eq. (1.4)) that J(X; V) :s: H(X); and from Theorem 1.1 that H(X) :s: n 
bits. Combining these results, we have kR(o):s: J(U; V) :s: J(X; V) 
:s: H(X) :s: n, that is (implied logs are base 2), 

n k;=: R(O). (3.16) 

The ratio n / k in (3.16) represents the number of bits per source symbol in the 
above data compression scheme. Thus we see immediately that at least R( 0) 
bits are needed to represent a source symbol if the average distortion must be 
:s: O. The source coding theorem, to be proved below, assets that in a certain 
sense no more than R( 0) bits are needed. 

First we must define a source code. A source code of length k is a subset of 
At, that is, a set C = {VI, V2, ... , VM} of destination sequences oflength k. 
Its rate is defined to be R = k- I log2 M. For each source sequence u = 

(UI, ... , Uk) oflength k, letf(u) be a codeword Vi which is "closest" to u in 
the sense that 

d(u, f(u)) :s: d(u, Vj), j = 1,2, ... , M. (3.17) 

Figure 3.6 A general data-compression scheme. 
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The average distortion of the code C is defined to be 

1 
d(C) = k L p(u)d(u, feu)), 

nEAt 
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(3.18) 

where in (3.18) p(u) = P(UI)P(U2) ... p(Uk) is the probability that the first k 
symbols emitted by the source will be UI, ... , Uk. 

If M ::;; 2 n, such a source code can be used to devise a data compression 
scheme of the sort depicted in Fig. 3.6 as follows. To each of the M source 
codewords Vi assign a distinct binary n-tuple XCVi) = (XI (Vi), ... , Xn(Vi)). 
Since M ::;; 2n , this will be possible. The source sequence u = (UI, ... , Uk) is 
then represented by the n bits x = x[f(u)], and the destination sequence v is 
taken to be the codeword feu). (Since the mapping v ----7 xCv) is one to one, 
feu) can be uniquely recovered from x [f(u)]). It is clear that the average 
distortion of the scheme is exactly d( C), as defined in (3.18), and the 
compression ratio n/ k is just l1og2 Ml / k. 

Example 3.1 (continued). Everything is the same as in the previous appear­
ances of Example 3.1 (pp. 75, 81), except that now we specialize the source 
statistics to p = q =!. We consider a source code of length 7 with 16 
codewords, namely, the 16 words ofthe (7, 4) Hamming code described in the 
Introduction (see p. 4 ff.). It was shown there that each of the 128 binary 
vectors of length 7 differed in at most one position from some codeword. 
Hence 

d( )=~(128-16) =~. 
C 7 128 8 

The compression ratio is n/ k = 4/7 = 0.5714. (Since as we have seen 
R(o) = 1 - H2(O) in this case, the inequality (3.16) becomes 4/7;:: 
1 - H2(0.125) = 0.4564.) D 

Example 3.2 (continued). Here the source, distortion, and so on are as in the 
previous appearances of Example 3.2 (pp. 76, 82), and we consider the 
following source code oflength 2: 

C = { (+!, -!), (-!, +!) }. 
Here a straightforward calculation (see Prob. 3.14) gives d( C) = lj = 1.11. 
The compression ratio is n/ k = 1/2 = 0.50. Since R (lj) = HI - H2 (~) 1 
(see p. 82) = 0.2333, again we see that inequality (3.16) is satisfied, as it must 
be. D 
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The thrust of the source coding theorem must now be easy to guess; it is, 
approximately, that there exist source codes for which d( C) ~ 0 and 
10g2 M / k ~ R( 0). More precisely, we have the following theorem. 

Theorem 3.4 (Shannon s source coding theorem). Fix 0 ;:: Omin. For any 
0' > 0 and R' > R(o), for sufficiently large k there exists a source code C of 
length k with M codewords, where: 

(a) M:S: 2lkR'J, 
(b) deC) < 0'. 

Remarks: Conclusion (a) guarantees that we can take n = l kR' J and get a 
compression ratio n/ k :s: R'; conclusion (b) guarantees that the resulting 
distortion will be < 0'. It is annoying, but necessary, to have the two 
quantities R', 0', rather than the desired R(o), o. (For one thing we could not 
in general hope to achieve n / k = R( 0), since R( 0) is likely to be irrational! 
But see Prob. 3.15.) 

Proof We begin by selecting numbers R" and 0" which satisfy 

R(o) < R" < R', 0<0"<0'. (3.19) 

Now if C = {VI, V2, ... , VM} is a particular source code of length k, and if 
feu) is a source encoding function as defined on p. 84, define the subsets S 
and Tof At by 

S = {u: d(u, feu)) :s: ko"}, 

T = {u: d(u, feu)) > ko"}. 

Here S is the set of source sequences well represented by C; T is the set 
poorly represented. Then, by definition (3.18) of d(C), 

1 
d(C) = kLP(u)d(u, feu)) 

u 

1 1 
= k L p(u)d(u, feu)) + k L p(u)d(u, feu)). 

uES UET 

(3.20) 

The first sum in (3.20) is clearly :s: 0"; hence if we define B as the largest 
entry in the distortion matrix D, that is, B = max{d(u, v): u E Au, v E A v }, 
we get 
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deC) ~ 0" + B L p(u). (3.21) 
UET 

The sum in (3.21) is just the probability that the source sequence will be 
poorly represented by C, that is, P{ d(u, feu)) > ko"}. 

Now d(u, feu)) will be greater than ko" iff d(u, Vi) > ko" for each 
i = 1,2, ... , M (see (3.17)). Hence if we define a threshold function 

f1(u, v) = { ~ if d(u, v) ~ ko", 
if d(u, v) > ko", 

(3.22) 

the restricted sum in (3.21) becomes the unrestricted sum LuP(U) 
[1 - f1(u, VI)] ... [1 - f1(u, VM)], and so if we define 

M 

K(C) = LP(u) II[l - f1(u, Vi)], (3.23) 
u i=1 

the estimate (3.21) becomes 

d(C) ~ 0" + B· K(C). (3.24) 

In view of (3.24), our proof will be complete if we can find a source code C 
oflength k with at most 2lkR'J codewords for which K(C) < (0' - 0")/ B. We 
will not be able to find such a code directly, but we will be able to deduce the 
existence of such a code indirectly by means of random coding. In other 
words, we will average K( C) with respect to a certain probability distribution 
over the set of all possible source codes of length k with 2lkR'J codewords; 
this average will be shown to approach 0 as k ----t 00. Thus for sufficiently 
large k the average will be «0 - 0")/ B, from which it follows that at least 
one particular source code also has K(C) < (0 - 0")/ B; this code will satisfy 
the conclusions of Theorem 3.4. 

So now our task is the average K( C) over all source codes of length k with 
M = 2lkR'J codewords. First, of course, we must specify the probability 
distribution we are averaging with respect to. The right choice turns out to be 
closely related to the distribution of the random variable V in a test channel 
that achieves R(o). Thus for the rest of the proof let p(u, v) denote a 
probability distribution on Au X Av achieving R(o), that is, 

leU; V) = R(o), 

E[d(U; V)] ~ o. 
The marginal distributions on Au and Av are given by 

(3.25a) 

(3.25b) 
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p(U) = L p(u, v) (source statistics), 
v 

p(V) = L p(u, v). 
u 

We extend this probability distribution to pairs (u, v) = (UI, ... , 
Uk, VI, ... , Vk) from At X At by assuming that the source and test channel 
are memoryless, that is, by defining 

from which follow 

k 

p(u) = II P(Ui), 
i=1 

k 

p(vlu) = II p(vilui), 
i=1 

k 

p(u, v) = II P(Ui' Vi), 
i=1 

k 

p(v) = II P(Vi)· 
i=1 

(3.26a) 

(3.26b) 

The probability assignment on the set of all source codes of length k with M 
codewords that we want is the one that assigns to the code C = {v I, ... , V M } 

the probability 

M 

p(C) = IIp(Vi), 
i=1 

where P(Vi) is given by (3.26b). (This probability assignment is sometimes 
described by saying the source code is chosen at "random" according to the 
probability distribution p(v).) 

Recalling the definition of K(C) (see (3.23)), we begin to compute its 
average E(K): 
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M 

E(K) = L P(VI)'" P(VM) LP(u) II[1- Ll(u, Vi)] 
u i=1 

M 

= L p(u) L II p(vi)[1 - Ll(u, Vi)] 
U Vl"",VM i=l 

= LP(U){ L p(v)[1 - Ll(u, V)]}M. 
u VEA~ 
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(3.27) 

(The last step above relies on the fact, which is obvious if not obscured by 
notation, that if f(x) is a function defined on a finite set A, then 

[Lf(X)] M = L ... L f(XI) ... f(XM).) 
xEA Xl EA XMEA 

The inner sum in (3.27) is 

L p(v)[l - Ll(u, v)] = 1 - L p(v)Ll(u, v), 
v v 

and so (3.27) becomes 

E(K) ~ ~ pro) [1 -~ p(V)d(O, vf (3.28) 

(At this point the reader should be able to see directly that (3.28) represents 
the probability that a source sequence will be "poorly represented" by a 
source code VI, ... , VM chosen at "random.") The next step in the proof is 
the estimation ofthe inner sum in (3.28). To this end define 

{ I if d(u, v) :s: ko" and J(u; v) :s: kR", 
Llo(u, v) = 0 h' ot erwlse, 

where J(u, v) = log2[p(vlu)/ p(v)]. Then from (3.22) Llo(u, v) :s: Ll(u, v), 
and so 

L p(v)Llo(u, v) :s: L p(v)Ll(u, v). (3.29) 
v v 

If Llo(u, v) = 1, then J(u, v) = log2[p(vlu)/ p(v)] :s: kR", and so p(v);;. 
2- kR"p(vlu). Hence 

L p(v)Llo(u, v) ;;. T kR " L p(vlu)Llo(u, v). (3.30) 
v v 
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Combining (3.29) and (3.30), we have 

[1 - ~P(V)Ll.(., V)r'" [1 - 2-kR·~p(vl.)Ll.o(., V)r (3.31) 

and now (deus ex machina!) we invoke the following inequality: 

(1 - xy)M ::;; 1 - x + e-yM (if 0 ::;; x, y ::;; 1, M > 0) (3.32) 

(proof left as Prob. 3.16), with x = the sum on the right side of (3.31), and 
y = 2- kR ". The result is 

::;; 1 - L p(vlu)~o(u, v) + exp( _rkR" . M). (3.33) 
v 

Combining (3.28) and (3.33), we get 

E(K) ::;; 1 - L p(u, v)~o(u, v) + exp( _rkR" . M). 
U,v 

= L p(u, v)[1 - ~o(u, v)] + exp( _rkR" . M). (3.34) 
U,v 

We shall now show that both terms in (3.34) approach 0 as k approaches 
infinity. First note that since M = 2lkR'J and R' > R" (see (3.19)), 
exp( _2- kR " . M) < exp[ _2 k(R'-R")-1] approaches 0 very rapidly. Second, 
notice that 1 - ~o(u, v) is 1 iff either d(u, v) > k(j" or /(u; v) > kR", and so 

L p(u, v)[1 - ~o(u, v)] 
u,v 

::;; P{ d(U, V) > k(j"} + P(I(U; V) > kR"}, (3.35) 

the probabilities in (3.35) being taken over the (U, V) space whose probability 
distribution is described in (3.26). But 

k 

d(U, V) = L d( Ui , Vi) 
i=l 

is the sum of independent, identically distributed random variables, each of 
which has mean E[d(U, V)] ::;; 15 < 15" by (3.25b) and (3.19), and so by the 
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weak law of large numbers (see Appendix A), the first probability in (3.35) 
approaches 0 as k increases, Similarly, 

k 

J(U; V) = LJ(Ui; Vi) 
i=l 

(see note on p. 37) is a sum of independent, identically distributed random 
variables, each with mean J(U, V) = R(15) < R" (see (3.25a) and (3.19» and 
so by another application of the weak law, the second probability in (3.35) 
approaches 0 as k increases. Combining all these facts, we see that the upper 
bound on E(K) given by (3.34) approaches 0; in particular, for large enough k 
it will be less than (15 ' - 15")/ B, and in view of the discussion on p. 87, this 
completes the proof. D 

Problems 

3.1 Compute R(o) for the source p = (!, !) relative to the distortion matrix 

D = [~ ~ l 
3.1 Compute R(o) for the source p = (!, !) relative to the distortion matrix 

D=[~~!l 
(The R(o) of this problem illustrates the fact that R(o) need not be strictly 
convex.) 

3.3 Show that the k-dimensional test channel defined at the end of the proof of 
Theorem 3.2 has E[d(U)] ~ ko and I(U; V) = kRI (0). 

3.4 The object of this problem is for you to prove that R(o) is continuous at 
a = Omin. Do this by supplying the details in the following argument. 

Let QI, Q2, ... be a sequence of stochastic matrices describing the transi­
tion probabilities of test channels achieving R(OI), R(02), ... , where 
limn--->ooon = Omin. Then there is a subsequence Qnp Qn" ... which converges 
to a stochastic matrix Q. The test channel corresponding to Q has 
E[d(U, V)] = Omin and I(U; V) = limk--->ooR(onk). Thus R(Omin) ~ 
limo--->o+ R(o), and so R is continuous at 0= Omin. 

3.5 On p. 80 we showed that a sufficient condition for R(O) = H, the source 
entropy, is for each row of D to have at least one zero entry, and each column to 
have at most one zero entry. Show that this condition is also necessary. 

3.6 In Example 3.2, p. 82, we invoked "symmetry" in finding a test channel for 
achieving R( 0). In this problem we will make that notion precise. Let n be a 
permutation of Au such that p(u) = p(n(u)) for all u E U (if the source 
statistics are uniform this is no restriction on n), and p be a permutation of Av 
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such that D(u, v) = D(n(u), p(v» for all u E U, V E V. This is the "symme­
try" required; in Example 3.2, 

n(-I) = +1, nCO) = 0, n(+I) = -1; P(-~) = +~, p(+~) = -~. 

Show that for each 0 ;;. Omin there exists a test channel p(vlu) achieving R(o) 
such that the stochastic matrix Q(u, v) = p(vlu) has the same symmetry as D, 
i.e., Q(n(u), p(v» = Q(u, v) for all u E U, v E V. [Hint: If Qo(u, v) describes 
a test channel achieving R(o), define Qi(U, v) = Qo(ni(u), pi(V», and show 
that Qi describes a test channel achieving R(o) for i = 1, 2, 3, .... Then define 
Q(u, v) = n-I ~~':d Qi(U, v), where n is the least common multiple of the 
orders of nand p.] 

3.7 In the most general situation, the computation of R( Omin) is not a simple matter. 
The following result is often helpful, however. Verify that it is correct. 

For each u E Au, let B(u) denote the set of "best destination representa­
tives of u," that is, B(u) = {v E Av: d(u, v) ~ d(u, v') for all v' E Av}. Then 
there exists a backward test channel p(ulv) achieving R(omin) such that 
p(ulvd = P(UIV2) whenever VI, V2 E B(u) 

Apply this result to the problem of finding R(omin) for the source (~,~,~) 
relative to the distortion matrix 

3.8 Consider a fixed source p = (PI, P2, ... , Pr) and distortion matrix D, with 
rate-distortion function R(o). Consider a new distortion matrix b, which is 
formed from D by adding a constant Wi to the ith row, that is, 
dei, j) = dei, j) + Wi. Show that the new rate-distortion function is 
R(o) = R(o - w), where ]V = ~iWiPi' Use this result to show that there is no 
essential loss of generality in assuming that Omin = O. (Result due to J. Pinkston 
[25], p. 300.) 

3.9 Consider a source p = (PI, ... , Pr) whose distortion matrix D has all O's in its 
first row. Show that R(o) = (1 - pdR(o/(1 - PI», where R is the rate-distor­
tion function of the source (Pz/(l - pd, ... , Pr/(1 - PI» relative to the 
distortion matrix b obtained from D by deleting its first row. (Result due to 
J. Pinkston [25], p. 300.) 

3.10 (The Shannon lower bound to R(o». Suppose the distortion matrix D has the 
property that each colunm is a permutation of (d l , d2, ... , dr). Define 
<p(o) = max{H(al, ... , an): ~;=Iaidi = o} (see Prob. 1.8). Prove that 
R(o) ;;. H(U) - <p(o), where H(U) is the source entropy, by verifying the 
following steps: 
(a) If (U, V) is a test channel achieving R(o), R(o) = H(U) -

~vp(v)H(UI V = v) 
(b) Ifo(v) = ~up(ulv)d(u, v), then H(UIV = v) ~ <p(o(v» 
(c) ~vp(v)<p(o(v» ~ <p(~vp(v)o(v» ~ <p(o) 

3.11 (Continuation). If now D has the further property that each row is a permuta-
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tion of every other row, show that R(o) = H(U) - <P(o) for Omin ~ 0 ~ omax, 
if the source is symmetric. 

3.12 Consider two DMS's with input alphabets A<[}, output alphabets A<[), and 
distortion functions di(u, v), i = 1, 2. Their product has source alphabet 
AV) X A~, destination alphabet A~) X A~), and distortion matrix with entries 
d[(UI, U2), (VI, V2)] = d(1)(UI, VI) + d(2l(u2, V2). (Physically this corresponds 
to two independent, parallel sources.) Show that the rate-distortion function of 
the product source is R(o) = min+{R(1)(t) + R(2)(0 - t)}, where R(I) and R(2) 
are the rate-distortion functions of sources 1 and 2, respectively. Thus show that 
the R(o) curve is obtained by adding both coordinates of the curves R(1) and 
R(2) at points on the two curves having the same slope. (Result due to 
Shannon.) 

3.13 (Perfect codes in the Lee metric7). If q is an odd number, and if 
Au = Av = {O, 1, ... , q - I}, the Lee distortion (or Lee metric) is defined by 
d(u, v) = min{lu - vi, Iq - u + vi}. If q = 2t2 + 2t + 1, consider this source 
code of length k = 2 with M = q codewords: C = {(VI, V2): V2 
== (2 t + 1 )VI (mod q)}. Show that the spheres of radius t around these code­
words completely cover the set of q2 pairs (UI, U2) without overlap. (A sphere 
of radius t around (VI, V2) is the set {(UI, U2): d(UI, VI) + d(U2, V2) ~ t}.) 
Show that the average distortion of this code is t· (2t3 + 
3t + t)/(2t2 + 2t + 1). 

3.14 Verify that deC) = lj for the source code of Example 3.2 (p. 8S). 
3.15 Show that Theorem 3.4 remains true if conclusion (a) is replaced by 

"M ~ 2< LkR(o)J "; and, if 0 > Omin, that it remains true if (a) is unchanged, but 
(b) is replaced by "d(C) ~ 0." 

3.16 Prove that, if 0 ~ x, y ~ 1, M;;. 0, then (1 - xy)M ~ 1 - x + e-yM (see Eq. 
(3.32)). 

3.17 Describe how you could explicitly achieve what is promised by the source 
coding theorem (Theorem 3.4) at 0 = omax. 

Notes 

1 (p. 7S). Technically d(u, v) is called a single-letter distortion measure, to 
distinguish it from distortion measures that are defined on certain k-tuples (u, v) 
= ((UI, ... , Uk), (VI, ... , Vk)) directly, rather than by Eq. (3.1). 

2 (p. 76). This example is due to Shannon (see [2S], pp. 246-247, and Fig. 2 on p. 
262). In describing this rather peculiar source, he wrote, " ... the [source] alphabet 
consists of three possible readings, -1, 0, and +1. Perhaps, for some reasons of 
economy, it is desired to work with a reproduced alphabet of two letters, -! and +!. 
One might then have the matrix that is shown in [Example 3.2]." 

3 (p. 76). The definitions that follow (Eqs. (3.3) and (3.S)) can be given for an 
arbitrary stationary source; see Eqs. (S.3) and (S.4). 

4 (p. 77). See Note 3, Chapter 2. 
S (p. 78). In view of Theorem 3.2, the reader may wonder why the functions 14(0) 

were introduced in the first place. The reason is twofold. First, for a stationary source 
with memory, definitions (3.3) and (3.S) make sense and typically 14(0) is a decreasing 
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function of k, for fixed O. (However we shall not study sources with memory in this 
book.) Second (and more important for our purposes) the definitions given simplify the 
proof of the converse of the source-channel coding theorem. (See Chapter S, especially 
Eq. (S.lO).) 

6 (p. 83). Pinkston (see [2S], pp. 296 ff.) has generalized this theorem to an arbi­
trary DMS, with Hamming distortion, as follows. If the source probabilitites are 
ordered: PI ~ P2 ... ~ Pr, define Sk = ~~IPi' Ok = Sk-I + (r - k)Pb and Hk = 
H(pk+1/(l - Sk), ... , Pr/(l - Sk)). Then, for Ok-I ~ 0 ~ Ok, R(o) = (1 - Sk-I) 
(Hk-I - H((o - Sk-I)/(l - Sk)) - (0 - Sk)/(l - Sk)log(r - k - 1)), for k = 0, 1, 
... , r. 

7 (p. 93). For more on this subject, see Berlekamp [14], pp. 30S-309. 



4 

The Gaussian channel and source 

4.1 The Gaussian channel 

This channel, whose full name is the "discrete-time memoryless additive 
Gaussian channel with average power constraint," has channel input alphabet 
Ax and channel output alphabet A y, both equal to the set of all real numbers. 
If Xl, X 2 , ... are the inputs to the channel at times 1, 2, ... , then the 
corresponding outputs YI , Y2 , ... are given by Yi = Xi + Zi, where Zl, 
Z2, ... are independent, identically distributed normal random variables with 
mean 0 and variance a 2 . This channel is often depicted as in Fig. 4.1. 
Furthermore, there is a "cost" associated with each input x; it is hex) = x2 . In 
this section we shall show that the capacity-cost function of this channel is 
given by 

(4.1) 

Just as for the discrete channels of Chapter 2, we shall show that C(f3) 
represents the maximum rate at which the channel can transmit error-free 
information, ifthe average input cost is restricted to be ~ 13. 

z 
Normal; mean 0, 

variance (j2 

x---~+}----.... y 

Figure 4.1 The Gaussian channel. 
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Before deriving formula (4.1), however, we pause to give a brief, informal 
description of how such a channel might arise in practice. 

Suppose we wish to transmit a sequence of n real numbers XI, X2, ... , Xn 
from one point to another in T seconds, and are required to do this by 
converting the x/s into a continuous function of time x(t). (For definiteness, 
let's assume x(t) represents the voltage across a I-ohm load.) One way to do 
this is to find n functions ¢i(t), i = 1, 2, ... , n, which are orthonormal on the 
interval [0, T], that is, 

JOT ¢i(t)¢j(t)dt = {01 if i = j, 
if i -I- j, 

and to transmit the signal 

n 

x(t) = LXi¢i(t). 
i=1 

The numbers Xi are recoverable from x(t): 

Xi = 1: X(t)¢i(t)dt. 

(4.2) 

(4.3) 

(4.4) 

However, several complications can arise. First, our transmitter may be 
limited in power, say to P watts. Then the total energy dissipated in T seconds 
cannot exceed PT joules. This energy is given by the integral S[ x2(t)dt, 
which because of orthonormality (4.2) is 2:~lx;, Hence we must have 

1 n PT 
-Lx;~-, 
n i=1 n 

(4.5) 

which is to say that the input vector x = (XI, ... , xn) cannot be arbitrary; it 
must lie within a Euclidean sphere of radius vPT. 

Another complication is that when x( t) is transmitted the received signal 
will often be of the form x( t) = x( t) + z( t), where z( t) is some kind of noise 
process. A common type of noise is Johnson (thermal) noise, which is caused 
by the thermal agitation of the electrons in the receiver. In this case it is 
reasonable to model z( t) as a white Gaussian noise process; for our purposes 
this means that there is a number No, the noise spectral density, such that the 
integrals Zi = S[ z(t)¢i(t)dt are independent, mean 0, variance No/2 Gaussian 
random variables. I Thus if the receiver attempts to recover Xi by computing 
(cf. (4.4)) S[ x(t)¢i(t)dt, he will obtain the estimate Xi = Xi + Zi. 

In summary: we transmit x = (XI, ... , xn ), where x must satisfy (4.5), and 
receive i = (XI + Zl, ... , Xn + zn), where ZI, ... , Zn are independent, mean 
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0, variance No/2 Gaussian random variables. But of course that is just the 
situation modeled by the Gaussian channel introduced at the beginning of this 
section, with noise variance a 2 = No/2 and input constraint f3 = PT In. 
According to (4.1) the capacity of this channel is !10g2(1 +2PTlnNo) bits 
per symbol. If now we define the transmission "bandwidth,,2 by W = n12T, 
and observe that we are transmitting niT = 2W symbols per second, the 
capacity becomes 

C = Wlog2(1 + PINoW) bits per second. (4.6) 

Formula (4.6) is Shannon's famous expression for the capacity of a band­
limited, power-limited Gaussian channel. Note that if W» PI No, the result­
ing "wideband" Gaussian channel has capacity 

1 P 
C=-­

ln2No 

= 1.4427 P I No bits per second. (4.7) 

Let us now return to the main concern of this section, the derivation of 
formula (4.1). 

Analogously with Eq. (2.3), let us define the nth capacity-cost function 
Cn(f3) of the Gaussian channel by 

Cn(f3) = sup { J(X; Y) : t E(X;) <S; nf3 }, (4.8) 

where the supremum is taken over all pairs X = (X], ... , X n ), Y = 

(Y], ... , Yn ) of n-dimensional random vectors such that: 

X has a continuous density function p(x), (4.9a) 

n 

L E(X;) <S; nf3, (4.9b) 
i=] 

i = 1,2, ... , n, (4.9c) 

where Z], Z2, ... , Zn are independent (of each other and of the X;'s), mean 
0, variance a 2 random variables. The overall capacity-cost function for the 
Gaussian channel is now defined as 

1 
C(f3) = sup - Cn(f3). (4.10) 

n n 

We immediately prove the following theorem. 
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Theorem 4.1 Cn(f3) = (n/2) 10g(1 + f3/0 2), and so C(f3) = ! 10g(1 + f3/0 2). 

Proof Let X = (XI, ... , Xn) be any test source satisfying (4.9a) and (4.9b). 
Then by (4.9c) the joint density of X and Y is given by 

p(x, y) = p(x)g(z), 

where z = (YI - X], ... , Yn - xn) and g(z) is the joint density of Z], ... , Zn, 

that is, 

(cf. Eq. (1.27)). 
Let Ai = E(Xf). Since Xi and Zi are independent, 

E( Zf) = Ai + 0 2 , and so by Theorem 1.11 

[ 
n ]11 n 

h(Y) ~ -i log 27Te g (Ai + 0 2 ) (4.11) 

Now by (4.9b) L:7=1 (Ai + 0 2 ) ~ n(f3 + 0 2 ), and so, by the arithemetic­
geometric mean inequally, the product in (4.11) is not larger than (f3 + 02)n. 

Hence 

h(Y) ~ -i log 27Te(f3 + 0 2). (4.12) 

By Theorem 1.10, I(X; Y) = h(Y) - h(YIX), but h(YIX) = h(Z) = 

(n/2)10g27Te0 2 (see Example 1.13 and also Prob. 1.27). Thus 

I(X; Y) = h(Y) - h(Z) 

(4.l3) 

which proves that Cn(f3) ~ (n/2)10g(1 + f3/0 2). To prove the opposite in­
equality, let XI, X 2 , ... , Xn be independent, mean 0, variance f3 Gaussian 
random variables. Then (4.9a) and (4.9b) will be satisfied. Also, 
YI , Y2, ... , Yn will be independent, mean 0, variance f3 + 0 2 random vari­
ables (cf. Prob. 1.29) and I(X; Y) = h(Y) - h(Z) = (n/2)10g(1 + f3/0 2). 

This completes the proof of Theorem 4.1. D 

Note Another way to define Cn(f3) is to replace condition (4.9a) with 

X assumes only finitely many values. 

In Prob. 4.11 it is shown that these two definitions are equivalent. 

(4.9a') 
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The final result in this section is the coding theorem for the Gaussian 
channel. It is completely analogous to the discrete coding Theorem 2.4: A 
(channel) code of length n is just a set of M n-dimensional vectors 
{ x I, ... , X M }. If a codeword x = (XI, ... , xn) is transmitted over the channel, 
it is received as y = x + Z, where the components of Z are independent 
Gaussian random variables with mean 0 and variance 0 2 . A decoding rule for 
such a code is a mapping f from the set of all n-dimensional vectors y into the 
code. The error probabilities PYi represent the probabilities of decoder error, 
given that the i-th codeword was sent, that is, PYi = P{f(y) -I xilxi trans­
mitted}, where y = Xi + Z as above. 

Theorem 4.2 (coding theorem for Gaussian channels). Fix j3 ;=: O. Then, for 
any j3' > j3, R < C(f3) = ! log2(1 + j3 / 0 2), and E > 0, there exists a code C = 

{ X I, ... , X M} of length n, and a corresponding decoding rule such that: 

(a) L;=IX~ ~ nj3' for i = 1,2, ... , M; Xi = (Xii, ... , Xin), 
(b) M;=: 2fRnl, 

(c) pC2<E foralli=I,2, ... ,M. 

Proof According to the preceding note, it is possible to choose a finitely 
based random variable X with E(X2) ~ j3 such that J(X; Y) is arbitrarily 
close to C(j3). The corresponding Y will not be discrete, but since J(X; Y) = 

lim J(X; [Y]) as the quantization [Y] becomes finer and finer (see Eq. (1.17»; 
it will be possible to find a discrete random variable [Y] such that 
J(X; [Y]) > R. The discrete memoryless channel which has as inputs the 
values assumed by X, and as outputs the values assumed by [Y], with inputs 
constrained to satisfy E(X2) ~ j3, thus has a capacity greater than R, and so 
the existence of a code satisfying (a), (b), and (c) follows immediately from 
Theorem 2.4. D 

4.2 The Gaussian source 

This source, whose full name is the "discrete-time memoryless Gaussian 
source," has as source alphabet Au the set of all real numbers, and the source 
output is modeled by a sequence UI , U2 , ••• of independent identically 
distributed normal random variables with mean 0 and variance 0 2 . Our object 
in this section is to compute the rate-distortion function of this source relative 
to the "squared-error" distortion criterion, in which the destination alphabet 
Av is again the set of real numbers, and the distortion between a source 
symbol u and a destination symbol V is given by 
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d(u, v) = (u - vi. (4.14) 

This rate-distortion function turns out to be 

(4.15) 

It is plotted (in units of bits) in Fig. 4.2. 
Of course a Gaussian source is likely to be encountered in almost any kind 

of data-gathering experiment. Since an infinite number of bits are required to 
represent an arbitrary real number u with perfect fidelity, it is of interest to 
know the tradeoff between the number of bits used to represent the experi­
mental outcome and the resulting distortion. As defined in (4.15), R( 0) does 
in fact represent the minimum possible number of bits sufficient to represent a 
Gaussian (variance a 2) random variable if the maximum permissible mean­
squared error is O. This fact will be verified by the source coding theorem, 
Theorem 4.5, and by the results of Chapter 5. 

To establish (4.15), we first define the kth rate-distortion function 14(0) of 
the Gaussian source with respect to the mean-squared error criterion by (see 
Eq. (3.3)) 

(4.16) 

where the infimum is taken over all pairs of k-dimensional random vectors 
U = (U1, ... , Uk) and V = (VI, ... , Vk) such that: 

U1, U2 , ••• , Uk are independent, mean 0, variance a2 Gaussian 
random variables, (4.17 a) 

i 
1 

R(8) 

.5 

1 

Figure 4.2 The rate-distortion function for a Gaussian source. 
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k 

E(IIU - V112) = L E[(Ui - Vii] ~ kO, 
i=1 

the joint distribution ofU and V is given by a continuous 
density function p(u,v). 

101 

(4. 17b) 

(4.17c) 

The overall rate-distortion function R(o) is then defined (cf. Eq. (3.5» by 

R(o) = inf .!.~(o). (4.18) 
k k 

As happened for discrete memoryless sources in Chapter 3, it will turn out 
that the infimum in (4.18) is already achieved at k = 1. Before proving this 
fact, however, we give a closed form expression for R1(0), which is of course 
the value of R( 0) as well. 

Theorem 4.3 

Proof Pick 0, [; > 0, and a pair (U, V) of random variables such that: 

leU; V) < Rl(O) + [;, 
U is Gaussian, with mean 0, variance 0 2 , 

E[(U - vi] ~ 0, 

u, V has a continuous joint density p(u, v). 

(4.19a) 

(4.19b) 

(4.19c) 

(4.19d) 

That this is possible follows from definition (4.16) and the conditions (4.17). 
By (4.19c) and (4. 19d), 

0;;' J]P(U,V)(U-VidUdV 

= J p(v) J p(ulv)(u - vi du dv, (4.20) 

where p(v) = f p(u, v)du is the marginal density of V, and p(ulv) = 

p(u, v)/ p(v) is the conditional density of u, given v. It follows from (4.20) 
that if we define 

o(v) = J p(ulv)(u - vi du, (4.21) 
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then o(u) is finite for almost all u. Hence according to Theorem 1.11, the 
conditional entropy h( UI V = u) exists for almost all u, and in fact 

h(UIV = u) = - J p(ulu)logp(ulu) du 

::;; !10g2JTeo(u). (4.22) 

Now by Theorem 1.10 

leU; V) = h(U) - h(UIV)· (4.23) 

But h(U) = !10g2JTea 2 (cf. Example 1.13) and by (4.20), (4.21), and (4.22) 

h(UI V) = J p(u)h(UIV = u) du 

::;; ! log 2JTe J o(u)p(u) du 

::;; ! log 2JTeo. 

Hence RI(O) + e > leU; V) ~ !10ga 2 /0; but since this is true for all e > 0, 
and since in any event RI (0) ~ 0, it follows that 

RI (0) ~ max (! log ~2 , 0). (4.24) 

It remains to show that the lower bound (4.24) is tight. To do this, notice 
that if 0< a 2 , if Vis a mean 0, variance a 2 - a Gaussian random variable, 
and if U = V + G, where G is a mean 0, variance a Gaussian random 
variable independent of V, then (U, V) satisfy (4.17) with k = 1, and so RI(O) 
::;; leU; V) = h(U) - h(UI V) = h(U) - h(G) = !10g2JTea 2 - !10g2JTeo = 

! log a 2 /0 (see Prob. 1.27). On the other hand, if 0> a 2, pick e > ° and let V 
be Gaussian with variance e, G be Gaussian with variance a 2 - e. Then again 
(4.17) is satisfied, and so RI(O)::;; leU; V) = h(U) - h(G) = !10g2JTea 2 -

! log 2JTe(a2 - e) = ! log[l + e/(a 2 - e)]. Since this is true for all e > 0, 
RI (0) ::;; ° in this range. Hence the lower bound (4.24) is also an upper bound, 
and this completes the proof. D 

(The odd relationship between U and V described in the last part of the 
proof of Theorem 4.3 is often called the "backward" test channel for 
computing R( 0), because it can be depicted as in Fig. 4.3, in spite of the fact 
that U is the source and V is the destination! For a "forward" version ofthis 
test channel, see Prob. 4.18.) 
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G 

U 4-4 -------i4)4-4 - V 

Figure 4.3 The backward test channel for a Gaussian source. 

We can now compute R( 0). 

Theorem 4.4 Rk(O) = kRI(O) for all k, and so R(O) = RI(O) = 

max(~log02 /0,0). 

Proof Pick E > 0, and let U = (UI , ... , Uk) and V = (VI, ... , Vk) be a pair 
of random vectors satisfying (4.17) and 

leU; V) < Rk(O) + E. (4.25) 

Then by Theorem l.8 leU; V) ;=: 2:7=1 l( Ui ; Vi). If we define Oi = 

E[(Ui - Vi)2] , then, by the definition of RI(O), I(Ui ; Vi) ;=: RI(Oi), and by 
k k-

(4.l7b) 2:i=IOi ::;; kO. Furthermore, 2:i=IRI(Oi) ;=: kRI(O) ;=: kRI(O), where 
J = k-I2:7=IOi, since RI(O) is convex U and monotonically decreasing by 
Theorem 4.3. Hence 

k 

;=: L l( Ui ; Vi) 
i=1 

k 

;=: LRI(Oi) 
i=1 

;=: kRI(J) 

;=: kRI(O). 

Since this is true for all E > 0, it follows that ~(O) ;=: kRI(O). To prove the 
opposite inequality, let (UI , VI), ... , (Uk, Vk) be independent identical co­
pies ofthe backward test channel achieving RI (0). Then, for 0 < 0 2, (4.17) is 
satisfied and leU; V) = (k/2) log 0 2/0. (For 0 ;=: 0 2, the proof is similar and 
is left as Prob. 4.20.) D 
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Note If Rk(O) had been defined with condition (4.17c) replaced by 

V assumes only finitely many distinct values, (4.17c') 

the value of Rt(O) would be the same. Thisfact is the content ofProb. 4.21. 

We conclude this section with the source coding theorem for the Gaussian 
source. In this context a source code of length k is a set of M k-dimensional 
Euclidean vectors C = {VI, V2, ... , VM}. If u is another k-dimensional 
Euclidean vector, define feu) to be a codeword Vi for which the Euclidean 
distance II u - viii is as small as possible. Then the average distortion of this 
code is 

(4.26) 

where the expectation is with respect to a k-dimensional mean 0, variance a 2 

Gaussian distribution on u. Clearly if such a code is used to represent the 
Gaussian source, each vector u, if represented by its codeword feu), can be 
specified with l1og2 Ml bits, and the resulting per-symbol mean-squared 
distortion is d( C). 

Theorem 4.5 Let R( 0) = max(! log a 2 / 0, 0) denote the rate-distortion func­
tion of the Gaussian source with respect to the mean-squared error distortion 
criterion. Fix 0 ;=: O. If R' > R(o) and 0' > 0, then for sufficiently large k 
there exists a source code C with M codewords satisfying: 

(a) M:S: 2 lkR 'J, 
(b) d(C) < 0'. 

Proof If 0 ;=: a 2 , then, by choosing the single codeword 0 oflength 1, we will 
achieve what is promised. If on the other hand 0 < a 2, let (U, V) be the 
backward test channel achieving R(o) described in the proof of Theorem 4.3; 
see Fig. 4.3. Choose 01 and 02 so that 

0< 01 < 02 < 0'. (4.27) 

Next pick functions a and (3, each assuming only finitely many values such 
that 

where 

E{[a(U) - (3(V)]2} < 01, 

E{[U - a(U)]2} = E, 

(4.28) 

(4.29) 
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C+2~+02<0'. (4.30) 

(That this is possible is the content of Prob. 4.22.) We now consider the 
discrete memoryless source a( U), with destination alphabet equal to the 
range of {J, and distortion function d(u, u) = (u - U)2. Since, by Theorem 1.5, 
J[a(U); {J(V)] :s: J(U; V) = RI(O), if we denote the rate-distortion function 
of this source by R, it follows from (4.28) that 

(4.31) 

Thus by the source coding theorem for discrete memoryless sources (Theorem 
3.4) there exists a source code oflength k for the source a( U) satisfying: 

d(C) <02. 

(4.32) 

(4.33) 

We now consider using this code for the original source U. If 
u = (UI, ... , Uk) is an arbitrary vector of length k, and if Vi is the source 
codeword closest to a(u) = (a(uI), ... , a(uk», then Ilu - Viii = II[u -
a(u)] + [a(u) - vi]ll, and so by Schwarz's inequality3 

E(IIU - Vd1 2) :s: E[IIU - a(U)112] + E[lla(U) - Vi 11 2] 

(4.34) 

where Vi denotes the codeword closest to the random vector U. But from 
(4.29) E[IIU - a(U)112] = kc, and from (4.33) E[lla(U) - Vi 11 2) < k02• 

Hence, combining (4.30) and (4.34), we obtain 

which, combined with (4.32), proves the theorem. 

Problems 

(4.35) 

D 

4.1 Consider a channel with Ax = Ay = the real line, for which the output Y is the 
sum of the input X and an independent noise random variable Z, which is 
uniformly distributed on [-!, !l. Suppose the input X is constrained to satisfy 
IXI ~ (3. If (3 is an integer, show that the capacity (defined analogously to Eqs. 
(4.8), (4.9), (4.10)) is C((3) = log(2(3 + 1). What if (3 is not an integer? 

4.2 Consider an additive noise channel such as the one depicted in Fig. 4.1, where 
Z is not necessarily Gaussian, but is independent of X and has variance a 2. If 
E(X2) ~ (3, show that the corresponding capacity satisfies ! log(1 + 
(3/ai) ~ C((3) ~ !log((f3 + a 2 )/ai), where ai = exp[2h(Z)]/2ne. [Hint: see 
Prob. 1.30.] 
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In the next seven problems we will sketch a proof of a coding theorem for the 
Gaussian channel which is in some ways stronger, and in some ways weaker, 
than Theorem 4.2. It will point out the significance of the quantity 

Ro = log2 C + e~f3/2a2)' 
The theorem is this: 

Ro theorem for a Gaussian channel. For any R < Ro there exists a code 
{Xl, ... , XM} with M = l2RnJ codewords of length n, each of which has 
coordinates ±..ffJ, together with a decoding rule, such that, if 
PE = (2::;":.1 P<J!)/ M denotes the average decoding error probability, 
PE < 2- n(R,,-R). 

(This is stronger than Theorem 4.2 in that it gives an explicit estimate of how 
small PE can be made as a function of n. It is weaker in that Ro < c(f3), so that 
for rates Ro < R < C(f3) it does not show that PE -+ 0 is possible.) 

4.3 First show that for a code {XI, X2} with only two codewords, if the decoder 
chooses the one nearest (Euclidean distance) to the received vector y, the error 
probability is given by 

P2[XI, X2] = Q(llxl - x211/2a), 

where Q(a) = (1/v'2i) f: e-s2 / 2 ds. 
4.4 Next show that in general, if the code {x I, ... , X M} is decoded by the nearest 

codeword strategy, and if p<J! denotes the probability of decoding error if Xi is 
transmitted, then 

M 

pC2 ~ L P2[Xi, Xj]' 

j=1 
Hi 

4.5 Next prove the estimate 

Q(a) < ~e-a2/2, a>O. 

4.6 Now suppose that all the codewords have coordinates ±..ffJ, and that dH(Xi, Xj) 

(the Hamming distance between Xi and Xj) is defined to be the number of 
coordinates in which Xi and Xj differ. Then show that 

M 

p<J! < L ydH(Xi,XJl , 
j=1 
Hi 

where y = e-f3/2a2. 

4.7 Using the results of Prob. 4.4, obtain the following estimate of the average 
value E[ P<J!], where the codeword coordinates are selected independently 
according to the distribution P{x = +..ffJ} = P{x = -..ffJ} =~: 

E[P}?]<M. C;yr 
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4.8 Now complete the proof of the ~ theorem by choosing M = l2 Rn J. 
4.9 Finally, show that: 

(a) lim ~((3) = log 2, 
{J-->+oo 
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In the next 7 problems we shall study the effects of quantization on the 
Gaussian channel. Denote by c(r,s)((3) the capacity of the Gaussian channel if 
we insist that the input X assumes at most r distinct values, and that the output 
Y has been quantized to one of at most s different values. Formally, we define, 
for each n, C~,sJe(3) = sup{I(X], ... , Xn; I(Y])' ... , I(Yn»}, where each Xi 
can assume at most r distinct values, 2::] E(X;) ~ n(3, 1'; = Xi + Zi, where 
the Z;'s are independent mean 0, variance a 2 Gaussian random variables, and I 
is any function which assumes at most s different values. Then 
C<r,sl((3) = supn n-] c<;,s)(8). 

4.10 Show that c(r,s)((3) = Cir,si((3). 
4.11 Show that limr,s-->oo c(r,sl((3) = ~ log(l + (31 a 2). [Sketch of proof: First show 

that for a fixed value of r, lims-->oo c(r,s)((3) = c(r,oo)((3) is given by the formula 
C<r,oo)((3) = sup{I(X; Y)}, where the supremum is taken over all random 
variables X, assuming at most r different values, E(X2) ~ (3, and Y = X + Z 
with Z an independent, mean 0, variance a 2 Gaussian random variable. Using 
the formula I(X; Y) = heY) - h(Z) (cf. Prob. 1.27) show that c(r,oo)((3) 
~ ~log(l + (3la 2). Next let X be a mean 0, variance (3 Gaussian random 
variable, let I], ... , Ir be a partition of the real line into r intervals, and for 
each i = 1, 2, ... , r choose Xi E Ii with IXil as small as possible. Define the 
new random variable X' by P{X' = Xi} = P{X Eli}, i = 1,2, ... , r. Then 
C<r,oo)((3) ;;;: I(X'; X' + Z). Now, as r --+ 00 and the partition becomes in­
creasingly fine, heX' + Z) --+ heX + Z) = ~ log(a2 + (3) by Lebesgue's domi­
nated convergence theorem. Hence 

limr-->oo c(r,ooJe(3) = ~ log(l + (31 a 2). 

4.12 For fixed rand s, show that lim{J/a2-->oo c(r,s)((3) = min(log r, log s). 
4.13 Show that, if r ;;;: s, then c(r,s)((3) = c(S,S) ((3). [Result due to H. Rumsey, Jr.] 
4.14 If (3la 2 = a2, show that C(2,00)((3) = a2 - eoo g(y)logcosh(a2 + ay) dy, 

where g(y) = (2n)-]/2 e - y2 /2. Show that for small a, C(2,00)((3) = 
a2 /2 - a 4 14 + o( a6 ), and observe that this is virtually the same as the 
unquantized capacity C((3) = ~ loge! + a2). Hence the folk theorem "For small 
signal-to-noise ratios, binary input quantization doesn't hurt" (but see Prob. 
4.9b). Indeed for a ~ 1 the ratio C(2,00)((3)/CC(3) is always;;;: 0.97. 

4.15 Find an expression for C(2,2)((3), and show that lima-->o C(2,2)((3)/CC(3) = 21n. 
Hence the folk theorem "For small signal-to-noise ratios binary output quanti­
zation costs you 2dB." [Note: A dimensionless ratio () is equivalent to 
10 IOglO () "dB's."] 

4.16 Using numerical methods, show that, for small a, c(r,3)((3) = 0.405a2 + 0(a3), 
and c(r,4)((3) = 0.441a2 + 0(a3), all r ;;;: 2. 
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4.17 

The Gaussian channel and source 

[Note: The results of this problem can be used to compute the capacity of the 
"waveform channel" introduced on p. 95 ff. when the noise process z(t) is not 
white.] Consider n "parallel" Gaussian channels: 

X,----II.~ct)---I.~ Y, 

where ZI, Zz, ... , Zn are independent mean 0 Gaussian random variables, and 
var(Zi) = OT. Define the "capacity" by C(f3) = sup{I(X; Y)} over all input 
distributions satisfying 2:7=1 E(X7) ~ nf3. Show that C(f3) is given parametri­
cally by 

1 n ( OZ) C(f3) = 2" L log OZ 
1=1 1 + 

where the independent variable OZ ranges from mini 0; to f3. 
4.18 The object of this exercise is for you to derive a "forward" test channel that 

achieves R( 0) for the Gaussian source and mean-squared error distortion 
criterion. Recall what is needed: U is a mean 0, variance OZ Gaussian random 
variable, 0 ~ oZ, and V must be found so that E[(U - V)z] = 0 and 
leU; V) = ~logoZ /0. Show that it is possible to take V = aU + Z, where a 
is a constant and Z is Gaussian with variance oZ, by choosing 0 and OZ 
properly; or to take V = f3(U + Z), where f3 is constant and Z is Gaussian. 
These two "forward" test channels can be depicted like this: 

a z z 

u-~ v u }-----..v 

4.19 Consider a source UI, Uz, ... where the Ui'S are independent random variables 
with common density function p(u) and variance oz. Show that the rate 
distortion function of this source (see p. 101) satisfies R(o) ~ 
max(~logoZ /0,0). [Hint: Use the forward test channel ofProb. 4.18.] 

4.20 Show that Rk(o) = 0 if 0;;;: oz. (See proof of Theorem 4.4. Remember that 
(U, V) must have a continuous joint density, so defining V == 0 will not do.) 
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4.21 The object of this exercise is to show that, if condition (4.l7c) were replaced 
by condition (4.l7c'), the value of Rk(O) would be unchanged. In the 
following sketch of a proof, it is assumed that k = 1 and 0 < (J2. (The 
generalization to larger k and 0 is quite easy and no hints will be given.) Your 
job is to supply the details. Thus let Ri (0) denote the minimum possible value 
of J(U; V) subject to (4.l7a), (4.l7b), (4.l7c'). To show that 
Ri(0)~!log(J2/0, let (U, V) be a test channel achieving RI(o-e) as 
described in the proof of Theorem 4.3. Choose e > 0, and let V' be a 
deterministic function of V assuming only finitely many values such that 
E[(U - V,)2] < O. Then J(U; V') ~ J(U; V) = RI(o - e), and so 
Ri(o) ~ !log(J2 /(0 - e). Since this is true for all e > 0, Ri(o) ~ !log(J2 /0. 
To prove RHo) ;;. !log(J2/0, let (U, V) be a test channel satisfying (4.l7a), 
(4.17b), (4.17c') for which J(U; V)<Ri(o)+e. Let V' = V + G, where G 
is a mean 0, variance e Gaussian random variable independent of V. Then the 
(U, V) test channel satisfies (4.l7a) and (4.l7c) and E[(U - V,)2] ~ 0 + f. 
Since J(U; V') ~ J(U; V), it follows that Ri(o) + e>!log(J2/(0 + e). Since 
this is true for all e, Ri (0) ;;. ! log (J2 / O. 

4.22 Show that there are functions a(u), [3(v) which satisfy Eqs. (4.28), (4.29), and 
(4.30). 

4.23 (The Shannon lower bound). Consider a source UI, U2, ... where the U;'s are 
independent, identically distributed random variables with a common density 
function p( u) and a common differential entropy h( U). Let f(x) be an arbitrary 
nonnegative even function of a real variable x, and define the rate-distor­
tion function of the source with respect to the distortion measure 
d(u, v) = f(u - v) as R(o) = inf{I(U; V)}, the infimum being taken over all 
pairs of random variables (U, V), where U is distributed according to the 
density p(u), (U, V) have a joint density function, and E[f(U - V)] ~ O. 
(Actually, to be consistent with the presentation of Chapter 4, we should define 
14(0) analogously with Eq. (4.16), and R( 0) = inf k k- I Rk ( 0). However, it 
would turn out that 14(0) = kRI(O), so that the definition of this problem is 
really the same.) Define ¢(o) = sup { h(X) : E[f(X)] ~ o}. Prove that R(o) ;;. 
RL(o) = h(U) - ¢(o). Hint: First show that ¢(o) is convex n in O. Then if 
o(v) = J f(u - v)p(ulv)du, J(U; V) = h(U) - h(UIV), 

h(UIV) = Jq(V)Jp(uIV)log p(~IV) dudv 

~ J q(v)¢[o(v)] dv 

~ ¢ [J q(v)o(v) dV] 

~ ¢(o). 

4.24 (Continuation). With the aid of Prob. 1.35, evaluate the Shannon lower bound 
RL( 0) in the following cases: 
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(a) () ___ 1_ -u'/Za' 
pu - ~e , 

v2noz 
I(x) = Ixl a , a = 1,2. 

1 
(b) p(u) = 2A e- 1ul/A , I(x) = IxI-

I(x) = IxI-

4.25 By constructing an appropriate test channel, show that R( 0) = RL( 0) for the 
source ofProb. 4.24b. 

4.26 [Note: The results of this problem can be used as a starting point in the study of 
the rate-distortion function of a Gaussian source with memory. See Berger [13], 
Chapter 4.] Consider k "parallel" Gaussian sources, UI, Uz, ... , Uk, that is, 
the U; are independent, mean 0, variance 0; Gaussian random variables. Define 
R(o) = inf{I(U; V)}, where the infimum is over the pairs (U; V) with a joint 
density and 2:~IE[(U; - V;)z] ~ ko. Show that R(o) is given parametrically 
by 

k 1 ( OZ) 
R(o) = 2::-2 log~ , 

;=1 0 + 

k 

0= 2:: min(oZ, 07), 
;=1 

where the parameter OZ ranges from 0 to max; 0;. 
4.27 Verify that the Gaussian channel is memoryless in the sense of the definition on 

p.44. 

Notes 

1 (p. 96). For Johnson noise the spectral density is No = kT, where k = Boltzmann's 
constant = 1.38 X 1O-z3 jouletK, and T is the effective noise temperature. Actually 
the spectral density is dependent on the frequency and is given by 
P(f) = hi I ( e hf / kT - 1) watts/hertz, where I is the frequency in hertz and h = Planck's 
constant = 6.6 X 10-34 joule-seconds. The assertion that f z(t)¢;(t)dt is a Gaussian 
random variable of variance No/2 is true only if the signal ¢;(t) has most of its energy 
confined to frequencies where the approximation P(f) ~ No is valid (see Note 2). 
However, this approximation is typically valid up to very high frequencies indeed; for 
example, if 1< 0.02kT I h = 4 X 108 T, then 0.99No < P(f) < No. (In one case of 
practical interest, NASA's 64 meter antenna at Goldstone, California, T ~ 25°K, 
I ~ 109_1010, and I ~ O.OlkTlh.) [Reference: Feynmann, Leighton, and Sands [5], 
Vol. 1, Chapter 41.] 

2 (p. 97). This rather arbitrary definition of bandwidth deserves some elaboration. On 
physical grounds it is usually necessary to restrict the transmitted signals x(t) to not 
involve frequencies above some fixed limit, say W hertz. Mathematically, this means 
that the Fourier transform X(f) = f()Qoo x(t)e-zn:ifi dt vanishes for III > W. If this is the 
case, the Fourier integral theorem implies x(t) = f~wX(f)eZn:ifi dl, which in turn 
implies that x is an analytic function of t. But for any physically realizable signal 
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x( t) = 0 for t < 0, and this implies that x( t) is identically O. So instead of requiring 
X(f) to vanish for III > W, we could pick 0 < c < 1 and make the weaker assumption 
that x(t) has at most a fraction c of its energy outside the band [- W, W], that is, f~w 
IX(fWdl/ f"'oo IX(fWdl > 1 - c. This restriction puts a limit on the number 
n = n(T, c) of orthogonal signals that can be chosen on [0, T]; indeed, it can be shown 
that limT .... oo n(T, c)/2T = W for all c > O. This is why it is reasonable to define Was 
n/2T, rather than introduce the necessarily imprecise notion of band-limited functions. 
[See Gallager [17], Chapter 8.) 

3 (p. 105). The probabilistic version of Schwarz's inequality invoked here is 
that if X and Yare random vectors defined on the same sample space, 
E(X . y)2 ~ E(IXI2)E(IYI2). (See Feller [4], Vol. II, §v.8.) 
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The source-channel coding theorem 

In this chapter, which is the culmination of Part one, we apply the results of 
Chapters 1-4 to the problem of communicating the output of an information 
source over a noisy channel. Throughout this chapter, we shall take the block 
diagram shown in Fig. 5.1 as our paradigm. 

Virtually any real communication system can be subsumed under the model 
of Fig. 5.1. The encoder block represents all the data processing (which may 
include quantization, modulation, etc., as well as coding for error control) 
performed on the source output before transmission. It is assumed that there 
exist integers k and n such that the system processes successive blocks of k 
source symbols independently and converts them into successive blocks of n 
channel input symbols. (For example k could be taken as the total number of 
source symbols emitted during the lifetime of the system, but for most 
systems k is much smaller than this.) The channel is assumed to accept 
channel input symbols at discrete intervals, and in response to emit channel 
output symbols, in one-to-one correspondence to the inputs. 1 The assumption 
that the channel is "discrete-time" is restrictive, but not very, since most 
"continuous-time" channels can be viewed as "discrete-time" with very little 
loss (cf. pp. 96-97). The "decoder" block represents all the data processing 

u X 

~(Ul,U2~···,Uk)--1Encoder~'(Xl,X2~···,Xn)'-··· 
(source sequence) (codeword) 

y V 
~ ,----A----., 

... ~(Yl'Y2"",Yn)-IDecoder~(Vl'V2,,··,Vk)-··· 
(noisy codeword) (destination sequence) 

... -+!Destination I 
Figure 5.1 A general communication system. 
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performed on the channel output before delivery to the destination. It is 
assumed that the decoder processes successive blocks of n channel output 
symbols independently, and converts them into blocks of k destination 
symbols, the destination sequence V = (VI, V2 , ... , Vk) being the system's 
estimate ofthe source sequence U = (Ul , U2 , ... , Uk). 

We now pause to review the basic concepts of Part one, as they apply to the 
block diagram of Fig. 5.1. In the following discussion we shall refer to very 
vague and general channel and source models; the reader should be aware, 
however, that we have proved the required coding theorems only for certain 
special cases. 

First, we consider the channel. We are given the channel's input alphabet 
Ax and the output alphabet Ay; with each input symbol x E Ax there is 
associated a nonnegative real number b(x), the "cost of sending x". More 
generally, for each x = (Xl, ... , xn ) E A~h b(x) is the cost of sending x. Also, 
we are given the channel statistics, that is, for each n we are given a 
conditional probability distribution2 that allows us to compute the distribution 
of the output Y = (Yl , ... , Yn) once we know the input X = (Xl, ... , Xn). 
For each positive integer nand fJ ;:: 0, define Cn(fJ) by 

Cn(fJ) = sup{J(X; Y): E[b(X)] ~ nfJ}. (5.1) 

In (5.1) the supremum is taken over all n-dimensional random vectors 
X = (Xl, ... , Xn) taking values in A1- and satisfying E[b(X)] ~ nfJ, and Y 
is the n-dimensional random vector taking values in A ~ which describes the 
channel's output if X is used as the input. In this context X is called an n­
dimensional, fJ-admissable test source. The capacity-cost function C(fJ) of 
the channel is defined by 

C(fJ) = SUP{~Cn(fJ): n = 1,2, .. .}. (5.2) 

In general C(fJ) is a continuous, convex n, and monotonically increasing 
function of fJ ;:: fJrnin = inf{ b(x): X E Ax}. The crucial fact about C(fJ) is the 
following. (As usual, all implied logs are base 2.) 

Channel Coding Theorem: Fix fJo ;:: fJrnin. Then for any triple (fJ, C', E) 
with fJ > fJo, C' < c(fJo), E > 0, there exists for all sufficiently large n, a code 
{Xl, X2, ... , XM} oflength n and a decoding rule such that: 

(a) each codeword satisfies b(Xi) ~ nfJ, 
(b) M;:: 2fC 'n1, 
(c) P<j)<E,i=1,2, ... ,M. 
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(PCJj is the probability of decoder failure, given that Xi is transmitted.) 
Next we turn to the source. We are given a source alphabet Au, a 

destination alphabet Av, and for each pair (u, v) E Au X Av a nonnegative 
real number d(u, v), the "distortion" that results if the source symbol u 
arrives at the destination as v. More generally, for each positive integer k 
and each pair (u, v) E At X At, d(u, v) measures the total distortion if the 
source sequence u = (Ul, ... ,Uk) arrives as the destination sequence 
v = (VI, ... , Vk). Also, we are given the source statistics, that is, for each k 
we are given the distribution of U = (Ul , ... , Uk), the random vector that 
describes k successive source outputs.2 For each positive integer k and 
o ;=: Omin define Rk( 0) by 

Rk(O) = inf{/(U, V): E[d(U, V)] ~ ko}, (5.3) 

where the infimum is taken over all pairs (U; V) = (Ul , ... , Uk; VI, ... , Vk) 
of k-dimensional random vectors taking values in A t X A t such that the 
marginal distribution of U is that given by the source statistics and 
E[d(U; V)] ~ ko. Thus what we are really varying in (5.3) is the conditional 
distribution of V, given U, and this conditional distribution is called a k­
dimensional test channel. The infimum in (5.3) is said to take place over all 
k-dimensional, o-admissible test channels. The rate-distortion function of the 
source is defined by 

R(o) = inf{~~(O): k = 1,2, ... }. (5.4) 

In general R( 0) is a continuous, convex U, and monotonically decreasing 
function of 0> Omin. The crucial fact about R(o) is the following theorem. 

Source Coding Theorem: Fix 0> Omin. Then for any pair (0', R') with 
0' > 0 and R' > R(o), for all sufficiently large k there exists a source code 
C = {VI, V2, ... , VM} oflength k such that: 

(a) M ~ 2lR 'kJ, 
(b) d(C) < 0'. 

(Recall that d( C), the average distortion of the source code C, is defined by 
d(C) = k- l E[dmin(U)] , where, for each u EAt, dmin(U) = min{d(u, Vj): 
j = 1,2, ... , M}.) 

We now return to the block diagram of Fig. 5.1. Observe that once the 
encoder and the decoder have been specified, we can view U, X, Y, and V as 
random vectors, for U is defined to be a random vector in the first place, and 
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the conditional probabilities of X given U, of Y given X, and of V given Y, 
are respectively given by the encoder's design, the channel statistics, and the 
decoder's design. We now define three parameters that will tell us much about 
how well the system performs. 

The average cost: 

The average distortion: 

The rate of transmission: 

- I 
fJ = -E[b(X)]. 

n 

- I 
0= "kE[d(U; V)]. 

k r=-. 
n 

(5.5) 

(5.6) 

(5.7) 

The physical significance of these parameters should be obvious: fj tells us 
how much the system costs to run (on a per-channel input basis); (5 indicates 
how reliably the system transmits the source output; and r measures how fast 
(in units of source symbols per channel symbol) the system is transmitting 
information. For a given source and channel, we would like to design a system 
with small fj, small (5, and large r, but of course these are conflicting goals. 
The following theorem, which is the central result of information theory, tells 
us exactly what is and is not possible. 

Theorem 5.1 (the source-channel coding theorem). For a given source and 
channel: 

(a) The parameters fj, (5, and r must satisfy 

- ~ C(fJ) r -.;;: -----==-. 
R(O) 

(b) Conversely, given numbers fJ > fJmin, 0 > Omin, and r < c(fJ)/ R(o), it is 
possible to design a system of the type depicted in Fig. 5.1 such that 
fj ~ fJ, (5 ~ 0, and r ~ r. 

Proof We shall first prove (a), and begin by remarking that the proof will 
depend only on definitions (5.2) and (5.4) and not on the coding theorems. 
Thus the first part ofthe theorem (sometimes called the "converse" or "weak 
converse" ofthe coding theorem) will be seen to be true in extremely general 
circumstances. 
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Thus suppose we are given a system of the type depicted in Fig. 5.1. Our 
first observation is that the sequence (U, X, Y, V) of random vectors is a 
Markov chain (Y depends on U only through X, V depends on X only through 
V), and so by the data-processing theorem (Eq. (1.15)) 

leU; V) <S; leX; V). (5.8) 

Next observe that since E[b(X)] = nf3 (see (5.5)), it follows from (5.1) that 
leX; Y) <S; Cn(13). On the other hand from (5.2), Cn(13) <S; nC(13), and so 

leX; Y) <S; nC(13)· (5.9) 

Also, since E[d(U; V)] = kfJ (see (5.6)), it follows from (5.3) that leU; V) 
;:: Rk(fJ), and from (5.4) that Rk(fJ) ;:: kR(fJ). Hence 

leU; V) ;:: kR((j). (5.10) 

Combining (5.8), (5.9), and (5.10), we arrive at conclusion (a) of the source­
channel coding theorem.3 

Of course as we have arranged things (a) is not a deep result; it is merely a 
corollary of the definitions of C(f3) and R((j)! The astonishing thing is that the 
converse (b) holds; but with the help of the channel coding theorem and the 
source coding theorem, it is not hard to prove. 

So from now on we assume that 13 > f3rnin, 15 > (jrnin, and r < C(f3) / R( (5) are 
given. Our job is to design an encoder and decoder so that the resulting 13, fJ, 
and r satisfy 13 <S; 13, fJ <S; 15, r ;:: r. 

First the technical preliminaries. Select numbers 130, 150, 15], C', and R' 
satisfying: 

f3rnin <S; 130 < 13, (5.11) 

(jrnin <S; 150 < 15] < 15, (5.12) 

C' < c(f3o), (5.13) 

R' > R((jo), (5.14) 

r< C'/R'. (5.15) 

(That this can always be done is the content ofProb. 5.2.) 
Our encoder will be designed in two stages, a source encoder and a channel 

encoder, as shown in Fig. 5.2. We now describe the source encoder of Fig. 
5.2. According to the source coding theorem, for sufficiently large ko there 
exists a source code C oflength ko with M] codewords, where 
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u 

~~ 

Figure 5.2 The general design of the encoder.4 

(5.16) 

and 

(5.17) 

For a certain integer m (to be specified later), we take k = kom. The source 
encoder of Fig. 5.2 partitions the source sequence U oflength k into m blocks 
of length ko, and outputs the m source codewords corresponding to this 
sequence of source blocks. Thus the intermediate vector W = (WI, ... , Wk) 
will always be a sequence of m codewords from the given source code C. In 
particular, Wassumes at most M'{' ~ 2mkoR' distinct values. That completes 
the description ofthe source encoder (except for the specification of m). 

To describe the channel encoder, we first need to define the worst-case 

distortion of the source code C. For each source sequence U E A ~, let 
dmax(u) = max{d(u, Vi): Vi E C}. Thus, if the source emits u and the source 
encoding process somehow goes haywire, dmax(U) represents the worst 
possible resulting distortion. The worst-case distortion for the code C IS 

defined to be the average value ofthis, normalized to a per-symbol basis: 

1 
D(C) = ko E[dmax(U)], (5.18) 

where the expectation is computed with respect to the source statistics, which 
describe the distribution of u. (If the source alphabet Au is infinite, it is not 
immediately obvious that D(C) is finite; see Prob. 5.6.) Now define 

(see (5.12». (5.19) 

We can now describe the channel encoder of Fig. 5.2. For each m = 1,2, ... , 
define the integer nm by 

nm = I mkoR' JCT (5.20) 

Then, according to the channel coding theorem, for all sufficiently large m 
there exists a channel code {Xl, ... , XMJ of length nm , together with a 
decoding rule, such that: 
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i = 1, 2, ... , M 2 , 

M >- 2 fCnm 1 >- 2 mkoR' 2 :;;..- :;;..- , 

p(i) < c E , i = 1,2, ... , M 2 . 

In addition we assume m is so large that 

komjnm ;;. r. 

(5.21) 

(5.22) 

(5.23) 

(5.24) 

(This is possible because of (5.15).) The channel encoder of Fig. 5.2 maps 
each of the sequences W = (W1, ... , Wk) of m source codewords onto a 
distinct channel codeword of length n = nm . This is possible since, as we 
observed earlier, there are at most 2mkoR' distinct W's and by (5.22) at least 
this many distinct codewords. 

Having completely described the encoder in Fig. 5.1, we have immediately 
from (5.24) that r = kjn = komjnm ;;. r, and from (5.21) that n/3 = 

E[b(X)] ~ nf3. It remains to show that the average distortion (5 is ~ 0, and to 
do this we must of course design the decoder in Fig. 5.1. Its general design is 
depicted in Fig. 5.3. The channel decoder illustrated is the decoder whose 
existence is promised by the channel coding theorem; it maps the noisy 
codeword Y = (Yj , ••• , Yn ) into one of the channel codewords, say Z = 

(Z1' ... , Zn). Finally, the source decoder in Fig. 5.3 accepts as input the 
channel codeword Z and outputs the sequence V = (V1' ... , Vk) of m source 
codewords corresponding to Z, if there is one. (This correspondence is the 
one given by the source encoder of Fig. 5.2.) If no sequence of m source 
codewords could have given rise to Z, let us assume the source decoder 
outputs a fixed "null sequence" Vo = (uy, ... , u~) of k symbols from the 
destination alphabet A v. 

Having completely described the communication system of Figs. 5.1-5.3, 
our remaining task is to compute the average distortion (5 = k- j E[d(U; V)]. 
To do this we introduce a new random variable B, which tells us whether or 
not the channel decoder in Fig. 5.3 succeeds. Thus 

B = {~ if decoder succeeds; 
if decoder fails; 

Z=X 
Z-::jX. 

r-----------------------------, 
: Decoder Z : 
i ~ : 
: (Zb· ··,Zn) : 
I I 
I I L _____________________________ -' 

Figure 5.3 The general design of the decoder.4 
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Then: 

E[d(U; V)] = E[d(U; V)IB = O]P{B = O} + E[d(U; V)IB = l]P{B = I}. 
(5.25) 

Now if B = 0, the decoder has succeeded, and so the destination sequence 
V is identical to the output of the source encoder. Hence if 
U = [U(1), U(2), ... ,uCrn)] is the decomposition of U into m blocks of 
ko source symbols, then, if B = 0, d(U; V) = 2: 7:0 dmin [UCI)] , and so 
E[d(U; V)IB = 0] = mE[dmin(U)] < kOmol by (5.17). Since P{B = O} :s: 1, 
we have 

E[d(U; V)IB = O]P{B = O} < kO l . (5.26) 

If, on the other hand, the decoder fails (B = 1), then in any event 
d(U; V) :s: 2:7:odmax[UCI)] (recall that dmax(u) = max{ d(u, Vj): j = 1, ... , 
Md), and so E[d(U; V)IB = 1] :s: mE[dmax(U)IB = 1]. But E[dmax(U)IB 
= 1] = 2:~21 E[dmax(U)IB = 1, X = Xi] . P{X = xilB = I}; and since the 
random variables U, X, B form a Markov chain (because the decoder's 
success or failure depends only on the transmitted codeword X and not on the 
particular source sequence U that afforded X), this implies that 
E[dmax(U)IB = 1] = 2:~21 E[dmax(U) IX = Xi] . P{X = xilB = I}. Now P{X 
= xilB = I} = P{B = 11X = Xi}· P{X = xi}/P{B = I}. But, from (5.23), 
P{B = 11X = Xi} = pC2 < E for all i, and so: 

P{B = l}E[d(U; V)IB = 1] 

M2 

:s: mE L E[dmax(U) IX = Xi]P{X = Xi} 
i=1 

= mEE[dmax(U)] 

= k(o - 01), from (5.19). (5.27) 

Combining (5.25), (5.26), and (5.27), we obtain "J = k-1 E[d(U; V)] < 0, as 
promised. D 

Discussion. We assume the average cost 11 is fixed (or that the cost function 
hex) is identically zero, in which case the capacity function C(f3) is a constant 
Cmax, the channel capacity), and study the tradeoff between the rate r and the 
average distortion "J of the communication system of Fig. 5.1. The assertions 
of the source-channel coding theorem are summarized in Fig. 5.4. Assertion 
(a) ofthe source-channel coding theorem is that for any realizable system the 
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t 
8 

r_ 
Figure 5.4 A graph of the source-channel coding theorem. 

pair (1", "(5) must lie somewhere in the "realizable region", including the heavy 
black boundary. Assertion (b) is that any point in the realizable region, 
excluding the boundary, can be achieved. In general it is not known which 
points on the boundary can be achieved, and this is a question of considerable 
theoretical interest (see Prob. 5.4). However, from a practical standpoint it is 
unimportant, since a communications engineer desiring a system whose 
parameters (1", "(5) lie on the boundary will surely be satisfied with one having 
parameters (1", (5(1 + 1O-50))! 

Problems 

5.1 An experimenter wishes to design a system for communicating observations of a 
Gaussian random process via a binary symmetric channel which: accepts 
1 00,000 bits per second, has a raw bit error probability of 1i; and for which 
transmitting "0" costs nothing but transmitting" 1" costs 10-6 dollars. He plans 
to do this by sampling the process at a rate of R samples per second (the samples 
are mean 0, variance 1 Gaussian random variables), and encoding the samples 
before transmission. Suppose he can tolerate an average mean-squared error of 
at most 0 and can spend an average of at most B dollars per day on the channel. 
Which of the following three sets of(B, 0, R) are in principle realizable? 

B 

$ 864 
2592 
4320 

0.1 
0.2 
0.001 

R 

12,500 
150,000 

11,000 

5.2 Show that it is possible to select numbers (30,00,0\, C', and R' satisfying Eqs. 
(5.11)-(5.15). 

5.3 Consider communicating the output of a binary symmetric source that produces 
R bits per second over a "wideband" Gaussian channel (see p. 97). Denote the 
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ratio P / R by Eb (its dimensions are joules per bit, and the ratio Eb/ No is called 
the bit signal-to-noise ratio). Show that if the communication is done via a 
scheme of the form depicted in Fig. 5.1, an overall bit error probability of Pe is 
achievable as long as Eb/ No > [1 - Hz(Pe )] log 2, but not otherwise. However, 
if the code rate r = k / n must also satisfy r ;;. r, show that the minimum value 
of Eb / No is {2Zr[1-H2(P,)] - I} /2r. 

5.4 Consider communicating the output of a binary symmetric source over a binary 
symmetric channel with raw bit error probability p. Referring to Fig. 5.4, show 
that every point on the boundary satisfying b = p is realizable. (Note that if 
p = 0 this part of the boundary is a continuum.) 

5.5 Show that the condition fJ > fJmin in part (b) of the source-channel coding 
theorem can be removed. 

5.6 Show that the quantity D( C) defined for a source code in Eq. (5.18) is finite, 
provided that for each v E A~ the expectation E[d(U; v)] is finite. Then show 
that this condition is satisfied for the Gaussian source of Chapter 4. 

5.7 (E. C. Posner). This problem illustrates the possible pitfalls involved in building 
a "factored" communication system to achieve what is promised by the source­
channel coding theorem. Suppose we want to communicate the output of a 
binary symmetric source over a binary symmetric channel whose raw error 
probability is -10. (Assume there is EO cost associated with channel use.) Further 
assume that it is required to have 0 ~ 0.10, r ;;. 1.0. According to our proof of 
Theorem 5.1, this can be done by first designing a source code for the BSS with 
d(C) ~ 0.10, and then designing an appropriate channel code for the BSC with 
very small error probability. Show, however, that there is a simpler system that 
achieves the desired (b, r). 

5.8 The object of this problem is to show that, if it is desired to communicate the 
output of a Gaussian source over a Gaussian channel, what is promised by the 
source-channel coding theorem can sometimes be achieved without any coding. 
To be precise, consider the following figure: 

u --c.~)----.-..c.4J-----.-..c.bl---. V 

SOURCE \....-,-.I 

CHANNEL 
DESTINATION 

Here U is a mean 0, variance at Gaussian random variable which passes 
through a device (amplifier) which multiplies it by a constant A. Then a mean 0, 
variance a~ Gaussian random variable Z, independent from U, is added to it, 
and finally the result is passed through a device (attenuator) which multiplies by 
the constant #. The input X to the channel must satisfy E(Xz) ~ fJ. 

Show that there exists a distortion 0 and constants A, # such that: 
(a) R(o) = C(fJ), 
(b) E[(U - V)z] = 0, 

where R(o) is the rate-distortion function of the source, and C(fJ) is the 
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capacity-cost function of the channel. Hence show that the inequality 
kin ~ C([3)1 R(o) can be achieved with equality with k = n = 1. 

Notes 

(p. 112). Notice that channels which mischievously insert or delete symbols into 
the transmitted stream are thus beyond our paradigm. 

2 (pp. 113, 114). In order for the given definitions of C([3) and R(o) to be 
unambiguous, we must assume that the channel and source are stationary, that is, the 
statistics do not depend on when we begin to transmit the source's output or when we 
begin to use the channel. 

3 (p. 116). Actually, it is not necessary to assume that the encoder and the decoder 
are deterministic devices in order to prove the inequality kin ~ C(lJ) I R( (5). All that is 
required is that the encoder and decoder be such that the sequence (U, X, Y, V) forms 
a Markov chain; for example, an encoder such that X depends not only on U, but on 
some locally generated random variables as well, would be acceptable. 

4 (pp. 117, 118). The peculiar construction we used in the proof of the source­
channel coding theorem, in which the encoders and decoders were factored into source 
and channel encoders and decoders, deserves comment. It can reasonably be argued 
that by doing the source and channel coding separately, we may end up with a system 
more complex than necessary (see Probs. 5.7 and 5.8, e.g.). However, from the 
standpoint of (lJ, /5, r) nothing is lost since every such triple achievable by any means 
is also achievable by a factored system. 



6 
Survey of advanced topics for Part one 

6.1 Introduction 

In this chapter we briefly summarize some of the important results in 
information theory which we have not been able to treat in detail. We shall 
give no proofs, but instead refer the interested reader elsewhere, usually to a 
textbook, sometimes to an original paper, for details. 

We choose to restrict our attention solely to generalizations and extensions 
of the twin pearls of information theory, Shannon's channel coding theorem 
(Theorem 2.4 and its corollary) and his source coding theorem (Theorem 3.4). 
We treat each in a separate section. 

6.2 The channel coding theorem 

We restate the theorem for reference (see Corollary to Theorem 2.4). 

Associated with each discrete memoryless channel, there is a nonnegative 
number C (called channel capacity) with the following property. For any 
E > 0 and R < C, for large enough n, there exists a code of length n and rate 
;=: R (i.e., with at least 2Rn distinct codewords), and an appropriate decoding 
algorithm, such that, when the code is used on the given channel, the 
probability of decoder error is < E. 

We shall now conduct a guided tour through the theorem, pointing out as 
we go places where the hypotheses can be weakened or the conclusions 
strengthened. The points of interest will be the phrases discrete memoryless 
channel, a nonnegative number C, for large enough n and there exists a code 
. .. and ... decoding algorithm. We shall also briefly discuss various con­
verses to the coding theorem. 

123 
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• Discrete memoryless channel. The theorem has also been proved for 
many other channel models. Perhaps the simplest example of such a channel 
is one for which the input alphabet Ax and the output alphabet Ay are both 
equal to a finite abelian group A, and where the ith channel output Yi is 
related to the ith channel input Xi by the equation 

Yi=Xi+Zi, 

where ZJ, Z2, ... form an ergodic random process taking values in the group 
A. The channel capacity can be defined by 

C = sup (.!..maXl(X; Y)), (6.1) 
n n x 

where the inner maximum is taken over all n-dimensional random vectors X 
taking values in An, and Y = (YJ , ••• , Yn) is the random vector that describes 
the channel output if X is the input, that is, Y = X + Z, where Z = 

(ZJ, ... , Zn) consists of the first n components of the noise process. It is easy 
to see that the inner maximum is achieved when X is uniformly distributed on 
An, and so, since leX; Y) = H(Y) - H(Z) (see Prob. 1.13), 

. 1 
C = logq - mf -H(ZJ, Z2, ... , Zn), 

n n 

where q is the number of elements in A. It turns out that 

inf.!.. H(ZJ, ... , Zn) = lim.!.. H(ZJ, ... , Zn) = Ha. 
n n n-->oo n 

This quantity is called the entropy of the process ZJ, Z2, .... 
A proof of the coding theorem for this additive ergodic noise channel can 

be given along the lines of the proof we gave for Theorem 2.4. The only 
difficulty arises when we try to assert that for each E > 0, the probability 

approaches ° if n is large. Fortunately there is a theorem, McMillan's 
asymptotic equipartition property, which asserts that for each E > 0, the 
probability 

p{I~H(ZJ' ... ' zn) - Hal >E} 
approaches ° if n is large. Since lex; y) = n log q - H(ZJ, ... , zn), this is just 
what is needed. 
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There are many other discrete channels with memory for which the coding 
theorem has been proved; consult Gallager [17] or Wolfowitz [27] for details. 

The Gaussian channel of Chapter 4 can be generalized as follows. Let 
Ax = Ay = the real numbers, and let Yi = Xi + Zi, where now Zl, Z2, ... is 
a real-valued random process, and where there may also be some kind of input 
constraints. The most successful theorems of this kind occur when the Zi'S are 
independent (i.e., the channel is memoryless but not discrete), or when the 
Z/s form a Gaussian process; see Gallager [17], Chapters 7 and 8. 

All the channels we have discussed so far have been the same in the sense 
that a single stream of information flows in one direction only. Some of the 
most interesting extensions of the coding theorem, however, have been to 
multiterminal channels. The earliest such result, due to Shannon himself, 
concerns channels with feedback, that is, channels in which the transmitter 
can find out the output Yi corresponding to his input Xi. Shannon (see [25], pp. 
119-120) proved the surprising result that adding feedback to a discrete 
memoryless channel does not change its capacity. What it does do is to make 
communication at rates less than capacity much easier (see the eight papers 
on pp. 373-436 in [25] and also Prob. 2.20). 

Channels with feedback still have only one sender and one receiver. More 
recently, impressive results have been obtained for channels with several 
receivers or senders. For example consider the following example of what is 
called a multiaccess channel. Here there are two senders and one receiver. 
The channel is memoryless, and every unit of time each of the two senders is 
permitted to transmit one symbol from {O, I} over the channel. If the two 
inputs are labeled Xl, X2, the corresponding output Y E {O, 1, ?} is given by 
the following table: 

o 
o 
1 

X2 

o 
1 
o 

1 1 

Y 
o 
? 
? 

(Here "?" is a special erasure symbol.) As a four-input, three-output channel, 
this channel is noiseless and has capacity log 3. However if the two senders 
attempt to transmit independent information streams simultaneously over the 
channel, they will interfere with each other. Thus an important question is: 
For a given pair (Rl, R2) of rates, is it possible for sender 1 to find a code of 
rate R l , for sender 2 to find a code of rate R2 , and for the receiver to find a 
decoding rule such that he can correctly decode both messages with as small 
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an error probability as desired? The answer turns out to be "Yes," iff the point 
(Rl, R2) lies in the capacity region for the channel, which in this case is 
shown in Fig. 6.1. 

For more general memoryless two-input, one-output channels, the situation 
is essentially the same. There is a convex region in the first quadrant, again 
called the capacity region, such that arbitrarily reliable communication is 
attainable for any pair of rates in the region. Similarly, a broadcast channel in 
one with one input and more than one, usually two, outputs. Again it is 
possible to prove the existence of a capacity region. (Consult Wyner [49] for a 
more detailed account of these multiterminal channels.) 

• A nonnegative number C. Even for a discrete memoryless channel we saw 
in Chapter 2 that the calculation of channel capacity can be very difficult, 
unless the channel enjoys a high degree of symmetry. Recall that C is given 
by 

C = max J(X; y), 
x 

the maximum being taken over all (one-dimensional) test sources X, that is, 
over all possible probability distributions on the channel input alphabet Ax. 
This variational problem is not trivial but is somewhat easier than might at 
first appear, since J(X; Y) is a convex n function of X, and hence any local 
maximum is also a global maximum. Using this fact as a starting point, 
Gallager [17] devotes two sections to the problem of finding channel capacity 
for a DMC. More recently, Arimoto [29] and Blahut [32] have given efficient 
numerical procedures for computing C. 

For channels other than DMC's, the calculation of capacity is usually much 
more difficult, for the definition, Eq. (5.2), is in general not even effective. For 
channels with additive ergodic noise, the calculation of C, as we have seen, is 
equivalent to the calculation of the noise entropy. If the noise process is 

log2~""""'"", 

Figure 6.1 The capacity region for a simple multiple-access channel. 
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Markov, it is easy to compute the entropy (see Prob. 1.20), but in general very 
little is known. For multiterminal channels the corresponding problem, that is, 
the calculation of the capacity region, is at this writing virtually untouched . 

• For large enough n. For discrete memoryless channels, the problem of 
determining the relationship between e, the desired decoder error probability, 
R, the desired rate, and the smallest n such that there exists a code oflength n 
that does the job has been the subject of some extermely intensive research. 

Roughly speaking it has been discovered that for each 0 ::;; R < C, the best 
code of length n and rate R has a decoder error probability given approxi­
matelyby 

PE ~ 2- nE(R), 

where E(R), the channel's reliability exponent, is a convex U function of R 
that looks something like the curve shown in Fig. 6.2. To be more precise, 
denote by PE(R, n) the error probability ofthe best code oflength n and rate 
~ R, and define 

E(r) = lim -! log PE(R, n). 
n-HXJ n 

(Actually, nobody has ever proved that this limit exists, but in the following 
discussion we will ignore this technicality, it being understood that upper 
bounds on E(r) are really upper bounds onE(R) = lim sup - n-1logPE(R, n), 
etc.) Although E(R) is not known exactly for any nontrivial DMC, there exist 
good upper and lower bounds to E(R), which in general look as shown in Fig. 
6.3. Thus there is a "critical rate," Refit, above which the upper and lower 
bounds on E(R) agree, but for 0 < R < Rent there is a gap. For example, 
consider a BSC with raw error probability p = .01. Then the best known 
upper and lower bounds on E(R) are plotted in Fig. 6.4. (Note the straight line 
supporting the lower bound in Fig. 6.4. This corresponds to the ~ coding 
theorem, Probs. 2.21-2.26.) 

t 
E(R) 

c 
R--

Figure 6.2 The approximate shape of the reliability exponent for a DMC. 



128 Survey of advanced topics for Part one 

Lower bound 
on E(R) 

i Upper bound on E(R) 

Rcrit 
R-

c 

Figure 6.3 The approximate shape of the known bounds on E(R). 

1.6 

1.4 

1.2 

C\I 
Q) 
fIl 
C 

.l:l 

--a:: -IJ.J .4 

c 
R-­

Figure 6.4 The best known bound on E(R) for a BSC with p = .01. (Taken from 
McEliece and Omura [40].) 

• There exist a code ... and ... decoding algorithm. The most unsatisfac­
tory aspect of the channel coding theorem is its nonconstructive nature. The 
theorem asserts the existence of good codes, but tells neither how to find nor 
how to implement them. In a sense the subject we have called "coding 
theory" (and devoted the second part of this book to) can be viewed as a 
search for a constructive and practical channel coding theorem. However, 
none of the explicit coding schemes now known can be used to achieve very 
low error probabilities at rates very close to channel capacity. The coding 
theorist, in other words, has been willing to sacrifice the "PE ---t 0 for all 
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R < C" conclusion of the coding theorem for the sake of constructiveness. To 
an information theorist, however, that conclusion is sacred, and so a consider­
able amount of effort has been devoted to the problem of retaining it while at 
the same time strengthening the "there exist a code and decoding algorithm" 
part of the conclusion. Let us descirbe some of those efforts. 

In the first place, it is possible to restrict attention to a relatively small class 
of codes and still prove the coding theorem. For example, the class of linear 
codes (see Chapter 7) contains codes that are good in the sense of the coding 
theorem (see e.g. Gallager [17], Section 6.2). Since linear codes are very easy 
to encode, this shows that encoding algorithms for good codes need not be 
impractically complex. The coding theorem has also been proved for time­
varying convolutional codes; see Massey [21], Sections 6 and 7. Neither of 
these classes of codes, however, has a practical decoding algorithm. 

What exactly do we mean by a "practical" algorithm? Let us adopt the 
view, widely accepted by computer scientists (see e.g. Aho, Hopcroft, and 
Ullman [1], Chapter lO) that an algorithm with n imputs is "practical" if its 
running time and storage requirements are both bounded by a polynomial in 
n. If we accept this viewpoint, the following result, due to Forney (see [25], 
pp. 90-95), is indisputably a "practical" coding theorem: 

For any R < C, there exists a sequence of codes C I , C2 , ... (code Cn has 
length n), each having rate;;' R, such that: 

(a) PE,n < 2- nEc(R) (here PE,n is the error probability of the nth code and 
Ec(R) is a monotonically decreasing function of R which is positive for 
all R < C), 

(b) The complexity of encoding and decoding Cn is O( n4). 

The key idea in Forney's proof is that of concatenation, in which the 
channel encoder and decoder are factored in a certain way. Consider an 
ordinary encoder and decoder for a given channel: 

~-+-t Encoder~X-1 Channel ~r-+-t Decoder ~v 

Here V = (VI, ... , Vk) is an estimate ofU = (UI , ... , Uk), which is usually, 
but not always, equal to U. In other words, V is a noisy version of U, and so 
the boxes "encoder-channel-decoder" can be viewed as a kind of "super­
channel," or outer channel. We could then design a code for this outer channel 
and arrive at a block diagram like the one shown in Fig. 6.5. By choosing an 
inner code randomly and taking a particular kind of outer code (a Reed-
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Figure 6.S A concatenated coding system. 

Solomon code; see Chapter 9), Forney was able to prove the low-complexity 
coding theorem quoted above. 

Forney's results greatly diminished the gap between information theory 
(which shows what it should be possible to do) and coding theory (which 
shows what it is practical to do). Unfortunately, while Forney's theorem is 
"practical," it is still not "constructive" in the sense that it does not tell us 
how to find the appropriate inner code. Thus the problem of finding an 
explicitly constructible, practical sequence of codes for which PE approaches 
o exponentially for all R < C remains open. If someone ever produces such a 
theorem, it will unite the subjects of information theory and coding theory 
(and probably put both out of business). 

• Converses to the coding theorem. Traditionally, converses to the coding 
theorem have been classified as "weak converses" or "strong converses," but 
this nomenclature is misleading, since the strong converses do not imply the 
weak ones. 

We have already seen (p. 115) the weak converse. It says that if we attempt 
to communicate the output of, say, a binary symmetric source over a channel 
at a rate exceeding the channel's capacity, the resulting bit error probability is 
bounded away from O. For the source-channel coding Theorem 5.1 (see also 
discussion on p. 84) tells us that in a communication system that fits the 
model of Fig. 5.1 the inequality kln:s: CIR(O) must hold. (We have 
specialized to a channel with no input costs, and a binary symmetric source 
for which R(O) = 1 - H2(0) bits.) The ratio kin measures the rate of 
transmission; clearly if kin exceeds C, then R( 0) < 1, which forces 0, the bit 
error probability, away from O. The proof of this result depends only On the 
definition of channel capacity in terms of mutual information (see Eq. (6.1 )), 
and so it holds for very general channels. 

The strong converse is more properly a converse to the coding theorem 
stated on p. 123, which says that for R < C the error probability of the best 
code oflength n and rate R approaches 0 as n ---t 00. The strong converse says 
that for R> C the error probability of the best code approaches 1 as n ---t 00. 

(See Viterbi and Omura [26], Chapter 3.) The current strongest form shows 
that PE approaches 1 exponentially, that is, 
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PE ~ 1 - rnEA(R), R> C, 
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where EA(R) is Arimoto's error exponent, which has the general shape shown 
in Fig. 6.6. 

For the special case of a BSC with raw error probability p = 0.1, Fig. 6.7 
gives an accurate picture of EA(R). 

6.3 The source coding theorem 

This section will follow the same general outline as Section 6.2. However, the 
reader is warned from the outset that despite the strong similarity (or rather 
duality) between channel coding and source coding that we have emphasized, 
the subject of source coding or rate-distortion theory is by a wide margin 
more difficult. Hence the subject is considerably less advanced at this time. 
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Figure 6.6 The general shape of Arimoto's exponent EAR) . 
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Figure 6.7 EA(R) for a BSC with p = 0.1. 
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We now restate the source coding Theorem 3.4 for reference. 

Associated with each discrete memoryless source and single-letter distor­
tion measure, there is a nonnegative, convex U, decreasing function R( 0), 
defined for all 0 ;=: Omin, with the following property. For any c > 0 and 
o ;=: Omin, for large enough k there exists a source code of length k with at 
most 2k[R(o)+e] codewords, and average distortion < 0 + c. 

Again we conduct a tour, stopping at the phrases discrete memoryless 
source, a function R( 0), for large enough k, and there exists a source code. 
We shall also briefly discuss converses to the source coding theorem . 

• Discrete memoryless source. The most natural way to extend the source 
coding theorem is to prove it for a wider class of sources than the discrete 
memoryless ones. The theorem has in fact been extended in this way to a vast 
number of sources. Indeed, practically any source which can be modeled as a 
stationary random process ... , X-I, Xo, XI, X2, ... has been studied. Unfortu­
nately, however, the rate-distortion function R( 0) can be calculated effectively 
for relatively few of these source models. (See Berger [13], and also 
p.34.) 

We saw in Section 6.2 that quite a lot is known about the capacity region of 
certain multiterminal channels. Much less is known about source coding for 
multiple users, but one result, the Slepian-Wolf theorem on noiseless coding 
of correlated sources, is worth mentioning. To describe the Slepian -Wolf 
theorem, we must pause to point out an important implication of the source 
coding theorem (to which incidentally, Chapter 11 is entirely devoted!). 

Let XI, X2, ... be an independent, identically distributed sequence of 
random variables taking values in a set A. Think of this sequence as an 
information source relative to the Hamming distortion function, that is, take 
the destination alphabet as A also, and define d(x, y) = 1 if X -# y, = 0 if 
X = y. Then as we saw on p. 80, in this case the value R(O) will be equal to 
H(X) , the source entropy. Thus for this special case the source coding 
theorem implies that, for any c> 0 and R> H(X), for sufficiently large k 
there exists a source code of length k with at most 2 kR codewords, and 
average distortion < c. In other words, the source can be essentially perfectly 
represented using only about H(X) bits per sample. This much is of course a 
simple consequence of the source coding theorem, and in Chapter 11 we will 
give explicit techniques for doing this noiseless coding, as it is called. 

Now let us turn to the results of Slepian and Wolf. Let (Xi, yt), 
i = 1,2,3, ... , be an indpendent, identically distributed sequence of pairs of 
discrete random variables with common distribution function p(x, y), com-
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mon entropies H(X) , H(X, y), H(XI y), etc. The problem is to find 
independent source codes for the X and Y sequences, such that the resulting 
distortion is negligible. Specifically, we want a configuration such as the one 
depicted in Fig. 6.8. The vector X is encoded into the codeword I(X), which 
can assume anyone of M x values. Similarly g(Y) can assume anyone of My 
values. The rates are defined as 

1 
Rx = k 10gMx, 

and 

1 
Ry = k log My, 

and the error probability is 

PE = P{X -# X or Y -# Y}. 

A pair of rates (Rx, Ry) is said to be admissible ifffor every E > 0 there exists 
a configuration of the sort depicted in Fig. 6.8 with PE < E. Slepian and Wolf 
(see [25], pp. 450-457) showed that the set of admissible rates is as depicted 
in Fig. 6.9. 

The significance of the Slepian - Wolf theorem is perhaps not immediately 
obvious. But consider: if the encoders in Fig. 6.8 were combined into one, the 
problem would reduce to the error-free encoding of a sequence of independent 
random vectors with entropy H(X, Y), and so the admissible region would be 
the half-plane bounded by the line Rx + R y = H(X, Y). If the encoders are 
then disconnected, the size of the admissible region cannot increase, and so 
the S.-W admissible region must lie entirely above this line. Also note that if, 
for example, Y is known perfectly at the decoder, the remaining uncertainty 
about X is H(XI Y), and so every point in the admissible region must satisfy 
Rx ;:: H(XI Y), and similarly R y ;:: H(YIX). Thus the admissible region must 
be a subset of the region indicated in Fig. 6.9. The remarkable fact is that it is 
this large. 

More recently, Wyner and Ziv [50] have investigated the best possible 

Figure 6.8 Block diagram for the Slepian-Wolftheorem. 
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H(X,Yl 

H(Yl 

H(xIYl H(X) H(X,Yl 
Rx-

Figure 6.9 The set of admissible rates. 

performance of the configuration in Fig. 6.8 when the rates Rx and Ry lie in 
the region marked "W-Z. region" in Fig. 6.9. In W-Z. region I X can be 
reproduced exactly, since Rx;=: H(Z). But since Ry < H(YIx), inevitably 
there will be distortion in the reception of Y. Wyner and Ziv have determined 
the minimum possible distortion. 

The Slepian-Wolf and Wyner-Ziv results adumbrate a deep multiuser 
generalization of rate-distortion theory . 

• Afuncton R(o). We have already seen in Chapter 3 that even for a discrete 
memoryless source, unless a very large amount of symmetry is present, it is 
quite difficult to compute the rate-distortion function R(o). However, Blahut 
[32] (see also Viterbi and Omura, [26], Appendix 7A) has discovered a rapidly 
convergent algorithm for computing R( 0) numerically, and so the problem of 
computing R(o) in this case is widely regarded as solved. 

For more general sources and distortion measures, however, the problem of 
computing R(o) is much more difficult. Perhaps the most impressive general 
class of sources for which a tractable formula for R( 0) is known is the class of 
disccrete-time stationary Gaussian sources, relative to the mean-squared error 
criterion. Here the source is modeled as a stationary Gaussian sequence of 
random variables ... , X-I, X o, Xl, X 2, •••• The rate distortion function 
R( 0) is given parametrically by 

1 J17: 0(0) = -2 mineO, Sew)) dw, 
:n: -17: 

1 J17: ( sew)) R(O) = 4:n: -17: max 0, log -0- dw, 
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where S( w) is the spectral density of the process, and f) ranges through the 
interval [0, ess. supS(w)]. In the special case that the X/s are independent, 
with common variance a 2, Sew) = a 2 for all w, and this theorem reduces to 
O(f)) = f), R(f)) = !10ga2 If), 0 ~ f) ~ a 2, that is, to Theorem 4.4. For a proof 
and several examples see Berger [13], Chapter 4. 

Unfortunately, for most sources with memory there is no known effective 
formula for R( 0). (There is always a noneffective formula, which is essentially 
the one given by Eq. (5.4).) For example, there is apparently no known 
discrete source with memory for which R( 0) can be computed exactly. 
However, there exist many techniques for bounding R(O), and we again refer 
the interested reader to Berger [13]. 

• For large enough k. We saw in Section 2 that for a DMC the channel error 
probability PE can be made to approach 0 exponentially with increasing block 
length. The analogous question for the source coding theorem is, How quickly 
does the distortion of an optimum source code of length k and rate ~ R( 0) 
approach O? In this direction Pilc [43] (see also Gallager [17], Section 9.3) 
has shown for a DMS that, if dmin(k) denotes the minimum possible average 
distortion of a source code of length k and rate ~ R( 0), then 

( log k) 
dmin(k) = 0 + 0 -k- . 

Thus the convergence of Omin(k) to 0 is much less rapid than the convergence 
of PE to O. 

• There exists a source code. The source coding theorem suffers from the 
same difficulty as the channel coding theorem, namely, it is nonconstructive. 
Thus a considerable amount of research has been devoted to the problem of 
finding a class of easily implementable source codes for which the source 
coding theorem can be proved. This research has led to source coding 
theorems ofthe form "For any E > 0 and 0 ;=: Omin, there exists a source code 
of type T with rate ~ R(O) + E and average distortion ~ 0 + E." Such 
theorems have been proved where type T is the set of linear codes (see 
Chapter 7) or tree codes (see Chapter 10). For details, consult Berger [13], 
chapter 6, or Viterbi and Omura [26], chapter 7. We will have more to say 
about the performance of certain explicit linear and tree codes as source codes 
in Chapter 12. 

• Converses. There is really only one kind of converse of the source coding 
theorem, and we have already seen it in disguise (p. 84). We did not state it 
explicitly previously because our main concern has been the application of 
the source coding theorem to the problem of communicating the source output 
over a given channel. The following result, which we state for completeness, 
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is really just a special case of conclusion (a) of the source-channel coding 
Theorem 5.1 where the channel is noiseless. The converse to the source 
coding theorem is as follows: 

if the average distortion of a source code is ~ 0, its rate must be ~ R( 0). 

To prove this theorem, let the given code be of length k, and denote it by 
{VI, V2, ... , VM}. Consider the block diagram of Fig. 6.10, where the source 
encoder maps each soruce sequence u = (UI, ... , Uk) onto a codeword Vi for 
which d(u, Vi) is as small as possible. Now since the code's average distortion 
is ~ 0, we have that E[d(U; V)] ~ ko, and so (see Eqs. (3.3) and (5.10)) 
J(U; V) ~ Rk(O) ~ kR(o). But also J(U; V) ~ H(V) ~ log M, and so 

1 k log M ~ R(o). 

However, (1/ k) log M is by definition the rate of the code, and this proves the 
theorem. 

Note that the proof of this result depends only on the definition of R(o) as 
the infimum ofthe (1/ k )Rk( o)'s, together with some very general facts about 
mutual information and entropy. Thus the converse to the source coding 
theorem holds for virtually every source and distortion measure. The remark­
able fact is that the source coding theorem can also be proved in very general 
circumstances. 

U = (UI ... Uk) - " 
Source 
Encoder (VI··· Vk ) = V " -

Figure 6.10 Proof of the converse to the source coding theorem. 
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7 
Linear codes 

7.1 Introduction: The generator and parity-check matrices 

We have already noted that the channel coding Theorem 2.4 is unsatisfactory 
from a practical standpoint. This is because the codes whose existence is 
proved there suffer from at least three distinct defects: 1 

(a) They are hard to find (although the proof of Theorem 2.4 suggests that 
a code chosen "at random" is likely to be pretty good, provided its 
length is large enough). 

(b) They are hard to analyze. (Given a code, how are we to know how good 
it is? The impossibility of computing the error probability for a fixed 
code is what led us to the random coding artifice in the first place!) 

(c) They are hard to implement. (In particular, they are hard to decode: the 
decoding algorithm sugggested in the proof of Theorem 2.4-search 
the region S(y) for codewords, and so on-is hopelessly complex unless 
the code is trivially small.) 

In fact, virtually the only coding scheme we have encountered so far which 
suffers from none of these defects is the (7, 4) Hamming code of the 
Introduction. In this chapter we show that the Hamming code is a member of 
a very large class of codes, the linear codes,2 and in Chapters 7-9 we show 
that there are some very good linear codes which are free from the three 
defects cited above. 

In an attempt to find codes which are simultaneously good in the sense of 
the coding theorem, and reasonably easy to implement, it is natural to impose 
some kind of structure on the codes. Our first step in this direction will be to 
impose structure on the channel input alphabet Ax: from now on we assume 
that Ax = a finite field Fq with q elements.3 (The basic facts about finite 
fields are summarized in Appendix C.) Having made this assumption, we note 

139 
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that a codeword x = (Xl, ... ,xn) of length n can be viewed as an n­
dimensional vector over Fq. 

Definition4 An (n, k) linear code over Fq is a k-dimensional subspace of 

the n-dimensional vector space Vn(Fq) = {(Xl, ... , Xn): Xi E Fq}; n is called 
the length of the code, k the dimension. The code's rate is the ratio k / n. 

One immediate advantage of linear codes over nonlinear ones is that they 
are much easier to specify. An (n, k) linear code C can be completely 
described by any set of k linearly independent codewords Xl, X2, ... , Xk, for 
every codeword is one of the qk linear combinations L~l aixi, ai E F q . If 
we arrange the codewords into a k X n matrix G, G is called a generator 
matrix for C. More generally: 

Definition Let C be an (n, k) linear code over Fq A matrix G whose 
rows pace equals C is called a generator matrix for C. Conversely, if G is a 
matrix with entries from Fq, its rows pace is called the code generated by G. 

By specifying a generator matrix it is already possible to give compact 
descriptions of some interesting codes. The three examples that follow (all 
with q = 2; they are binary codes) will be used for illustrative purposes 
throughout this chapter. 

Example 7.1 A (5, I) linear code CI with generator matrix 

GI = [1 1 1 1 1 1]. 

Example 7.2 A (5,3) linear code C2 with generator matrix 

[
1 1 

G2 = 0 0 
I I 

o 0] 
1 0 . 
I I 

Example 7.3 A (7, 4) linear code C3 with generator matrix 

[
1 0 0 0 0 1 11 o I 0 0 I 0 I 

G3 = 00 I 0 I I O· 

000 1 111 

D 

D 

D 

(C I contains only the two codewords 00000 and lllll; it is the rate I /5 
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repetition code discussed in the Introduction. C3 is the (7, 4) Hamming code 
of the Introduction. C2 is new.) 

Another advantage enjoyed by linear codes is ease of encoding. An (n, k) 
linear code has qk codewords, and so can be used to communicate anyone 
of qk distinct messages; if we assume that these messages are (indexed by) 
the qk k-tuples u = (Ul, U2, ... , Uk) E Vk(Fq), and that the rows of G are 
linearly independent, then one very simple encoding rule which maps 
messages u into codewords x is 

u----tuG, (7.1) 

where in (7.1) u G denotes multiplication of the I X k vector u by the k X n 
matrix G. For example, using the generator matrix G2 for C2 , the mapping 
(7.1) becomes 

The mapping (7.1) can usually be simplified still further by using the fact 
that, if G is a generator matrix for C, then so is any matrix row-equivalent to 
G. Now it is well known that any matrix is row-equivalent to a row reduced 
echelon (RRE) matrix, and so every linear code has a unique RRE generator 
matrix. (To refresh the reader's memory, an RRE matrix over a field F has the 
following three properties:5 

( a) The leftmost nonzero entry in each row is 1. 
(b) Every column containing such a leftmost 1 has all its other entries O. 
(c) If the leftmost nonzero entry in row i occurs in column ti, then 

tl < t2 ... < t r • 

Thus the generator matrices G1 and G3 are already in RRE form, but G2 is 
not. The unique RRE generator matrix for C2 is in fact 

[CD 1 0 0 1] 
G~ = 0 0 CD 0 1 , 

o 0 0 CD 1 

where for clarity we have circled the leftmost 1 in each row. Using G~ rather 
than G2, the encoding (7.1) for C2 becomes: 

(Ul, U2, U3) ----t (@' Ul,@,(l!]), Ul + U2 + U3)' 

This encoding for C2 has the desirable feature that the information symbols 
Ul, U2, U3 appear in the clear in the codeword; in general, the symbol Ui will 
appear as the tith component ofthe codeword x = uG, ifthe leftmost entry of 
the ith row of G occurs in column ti. Any code, linear or not, which has the 
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property that there exists an encoding rule such that the information symbols 
appear in the clear is said to be systematic. We have thus demonstrated that 
every linear code is systematic. 

Notice next that the RRE generator matrices for CI and C3 have the form 
G = [hA], where h is the k X k identity matrix. Clearly not every linear 
code enjoys this property (e.g., C2 ); but if the code is for use on a memoryless 
channel, then performing a column permutation on G will not alter the code's 
performance, so we can always assume G = [hA] in this case. For example 
by reordering the columns of Gz into the order (l3425), we obtain 

[
1 0 0 1 

Gf = 0 1 0 0 
001 0 

which generates a code whose performance is the same as that of C2 on any 
memoryless channel. 

So much, for a while, for the generator matrix. There is another perhaps 
even more useful matrix associated with every linear code, called the parity­
check matrix, which we now describe. 

If C is an (n, k) linear code over Fq , a parity check6 for C is an equation 
of the form 

(7.2) 

which is satisfied for all x = (Xl, X2, ... , Xn) E C. The set of all vectors 
a = (aI, ... , an) for which (7.2) is satisfied for all x E C is itself a subspace 
of Vn(Fq). It is denoted by C-L (C "perp") and called the dual code of C. By 
a standard result in linear algebra C-L has dimension n - dime C), that is, c-L 
is an (n, n - k) linear code over Fq. A parity-check matrix for C is now 
defined as a generator matrix for C-L. More directly: 

Definition Let C be an (n, k) linear code over FlJ" A matrix H with the 
property that HXT = 0 ifJx E C is called a parity-check matrix for c.? 

Of course by the arguments above it follows that every (n, k) linear code 
has a unique (n - k) X n RRE parity-check matrix. But it is more common to 
use a slightly different canonical form for H. For example if G = [hA] it 
follows that H can be taken as 

(7.3) 

If G is not of this form, H can be obtained by first performing a column 
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permutation to put G into the form [hAl, and then performing the inverse 
permutation on [ - AT I n-kl 8 

For example, the parity-check matrices formed in this way from G l , G2, 

and G3 (p. l34) are 

H, ~ [j 
1 0 0 

n 0 1 0 
H2 = [~ 1 0 0 ~l 0 0 1 0 

0 0 0 

[! 
1 1 1 1 0 n H3 = 0 1 1 0 1 

0 1 0 0 

Notice that when H is in this form, the defining equations HXT = 0 for the 
codewords of C yield an explicit functional dependence between the informa­
tion symbols and the remaining, or parity-check, symbols. For example in C I, 

Xl is the information symbol and X2 = X3 = X4 = Xs = Xl. similarly, in C2 , Xl, 

X3, X4 are information symbols and X2 = Xl, Xs = Xl + X3 + X4. Finally, in C3 , 

the parity-check bits Xs, X6, X7 are related to the information bits Xl, X2, X3, X4 

by Xs = X2 + X3 + X4, X6 = Xl + X3 + X4, X7 = Xl + X2 + X4 (see Eq. (0.6)). Of 
course the location of the information symbols is not unique: see Prob. 7.l3. 

Let us summarize the results of this section in a theorem. 

Theorem 7.1 Let C be an (n, k) linear code over Fq. Then there is a unique 
k X n RRE matrix H with the property that x E C iff x is in the rows pace of 
G. Furthermore, there is an (n - k) X n matrix H with the property that 
X E C iff HXT = O. If C is to be used on a memoryless channel, there is no 
loss in assuming that a k X (n - k) matrix A exists such that 

G = [hAl, H = [-ATln_k], 

in which case the encoding of a vector u E Vk(Fq) is given by u ----; (u, uA). 

7.2 Syndrome decoding on q-ary symmetric channels 

So far our discussion of linear codes has not involved the channel output 
alphabet Ay or the channel statistics. From now on, however, we shall assume 
Ay = Fq , that is, the input and output alphabets are identical (but cf. Probs. 
7.11 and 7.20.) Thus if x = (Xl, ... , xn) E Vn(Fq) is transmitted, the received 
vector y = (Yl, ... , Yn) will also lie in Vn(Fq); the difference z = y - x is 
called the error pattern. If Zi -# 0, an error is said to have occurred in the ith 
coordinate. 
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The parity-check matrix H introduced in Section 7.1 proves to be a useful 
tool for decoding in this situation. If x is transmitted, x is a codeword, and so 
HxT = O. If the channel has caused some errors, that is, if z -=I=- 0, then it is 
very likely that HyT -=I=- O. The vector s = HyT is called the syndrome.9 The 
vital fact about the syndrome is that it depends only on the error pattern z and 
not on the transmitted codeword: 

s= HyT 

= H(X+Z)T 

since HxT = O. Of course the receiver is not directly interested in z; he wants 
to know x. But since he knows y and x = y - z, he can safely focus on the 
problem of finding z. 

The syndrome provides some information about z, but not enough. This is 
because for a fixed s E Vn-k(Fq), the set of solutions to HzT = s forms a 
coset lO ofthe code C, that is, a subset of Vn(Fq) ofthe form 

C + Zo = {x + Zo: x E C}. (7.4) 

There are qn-k cosets of C, corresponding to the qn-k possible syndromes s; 
each coset contains exactly qk elements. Thus once the receiver computes s, 
he has reduced his search for z from qn to qk possibilities, namely, the 
elements of the coset corresponding to s. 

In order to distinguish between these qk candidates for z, however, it is 
necessary to know somehting more about the channel. In this section we shall 
assume that the channel is a q-ary symmetric channel (q SC), that is, if X is a 
random vector modeling the channel input, and Y is a random vector 
modeling the channel output, then Y = X + Z, where Z = (Zl' Z2, ... , Zn) 
is a random vector whose components are independent, identically distributed 
random variables, with common distribution 

P{ Z = O} = 1 - (q - 1)£, 

P{Z = z} = £ if z -=I=- O. (7.5) 

For this channel it is quite easy to distinguish between competing error 
patterns, since ifz E Vn(Fq), then 

(7.6) 
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where w H(Z), the Hamming weight of z, is defined to be the number of 
nonzero components of z. Alternatively, W H(Z) is the number of errors 
occurring in z. If [; :s: 1/ q, the right side of (7.6) is a decreasing function of 
WH(Z), and so the most probable Z is the one of smallest weight. (For the case 
1/q<[;<I/(q-l),seeProb.7.3.) 

Figure 7.1 shows how the syndrome decoder works, at least in principle. Of 
course step 2 in this algorithm represents a formidable amount of work; 
indeed the main object of Chapters 8 and 9 is the design of some linear codes 
for the qSC for which step 2 is tractable. However, if k and n - k are both 
relatively small, it is possible to implement step 2 via a "table lookup" 
procedure, which we now describe. 

Consider again code C2 . Its parity-check matrix as given on p. 143 is 

H= [~ 1 ° ° 0] ° 1 1 1 . 

In this simple case there are only four possible syndromes: 00,01, 10, 11. We 
can classify the 32 vectors Z = (z], Z2, Z3, Z4, Z5) according to their syn­
dromes, and arrange them, as shown in Fig. 7.2, in a 4 X 8 matrix with entries 
from V5(F2 ), called the standard array. The rows of the standard array are the 
co sets of C; for example, the first row is the code itself. Within each coset a 
vector of least weight has been listed first and called the coset leader. In 
general, an entry in a coset other than the code itself is equal to its coset 

1. Compute the syndrome s = HyT. 
2. Find a minimum-weight vector in the coset corresponding to s. 

Call it ZOo 

3. Output the codeword x=y-zo. 

Figure 7.1 The syndrome decoding algorithm for a qSC. 

Coset 
Syndrome leader 

00 00000 00011 00101 00110 11001 11010 11100 11111 
01 00100 00111 00001 00010 11101 11110 11000 11011 
10 01000 01011 01101 01110 10001 10010 10100 10111 
11 10000 10011 10101 10110 01001 01010 01100 01111 

Figure 7.2 The standard array for C2. 
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leader plus the codeword above it. For example the entry 01101 in the third 
row equals its coset leader 01000 plus the codeword 00101. Notice that in this 
particular example the 01 syndrome has three candidates for coset leader (the 
three italicized vectors of weight 1), while in the other three cosets the leader 
is elected without opposition. 

Given the standard array, step 2 in the decoding algorithm of Fig. 7.1 is 
trivial: before transmission we form a table consisting of all pairs (s, z(s)), 
where s is one of the qn-k possible syndromes and z(s) is the leader for the 
coset with syndrom s. Then step 2 becomes simply 

2'.Setzo = z(s). 

If this technique is feasible (i.e., if it is possible to precompute and store the 
coset leaders corresponding to each of the qn-k syndromes), the resulting 
decoding algorithm is the fastest known. 

7.3 Hamming geometry and code performance 

The vector space Vn(Fq) can be made into a metric space if we define the 
Hamming distance between two vectors x and y as 

dH(x, y) = the number of components for which Xi -# Yi 

= WHey - x)(cf. p. 145). 

(This distance satisfies the formal properties required of a metric; see Prob. 
7.4.) There is an interesting relationship between the Hamming geometry ofa 
code and its ability to correct errors on a qSC, which we now investigate. 

Thus let C = {Xl, X2, ... , X M} be a code of length n, not necessarily 
linear, for use on a qSC. Suppose that we want C to be capable of correcting 
all error patterns of Hamming weight ::;; e; that is, if Xi is sent, y = Xi + z is 
received, and WH(Z) ::;; e, we want our decoder's output to be x = Xi. It is easy 
to see that if each codeword is sent with probability 1/ M, then the receiver's 
best strategy for guessing which codeword was sent is to pick the codeword 
closest to y, that is, the one for which dH(Xi, y) is smallest (see Prob. 2.13). 
[Note: Since dH(Xi, y) = WH(Z), it follows that the syndrome decoding for 
linear codes described in Fig. 7.1 is equivalent to "find the closest codeword" 
decoding.] It is clear that if this geometric decoding strategy is used, the code 
will be capable of correcting all patterns of weight ::;; e iff the distance 
between each pair of codewords is ~ 2e + 1. For (Fig. 7.3a) if 
dH(Xi, Xj) ~ 2e + 1, that is, if the Hamming spheres of radius e around Xi 

and X j are disjoint, then if Xi is sent and dH(Xi, y) ::;; e, y cannot be closer to 
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(0 ) ( b) 

Figure 7.3 Hamming spheres of radius e around adjacent codewords. 

Xi than it is to Xi, and so a geometric decoder will not prefer xi to Xi' 
Conversely, if dH(Xi, xi) ~ 2e, that is, if the Hamming spheres of radius e 
intersect (Fig. 7.3b), then it is clear that, if Xi is sent, there exists a y that has 
dH(Xi, y) ~ e, but is at least as close to xi as it is to Xi. So we are led to define 
the minimum distance ofthe code C as 

dmin( C) = min{ dH(x, x'): x, x' E C, X -=I=- x'}, 

and we have proved the following theorem. 

Theorem 7.2 A code C = {Xl, X2, ... , XM} is capable of correcting all 
error patterns of weight ~ e iff dmin(C) ~ 2e + 1. 

For example, a code with dmin = 7 can correct all error patterns of weight 
~ 3; if dmin = 22, all patterns of weight ~ 10; and so forth. 

Now let us apply these general remarks, which apply to any code, to the 
special case of linear codes. Our first observation is that since 
dH(x, x') = WH(X - x'), and x - x' must be a (nonzero) codeword if C is 
linear (and x -=I=- x'), the minimum distance of a linear code is the same as its 
minimum weight Wmin(C), where 

Wmin(C) = min{WH(x): x E C, X -=I=- O}. 

Thus in order to compute dmin for an (n, k) linear code it is not necessary to 
compute the (q2k - qk)/2 distances dH(x, x') for x -=I=- x'; it suffices to 
compute the qk - I weights WH(X) for X -=I=- O. The next theorem gives an 
alternative procedure for computing dmin for a linear code that is sometimes 
even simpler. 

Theorem 7.3 if C is an (n, k) linear code over Fq with parity-check matrix 
H, dmin(C) = the smallest number of columns of H that are linearly 
dependent. Hence if every subset of 2t or fewer columns of H is linearly 
indpendent, the code is capable of correcting all error patterns of weight ~ t. 
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Note If q = 2, the words "are linearly dependent" can be replaced with 
"sum to 0." 

Proof The codewords of C are those vectors x E Vn(Fq) such that HXT = 0 
(Theorem 7.1). The product HXT is however a linear combination of the 
columns of H; Indeed, if [CI' C2, ... , cn] are the columns of H, 
HXT = XI CI + ... + XnC n . Hence a nonzero codeword of weight w yields a 
nontrivial linear dependence among w columns of H; and conversely. This 
proves the theorem. D 

Corollary If q = 2 and all possible linear combinations of ~ e columns of H 
are distinct, then dmin( C) ;;. 2e + 1, and so C can correct all patterns of 
weight ~ e. 

Proof Left as Prob. 7.7. D 

To illustrate Theorem 7.3, consider the three parity-check matrices on p. 
143. For HI it is clear that no subset of four or fewer columns can be 
dependent, but the sum of all columns is 0; and so dmin(Cd = 5. For H2 it is 
clear that dmin(C2) = 2, since, for example the third and fourth columns of 
H2 are identical. The study of H3 is so important we shall devote our next 
section to it. 

7.4 Hamming codes 

For reference, we again display the parity-check matrix for C3 : 

1 1 
o 1 
1 0 

1 
1 
1 

1 0 0] o 1 0 . 
001 

We now apply Theorem 7.3 to the problem of determining dmin. By the note 
following the statement ofthe theorem, drnin is the smallest number of columns 
of H which sum to O. Clearly dmin -I- 1, 2, since the columns of H 3 are nonzero 
and distinct. However, there are many subsets of three columns of H3 summing 
to 0, for example, columns 1,2, and 3. Thus dmin = 3, and so C3 is a single­
error-correcting code, that is, it is capable of correcting all error patterns of 
weight 0 or 1. Finally, observe that if C is any (n, n - 3) single-error-correcting 
code, then n ~ 7 since if the 3 X n parity-check matrix H had n ;;. 8, it would 
either have a zero column (dmin = 1) or a pair of identical columns (dmin = 2). 
The general definition of a binary Hamming code follows. 
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Definition Let H be an m X (2 m - 1) binary matrix such that the columns of 
H are the 2m - 1 nonzero vectors from V m(F2 ) in some order. Then the 
n = 2 m - 1, k = 2 m - 1 - m linear code over F2 whose parity-check matrix 
is H is called a (binary) Hamming code of length 2 m - 1. II 

We make two remarks about Hamming codes. First, notice that syndrome 
decoding is especially easy. If the error pattern is z = 0, then the syndrome is 
s = 0; but if WH(Z) = 1, say Zi = 1, then s = Ci, the ith colunm of H. Hence 
the syndrome directly identifies the error location, and the general decoding 
algorithm of Fig. 7.1 becomes the special algorithm of Fig. 7.4. Second, recall 
that a code C can correct all patterns of weight ~ 1 iff the Hamming spheres 
of radius 1 around the codewords are disjoint. But a Hamming sphere of 
radius 1 in Vn(F2 ) contains n + 1 vectors, so that a single-error-correcting 
code can have at most 2 n I (n + 1) codewords. In particular if n = 2 m - 1, 
there can be at most 22m-112m = 22m - I - m codewords, the exact number in the 
Hamming code! Thus the Hamming codes have the beautiful geometric 
property that the spheres of radius 1 around the codewords exactly fill Vn(F2 ) 

without overlap. This means that the Hamming codes belong to an extremely 
exclusive class of codes, the perfect codes. The only other binary linear 
perfect codes are the repetition codes (see Prob. 7.18) and the (23, 12) Golay 
code (see Section 9.8). (Also see the discussion of perfect codes in Chapter 
12.) 

Several variations of Hamming codes, including nonbinary Hamming 
codes, are given in Probs. 7.17 and 7.19. However, the mose interesting and 
useful generalization of Hamming codes is to a class of codes which correct e 
errors for e> 1; this generalization is the main topic treated in Chapter 9. 

7.5 Syndrome decoding on general q-ary channels 

In Section 7.2 we described a good decoding algorithm for linear codes being 
used on a q-ary symmetric channel. However, few q-input, q-output channels 
are well modeled by qSC, and so in this section we shall briefly consider the 
problem of decoding linear codes on more complicated channels. 

1. Compute the syndrome s = HyT. 
2. If s=O, output x=y. 
3. Otherwise s will be equal to a unique column of H, say s = c;. Add 

(mod 2) to the ith coordinate of y, and output the result as x. 

Figure 7.4 Syndrome decoding for a Hamming code. 
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Thus let C be an (n, k) linear code over F q which is going to be used 
on a channel whose input and output alphabets are both equal to F q . We 
assume that the channel noise is additive, that is, if x = (Xl, ... , xn) is the 
transmitted codeword, the received vector y is given by y = x + Z, where 
Z = (Zl, ... , Zn) is a random noise vector with distribution given by 
P{Z = z} = p(z), Z E Vn(Fq). (Note that the qSC of Section 7.2 fits this 
description, with p(z) given by Eq. (7.5).) 

How do we decode C on this channel? As before, the first step is to 
compute the syndrome s = HyT; this will identify the coset that the error 
pattern z belongs to. But now the most likely error pattern within the coset 
characterized by the syndrome s is the one with the largest value p(z), rather 
than the smallest weight. Hence the decoding algorithm in this general 
situation (cf. Fig. 7.1) is given in Fig. 7.5. 

For example, consider using code C2 on a channel for which the length 5 
error patterns have probabilities given by the following table: 

z p(z) 
00000 .80 
00100 .06 
01010 .05 
10001 .04 
01l1O .03 
10101 .02 
Anything else 0 

By examining the standard array for C2 (Fig. 7.2), we find that the coset with 
syndrome 00 (the code itself) contains only one of the six possible error 
patterns, namely, 00000, so 00000 remains the leader (the error pattern with 
largest p(z» of its coset. Similarly 00100 remains the leader of coset 01. 
Coset 10 contains both 10001 and 01l1O, but since 10001 is more probable it 
is the coset leader. Finally, in coset 11, 01010 is chosen leader over 10 10 1. So 
for this particular code and channel the table of syndromes and coset leaders 
should be as follows: 

l. Compute the syndrome s = HyT. 
2. Find a vector in the coset corresponding to s with largest possible p(z). 

Call it ZOo 

3. Output the codeword i = y - zoo 

Figure 7.5 Syndrome decoding on an arbitrary additive q-ary channel. 
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Coset 
Syndrome Leader 

00 00000 
01 00100 
10 10001 
11 01010 

and the probability of decoder error (the probability that the true error patten 
is not a coset leader) is p(OlllO) + p(10101) = 0.05. 

Unfortunately, there are two difficulties with the decoding algorithm of Fig. 
7.5. First, as we saw in Section 7.2, the implementation of step 2 may be very 
difficult unless the code is small enough so that a table of coset leaders can be 
precomputed. The second difficulty is that for most "real" channels the 
probabilities p(z) will be known only empirically via tests; indeed, if n is 
even moderately large, most of the possible z's will never have been observed 
at all, and so only crude estimates of the form p(z) < a for some a will be 
available for them. We now describe a general technique which is sometimes 
helpful in this situation. 

Let F be a subset of Vn(Fq); think of F as the set of error patterns that have 
"moderate" probability of occurring in the channel Let E be a subset of F; 
think of E as the set of error patterns with "high" probability of occurring. 
Given a linear code C, we wish to design, if possible, a decoder that will 
detect the error patterns in F and correct the error patterns in E. By this we 
mean the following. The decoder will be allowed to output either a codeword 
x or a special erasure symbol "?" (cf. p. 60). If now x is transmitted, and 
y = x + z is received, there are three possibilities: 

( a) The decoder outputs a codeword x = x. 
(b) The decoder outputs a codeword x -I- x. 
(c) The decoder outputs "?". 

In case (a), we say the error pattern z has been corrected; in case (b), the 
decoder has made an error; in case (c), the decoder has detected an error. We 
now make the following definition. 

Definition The code C is called E-correcting, F-detecting if it is possible to 
design a decoder for C such that, if the error pattern z lies in E, it will be 
corrected, and if z E F it will be either corrected or detected. 

Theorem 7.4 Let C be an (n, k) linear code over Fq with parity-check 
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matrix H, and let E ~ F be subsets of Vn(Fq). Then c is E-correcting, 
F-detecting iff it has the following properties: 

(a) Zl, Z2 E E, Zl -# Z2 implies Hzf -# HzI­
(b) Zl E E, Z2 E F - E implies Hzf -# HzI-

Proof First suppose (a) and (b) are satisfied. We design an appropriate 
decoder as follows. Start with a table consisting of qn-k pairs (s, f(s)), one 
for each possible syndrome s, f(s) = ? for all s. Then modify the table by 
setting f(Hz T ) = z for all z E E. The promised decoding algorithm is then as 
follows: 

1. Compute s = HyT. 

2. If f(s) E Vn(Fq), output x = y - f(s). 
3. Otherwise output f (s) = ? 

We leave the verification that this decoding algorithm works, as well as the 
proof of the converse, as Prob. 7.9. D 

Example 7.4 Let C be a (7, 3) code with 

H~ [1 
1 1 1 1 0 

n 0 1 1 0 1 
1 0 1 0 0 
1 1 1 1 1 

(This is just the matrix H3 of p. 143 with an extra row of 1 's attached.) Let 
E = {z: WH(Z) = 0 or I}, F = {z; WH(Z) = 0,1, or 2}. Then it is easy to 
show that C is E-correcting, F-detecting, or, as it is usually expressed in this 
special case, single-error-correcting, double-error-detecting (see Prob. 7.17 
for proof and generalization). D 

Example 7.5 Let C be an arbitrary (n, k) linear code; we design a detection­
only decoder for C by setting f(O) = 0, f(s) = ? for all syndromes s -# O. 
This decoder cannot correct any nonzero error pattern, but it will detect any 
error pattern z unless z is a nonzero codeword. The decoder's error probability 
is then just the probability that z is a nonzero codeword from C. Ifwe assume 
the channel is a qSC, then the probability that z equals a particular codeword 
of weight W is [(1 - (q - I)E]n-wEw (see Eq. (7.6)). Hence if we denote by Ai 
the number of codewords in C of weight i, the error probability for this 
detection-only scheme is 
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n 

PE = L Ai£i[I - (q - I)£]n-i 
i=1 

= [1 - (q - I)£]n[A(o) - 1], (7.7) 

where 0 = £/[1 - (q - 1)£] and A(z) = Ao + Alz + ... + Anzn (note that 
Ao = 1 for any code). The generating function A(z) is called the weight 
enumerator of C. We shall study it further in the next section. D 

7.6 Weight enumerators and the MacWilliams identities 

To repeat: if C is an (n, k) linear code, its weight enumerator IS the 
polynomial 

where Ai denotes the number of codewords in C of Hamming weight i. 
Clearly, Ao = 1 and A(I) = qk. As we have seen (Eq. (7.7», A(z) can be used 
to calculate the error probability when C is used for error detection only. 

The following theorem shows that A(z) can be used to bound the error 
probability in a much more interesting situation, namely, when the code is 
being used on a discrete memoryless channel with a maximum likelihood 
decoding rule. [Note. Syndrome decoding is maximum likelihood; see p. 146] 
For simplicity we shall treat only binary codes, but see Prob. 7.10. 

Theorem 7.5 Let C be a binary linear code which is to be used on a DMC 
with input alphabet Ax = {O, I} and output alphabet Ay; a maximum 
likelihood decoding rule is being used. Then the resulting error probability is 
bounded by 

PE :s: A(y) - 1, 

where 

y = L vi p(yIO)p(yII). (7.8) 
YEAy 

(In particular, for a BSC with raw bit error probability £, y = 2V£(I - £).) 

Proof Let C = {xo, XI, ... , XM-I} with Xo = (00 ... 0), and let pYJ denote 
the probability of decoder error, given that Xi is transmitted. If y is received, 
an ML decoder will output a codeword for which P(yIXi) is as large as 
possible. Now suppose Xo is transmitted. The decoder will definitely not 



154 Linear codes 

output Xi if p(ylxo) > P(yIXi), and so if Yi = {y: P(yIXi) ;;. p(ylxo)}, it 
follows that 

M-l 

P(O) ~ '""" Q. 
E -..;:~ " (7.9) 

i=l 

where 

Qi = L p(ylxo). (7.10) 
yEY, 

Since vi P(yIXi)/ p(ylxo) ;;. 1 for all y E Yi , we can multiply each term in sum 
(7.10) by this factor and get 

Qi ~ L vi p(ylxo)p(ylxi)' 
yEY, 

We can now get a somewhat weaker upper bound on Qi by extending the 
summation to all y E A~: 

Qi ~ L vi p(ylxo)p(ylxi)' 
YEA~ 

(7.11) 

We now use the fact that p(ylx) = p(Yllxl) ... P(Yn Ixn), where y = 

(Yl, ... , Yn) and x = (Xl, ... , xn). Interchanging the order of product and 
summation in (7.11), we obtain 

n 

Qi ~ II L vi p(ylxOk)p(ylxik), (7.12) 
k=l YEAy 

where Xo = (XOl' ... , XOn) and Xi = (Xii, ... , Xin)' The inner sum in (7.12) is 
clearly 1 if XOk = Xik, and y if XOk # Xik (see Eq. (7.8». Hence (7.12) reduces 
to 

(7.13) 

where dH denotes the Hamming distance. Combining Eqs. (7.9) and (7.13), 
we obtain 

n 

P(O) ~ '""" A(O)yi 
E -.:;:.~ i , 

i=l 

(7.14) 

where A~O) = the number of codewords # Xo with Hamming distance i from 
Xo. But this is just the number of words of Hamming weight i, that is, Ai. Thus 
the decoder error probability is ~ A(y) - 1, as promised, ifxo is transmitted. 
If some other codeword, say Xj, is transmitted, reasoning identical to that just 
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given shows that the resulting error probability p~) ~ L~l A~J)yi, where 
A~j) = the number of codewords -# Xj with Hamming distance i from Xj. But, 
since the code is linear, A~J) = A~O) = Ai, (see Prob. 7.12), and the theorem is 
proved. D 

Example 7.6 Code CI of this chapter has only two codewords, 00000 and 
11111. Its weight enumerator is clearly A(z) = 1 + z5. On a BSC the bound of 
Theorem 7.5 is PE ~ 32[s(1 - S)]5/2, whereas on p. 3 we saw that PE = 

lOs3 (1 - S)2 + 5s4(1 - s) + S5 = lOs3 - l5s4 + 6s5 . Hence for very small 
values of s the bound of Theorem 7.5 is not too bad (32s 5/ 2 vs. lOs3). But see 
Prob. 7.26 for an improvement. D 

We could easily at this point compute the weight enumerators of codes C2 

and C3, since they contain only 8 and 16 codewords, respectively. However, 
we shall postpone the computation until we have proved the following 
remarkable result, which says that the weight enumerator for a code C can be 
obtained via a simple linear transformation of the weight enumerator of the 
dual code C-L (see p. 142). 

Theorem 7.6 (the MacWilliams identities). Let A(z) be the weight enumera­
tor of an (n, k) linear code C, and let B(z) be the weight enumerator of the 
dual code C-L, that is, 

n 

B(z) = LBjZj, 
j=O 

where B j = the number of words of weight j in C-L. Then A(z) and B(z) are 
related by the formula 

1 ~. . 
B(z) = k L...JAi(1 - z)l(l + (q - l)z)n-l. 

q i=O 

Proof We shall prove the theorem in detail only for binary codes, and leave 
the generalization to the reader (see Prob. 7.27). 

First we establish some conventions. If x = (Xl, ... , xm) is a vector of any 
length, even m = 1, over a field F, w(x) denotes its Hamming weight, that is, 
the number of nonzero components. In particular, if X is a scalar (i.e., X E F), 
then 

{ 0 if x = 0, 
w(x) = 1 if x -# o. (7.15) 
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Now we let F = F2, the field with two elements. If x = (Xl, ... , xm) and 
Y = (Yl, ... , Ym) are two vectors with components from F, define 

(x, y) = (_lylYl +-+XmYm, (7.16) 

where (_1)0 = 1, (_1)1 =-1. 

Lemma 1 Let C be an (n, k) linear code over F2, that is, a subspace of 
Vn(F2) = V. Then, ify is any element of V; 

'"' _ { 2k if y E C.l, 
fEt:(x, y) - 0 if y rt. C.l. 

Proof For a fixed y the mapping x ----t (x, y) is a homomorphism of C into the 
multiplicative group {I, -I}, Ify E C.l, then (x, y) = 1 for all x E C, and 
clearly the first alternative of the lemma holds. If however y rt. C.l, the 
homomorphism is nontrivial, and so + 1 and -1 are both covered equally 
often; thus the sum is O. D 

Lemma 2 Let x be a fixed vector in V = Vn(F2 ) and let z be an indetermi­
nate. Then 

LZW(Y)(x, y) = (1- z)w(x)(l +z)n-w(x). 

yEV 

Proof Merely compute: 

LZW(Y)(x, y) = L ... L zw(yll +-+ W(Yn)(xj, Yl) ... (xn' Yn) 
yEV YIEF YnEF 

(see Eqs. (7.15) and (7.16» 

Interchanging sum and product, we obtain 

n 

LZw(y)(x, y) = II Lzw(Y)(Xi, y). 
yEV i=l yEF 

The last sum is obviously 1 + z if Xi = 0 and 1 - z if Xi = 1, and Lemma 2 
follows, since w(x) is by definition the number of components Xi of x equal 
to 1. D 
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We now proceed to prove Theorem 7.6. The idea is to compute the sum 

L LZw(y)(y, x - x') (7.17) 
x,X'ECyEV 

in two ways. If we calculate the inner sum in (7.17) first, we obtain, by 
Lemma 2, 

n L (1 - z)w(x-x')(1 + z)n-w(x-x') = L Ai(1 - z)i(1 + z)n-i, 
X,X'EC i=O 

where Ai = the number of pairs (x, x') of codewords with w(x - x') = i. But 
it is easily verified that this number is 2k. Ai, Ai being the number of 
codewords of weight i (see Prob. 7.12), so (7.17) is equal to 

n 

2k L Ai(1 - zi(1 + zr-i. (7.18) 
i=O 

If now we interchange the order of summation in (7.17), we get 

LZW(y) L (y, x - x'), 
yEV X,X'EC 

the inner sum of which is 

L(y, x) L(Y, -x') = I L(Y, X)1 2 

XEC x'EC XEC 

By Lemma 1, this is 22k if Y E C-L and 0 if Y rJ- C-L, so that (7.17) has become 

n 

22k L zw(y) = 22kLBpj. (7.19) 
yEC-" j=O 

Equating (7.18) and (7.19), we have the conclusion of Theorem 7.6. D 

The reason the Mac Williams identities are so useful is this. In order to 
compute the weight enumerator for an (n, k) linear code C, it is in general 
necessary to find the weight of all qk codewords. This is clearly a formidable 
task unless k is relatively small. However, if k is so large that n - k is small, 
it will be possible to calculate the weight enumerator of the dual code C-L and 
so also the weight enumerator of C. For example, the general binary 
Hamming code (see Section 7.4) has n = 2m - 1, k = 2m - 1 - m, and the 
task of enumerating all 22m - 1- m codewords by weight might seem hopeless. 
But the dual code has only 2m codewords and has a very simple weight 
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enumerator, and so by Theorem 7.6 A(z) for the Hamming codes can be 
computed in general (see the following example, and also Probs. 7.29 and 
7.30). 

Example 7.7 We are now prepared to compute A(z) for codes C2 and C3 of 
this chapter. C2 is a (5,3) code; it has 8 codewords. But its dual code C~ is a 
(5,2) code with only 4 codewords, so we compute its weight enumerator first. 
By the results of Section 7.1, a parity-check matrix for C2 will be a generator 
matrix for C~, and on p. 143 we found such a matrix: 

[ ~ 1 ° ° 0] ° 1 1 1 . 

The four codewords of C~ are then 00000, 11000, 10 111, and 01111; thus 
A(z) = 1 + z2 + 2z4 for this code. Hence by Theorem 7.6, the weight 
enumerator for C2 itself is 

i(1 + z)5 A (1 - z) = H(1 + z)5 + (1 + z)\1 - zi + 2(1 + z)(1 - z)4] 
l+z 

Thus C2 contains 1 word of weight 0, three words of weight 2, three words of 
weight 3, and one word of weight 5 (a result that could easily have been 
verified directly, of course). D 

Example 7.S Similarly, the dual code ct of the (7, 4) Hamming code C3 has 
generator matrix (see p. 143) 

[
0 1 1 
101 

1 1 ° 
1 ° 0] ° 1 ° . 
001 

When we compute its weight enumerator, we get a surprise! Each of the 7 
nonzero codewords has weight 4! Thus A(z) = 1 + 7z4, and so the weight 
enumerator for C3 itself is, by Theorem 7.6, 

H(1 + z)7 + 7(1 - z)4(1 + z)3] = 1 + 7z3 + 7z4 + z7. D 

Problems 

7.1 Let C be a linear code over the field F3 = {a, 1, 2} of integers (mod 3), with 
generator matrix 
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G=[; ~ n. 
(a) Use syndrome decoding to decode the vectors 2121, 1201, 2222 (assume 

the channel is symmetric). 
(b) Compute the code's weight enumerator. 

7.2 Let 

G = [~ ~ ~ 
000 

o 
1 
1 ~l 

be a generator matrix for a (6,3) binary linear code C. 
(a) Find a row-reduced echelon generator matrix for C. 
(b) Find a parity-check matrix H for C. 
(c) Find minimum-weight coset leaders for each of the 8 co sets for C. 
(d) Let Ai (i = 0, 1, ... , 6) denote the number of vectors of weight i in C. 

Find the Ai. 
(e) Decode the following received vectors: 111010,000011, 101010 (assume a 

BSC with p < 1/2). 
7.3 Suppose the error probability e of the qSC satisfies e> 1/ q. How should the 

decoding algorithm described in Section 7.2 be modified? 
7.4 Show that the Hamming distance dH defined on p. 146 satisfies the following 

properties required of a bona fide metric: 
(a) d(x, x) = O. 
(b) d(x, y) > 0 ifx # y. 
(c) d(x, y) = dey, x). 
(d) d(x, y) ~ d(x, z) + d(z, y). 

7.5 Show that the total number of distinct Hamming codes of length n = 2 m - 1 is 
(2m - 1)!/II;:!'c/(2m - 2i). 

7.6 How does syndrome decoding of code Cl compare in complexity to majority­
vote decoding (see p. 2)? 

7.7 Prove the corollary to Theorem 7.3. 
7.S For each n, describe a code C of largest possible rate with dmin(C) = 2. Is it 

unique? 
7.9 Complete the proof of Theorem 7.4. 

7.10 Let C be a q-ary linear code, being used on a qSC with maximum like­
lihood decoding. Show that the resulting error probability is bounded 
by A(y) - 1, where A is the code's weight enumerator and y = 
2y'e[1 - (q - l)e] + e(q - 2). (For the definition ofa qSC, see Eq. (7.5).) 

7.11 A q-ary erasure channel is a discrete memoryless channel with input alphabet 
Ax = Fq, the finite field with q elements, and Ay = Fq U {?}, where "?" is a 
special erasure symbol. If x = (Xl, ... , xn) is transmitted and y = (Yl, ... , Yn) 
is received, an error is said to occur in the ith position if Yi E Fq but Yi # Xi, 
an erasure if Yi = ? 
(a) Let C be an (n, k) linear code over Fq with minimum distance dmin' Show 

that C can correct all combinations of e errors and f erasures iff 
dmin ;;. 2e + f + 1. 
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(b) Suppose the channel is a pure erasure channel, that is, p(ylx) = 0 unless 
y = x or y = ? In this case show that the condition HXT = 0 for x to be a 
codeword can be used to obtain n - k linear equations in the unknown 
erased codeword components. 

(c) Apply the technique suggested in part (b) to decode the following code­
words from the (7, 4) Hamming code (parity-check matrix H3 on p. 146), 
which have suffered erasures but no errors: 10?0?01, ???OOOO, ?0??01? 

7.12 Let C be an (n, k) linear code over F q, and for any y E Vn(q) define 
C - y = {x - y: x E C}. Clearly C - y is a coset of C; see Eq. (7.4). Show 
that C - y = C iffy E C. Hence show that: 
(a) If Xj is a fixed codeword of C, the number of codewords at Hamming 

distance i from Xj is Ai, the number of codewords of Hamming weight i. 
(b) The number of pairs of codewords (x, x') with dH(x, x') = i is exactly 

qkAi. 
7.13 Let C be an (n, k) linear code over Fq. An information set for C is a subset 

I = {iI, iz, ... , id ~ {I, 2, ... , n} such that, for any choice of 
aI, az, ... , ak from Fq , there is exactly one codeword (XI, ... , xn) from C 
with Xij = aI, ... , Xik = ak. (The terminology comes from the fact that the 
positions iI, ... , ik of the codewords can be used to carry the information, that 
is, the message u = (UI, ... , Uk); see p. 141.) 
(a) Show that every linear code has at least one information set. 
(b) Show that I is an information set for C iff columns iI, ... , ik of the 

generator matrix are linearly independent. 
(c) How many information sets do codes CI, Cz, C3 ofthis chapter have? 
(d) Let C be a binary linear code such that every k-element subset of 

{I, 2, ... , n} is an information set. Show that k = 0, I, n - I, or n. [Note: 
There are some nontrivial, nonbinary codes with this property (e.g., the 
Reed-Solomon codes of Section 9.6).] 

7.14 (Continuation). The notion of information set, introduced in Prob. 7.13, can be 
used to design a decoding algorithm for linear codes that differs markedly from 
syndrome decoding. It is sometimes called error trapping, or decoding with 
multipliers.u Suppose that C is an (n, k) linear code, and that we wish to 
correct all patterns of e or fewer errors with C. Let II, /Z, ... , Ir be informa­
tion sets with the additional property that for any e-element subset 
J ~ {I, 2, ... , n}, there exists at least one set Ii such that Ii n J = cjJ. 
(a) Suppose that y is the received codeword, and that it contains ~ e errors. 

For each i = 1,2, ... , r, let Xi = the unique codeword from C that agrees 
with y at the positions specified by 1;. Show that at least one of the x;'s so 
generated is the actual transmitted codeword. 

(b) Assuming that dmin(C) ;;. 2e + I, show that by comparing the x;'s to y, one 
by one, the transmitted codeword can be uniquely identified. 

(c) Apply this technique to the (7, 4) Hamming code. What is the smallest 
number of information sets that will suffice to correct I error? 

7.15 Suppose you were approached by a communications engineer who told you that 
his (binary) channel accepts words of length n and that the only kind of error 
pattern ever observed is one of the n + I patterns (000000, 000001, 000011, 
000111,001111,011111, 111111, illustrated for n = 6). Design a linear (n, k) 
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code that will correct all such patterns with as large a rate as possible. Illustrate 
your construction for n = 7. 

7.16 Let C be an (n, k) code with minimum distance dmin, and let e ~ f be 
nonnegative integers. Define E = {z: W}f(z) ~ e}, F = {z: WH(Z) ~ f}. Show 
that, if e + f < dmin, then C is E-correcting, F-detecting in the sense of 
Theorem 7.4. (In this special case the code is usually said to be "e-error­
correcting, f-error-detecting.") 

7.17 Although the binary Hamming code is ideally suited to the problem of 
correcting single errors, if the channel makes more than one error its perform­
ance is dismal. This problem will expose this flaw and suggest possible ways of 
remedying it. 
(a) Show that if a Hamming code is used but the channel makes 2 or more 

errors, the decoder is always wrong. 
(b) The extended Hamming code of length 2 m is defined to be the code 

obtained from the original Hamming code by adjoining an overall parity­
check bit; that is, if H is the original parity-check matrix, the new one is 

o 
o 

H'=: 

o 
1 

H 

Similarly, the expurgated 13 Hamming code has length 2m - 1 and 

H"= ,--I _H --,I. 
Calculate the dimensions of these two codes, and show that dmin = 4 in 
both cases. 

(c) Show that both the extended and the expurgated Hamming codes can be 
decoded in such a way that single errors are corrected and double errors are 
at least detected (see Prob. 7.16). 

7.18 Show that the n-fold repetition code, that is, the (n, 1) linear code with 
generator matrix G = [1111111] and n odd, is a perfect code in the sense that 
the Hamming spheres of radius (n - 1)/2 completely fill Vn(F2 ), without 
overlap. 

7.19 This problem will show you how to construct nonbinary Hamming codes. Let 
H be an m X n matrix with entries in Fq , a parity-check matrix for a certain 
linear code C. 
(a) Show that C will be a single-error-correcting code iff no column of H is all 

0, and no column is a scalar multiple of any other column. 
(b) Show that for a fixed value of m, if H has the properties in part ( a), then 
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n ~ (qm - l)/(q - 1), and that this bound is sharp. If n = 
(qm _ l)/(q - 1), the resulting code is called a q-ary Hamming code. 
Clearly, it has n = (qm - l)/(q - 1), k = n - m. 

(c) Construct parity-check matrices for the following Hamming codes: 

q 
3 
3 
5 

n 
4 

13 
6 

k 
2 

10 
4 

7.20 The object of this problem is to study the performance of a binary linear code 
on a Gaussian channel (see Section 4.1), with energy constraint E(X2) ~ {J and 
noise variance a 2 • In particular, we shall obtain an analogue of Theorem 7.5 for 
this channel. So let C be an (n, k) binary linear code; we modifY it for use on 
the Gaussian channel by mapping each "0" component of a codeword into 
+#, and each "1" into -#' We assume that the codewords are 
Xo, Xl, .•• , XM-l (with each codeword now having Euclidean length y'nfJ), 
that each codeword is sent with probability 1/ M, and that y is the received 
vector. 
(a) The minimum error probability decoding rule (see Prob. 2.13) is to set i 

equal to the Xi for which P {Xi transmittedly received} is largest. Show 
that this is equivalent to setting i equal to the Xi for which the Euclidean 
distance Ily - xiii is smallest. Show that this in turn is equivalent to finding 
the codeword Xi for which the inner product Xi . Y is largest. 

(b) Show that if there exists a codeword Xi for which Xi' Y > 
Ilyll . j{J(n - dmin), where dmin is the minimum distance of the code, then 
Xi must be the output of the maximum likelihood decoder described in part 
(a). (This observation is due to L. D. Baumert.) 

(c) As in the proof of Theorem 7.5, suppose Xo = (0, 0, ... ,0) 
(= (#, #, ... , #) after modification) is sent, and let Qi = P 
{decoder's output is Xi I Xo is sent}. Show that Qi ~ Q( II Xo - Xi II / 2a), 
where Q(a) = J~)O(2n)-1/2e-t2/2 dt. 

(d) Using the bound of Prob. 4.5 and the results of part (c), show that 
Qi ~ yw(x,), where y = e-fJl2a2 and W(Xi) denotes the Hamming weight 
of Xi. 

(e) Finally show that the overall decoder error probability is bounded by 
PE ~ A(y) - 1, where y = e-fJ/2a2. 

We saw in Section 7.3 that a code is capable of correcting all patterns of 
e or fewer errors iff the spheres of radius e around the codewords are 
disjoint iff no subset of e or fewer columns of H is linearly dependent. This 
of course implies that the more errors the code corrects, the smaller its rate 
will be. In the next 5 problems we shall derive some bounds on the 
relationship between d min and k for the best codes. For simplicity we shall 
restrict our attention to binary linear codes. For fixed nand d, let M L(n, d) 
denote the maximum possible number of codewords in a linear code with 
length n and minimum distance;;. d. 
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7.21 (The Gilbert-Varshamov bound). Show that ML(n, d) ;;. 2n 1[1 + m + 
... + (:i-dl. [Hint: Ifthe best linear code had fewer than this many words, at 
least one of its co sets would have all words of weight;;. d. But the union of a 
linear code with one of its co sets is also a linear code.] 

7.22 (The Hamming bound). Show that if a binary code of length n, linear or not, is 
capable of correcting e errors, it contains at most 2n/[l + (I) + ... + (~)l 
codewords. 

7.23 (Continuation). Show that the Hamming codes achieve the bound ofProb. 7.22. 
7.24 (The Plotkin bound). Let lfi: (Xl, ..• , xn) --+ Xi be the mapping that projects a 

binary vector onto its ith component. Show that, if X ranges through an (n, k) 
code C, lfi(X) = 0 has either 2k or 2k- 1 solutions. Use this fact to prove that 

LWH(X) ~ n· 2k-l. 

XEC 

Conclude that dmin(C) ~ n . 2k- 1 1(2k - 1). 
7.25 (Continuation). Suppose n;;' 2d - 2, and let Co be the code obtained by 

selecting all codewords from C that are 0 in the first n - 2d + 2 coordinates 
and deleting these coordinates. Applying the result of Prob. 7.24 to Co, 
conclude that 

ML(n, d) ~ 2n- 2d+2 d. 

7.26 The following result (de to Van de Meeberg) shows how to strengthen Theorem 
7.5 for a BSC. 
(a) Show that bound (7.13) can be improved to Qi ~ ydH(xo,xi)+1 if dH(xo, Xi) 

is odd. [Hint: in Prob. 0.2 it was shown that the error probability for a 
repetition code oflength 2n is the same as for one oflength 2n - 1.] 

(b) Hence show that Theorem 7.5 can be improved to PE ~ WI + y) 
A(y) + (1 - y)A( -y)] - 1. 

(c) Apply the bound obtained in part (b) to code Cl of this chapter, and 
compare the result to that obtained in Example 7.6. 

The next two problems deal with generalizations of Theorem 7.6, the 
MacWilliams identities. The first result merely supplies the details of the proof 
of Theorem 7.6 when q =1= 2. The second deals with nonlinear codes. 

7.27 Prove Theorem 7.6 for general q. [Hint: The proof given in the text will work 
once the quantity (x, y) (see Eq. (7.16» is suitably generalized. To do this, let 
(x, y) = A(X . y), where A is any nontrivial homomorphism of the additive 
group of Fq into the complex pth roots of unity, where q = pj and p is prime.] 

7.28 Prove the nonlinear MacWilliams identities: If C = {Xl, ... , XM} is a subset 
of Vn(Fq), define Ai = M- l . the number of pairs (x, x') from C with 
dH(x, x') = i. If the B/s are defined by the formula 

1~. . ~ . 
M L... A i(1- z)'[1 + (q - l)z]n-, = L... BjZl, 

i=O j=O 

then show that Bj ;;. 0 for all j. (The B/s apparently do not have a natural 
combinatorial significance, in general.) 
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7.29 The object of this problem is the computation of the weight enumerator for the 
general Hamming code. 
(a) Show that every nonzero codeword in the dual code of a binary Hamming 

code oflength n = 2 m - 1 has weight 2 m-] . 

(b) Hence show that for a binary Hamming code, 

(c) Generalize to nonbinary Hamming codes (see Prob. 7.19). 
7.30 In this problem we will define and investigate the important Reed-Muller codes. 

Let P( m, d) denote the set of all polynomials of degree ~ d in m variables over 
F2 . Let (vo, V], ... , VM-]), M = 2m , denote a list of all the 2 m binary vectors 
(x], X2, ••. , xm) in some order. Then, for each f E P(m, d), we get a binary 
vector oflength 2m via the mapping f -+ (I(vo), f(v]), ... , f(VM-]». The set 
of all vectors obtained in this way from polynomials in P( m, d) is called the dth 
order Reed-Muller code of length 2 m , or RM( m, d) for short. 
(a) Show that RM(m, d) is a binary (n, k) linear code with n = 2m and 

k = 1 + (I) + ... + (d)' 
(b) Show that the minimum distance of RM(m, d) is 2 m- d . [Hint: To show 

that dmin ;;' 2m- d , let f = f(x] , X2, ... , xm) E P(m, d), and consider 
f(O, X2, .•. , Xm) andf(l, X2, ••. , Xm) as polynomials in P(m - 1, d).] 

(c) Show that RM(m, d).l = RM(m, m - d -1). 
(d) Show that RM( m, m - 2) = the extended Hamming code of Prob. 7.17b. 
(e) Compute the weight enumerators of RM( m, d) for d = 0, 1, m - 2, m - 1, 

m, and all m. 
7.31 (Shortening a linear code). Let C be an (n, k) linear code with parity-check 

matrix of the form H = [Bln- k], where B is (n - k) X k and I n- k is an 
(n - k) X (n - k) identity matrix. If 1 ~ t ~ k, the code C t whose parity­
check matrix is H t = [Btln-k]' where B t is the (n - k) X (k - t) matrix 
obtained by deleting the first t columns of B, is called a shortened version ofe. 
(See also Prob. 7.25.) 
(a) Show that C t consists of all codewords of C whose first t coordinates are 

equal to 0, with these coordinates deleted. 
(b) Show that C t is an (n - t, k - t) linear code. 
(c) Show that dmin(C t );;. dmin(C). 

7.32 (Interleaved codes for burst-error protection). A binary error pattern z of length 
n is called a burst of length b if the 1 's in z are confined to b consecutive 
components of z. For example, z = (00 ... 00100101100 ... 00) is a burst of 
length b for all b ;;. 7. Similarly, if the 1 's in z can be confined to e such bursts, 
z is called a pattern with e bursts of length b. For example, the z given above 
can be thought of as 2 bursts of length 4. 

Now let H be an m X n parity-check matrix for an (n, k) binary linear code 
C. The b-fold interleaving of C is the (nb, kb) code C(b) with mb X nb parity­
check matrix 
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J 
where [cJ, ... , cn ] are the columns of H, and blanks denote O's. 

(a) Show that each codeword in C(b) is an "interleaving" of b codewords from 
c. 

(b) Assume the original code C corrects all patterns of weight ~ e, and detects 
all patterns of weight ~ f (cf. Prob. 7.16). Then show that C(b) corrects 
all patterns of e bursts of length b, and detects all patterns of f bursts of 
length b. 

(c) Construct parity-check matrices for (i) a (21, 12) code that corrects all 
single bursts oflength 3; (ii) a (25, 20) code that detects all bursts oflength 
5. Given an efficient decoding algorithm for both codes. 

Notes 

1 (p. 139). We pause here to bid adieu to Shannon; for on the subject of explicit 
codes that do what his coding theorems promise he has been silent. 

2 (p. 139). More precisely, linear block codes, to distinguish them from the linear 
convolutional codes of Chapter 10. 

3 (p. 139). Since this requires that q be a prime power, we cannot consider input 
alphabets with 6, 10, 12, 14, ... elements. 

4 (p. 140). The discussion that follows assumes the reader is familiar with certain 
elementary facts about linear algebra, such as can be found, for example, in Birkhoff 
and MacLane [3], Chapter 7. 

5 (p. 141). Usually an RRE matrix is permitted to have some rows that are 0, so that 
the number of rows in the matrix does not change in the transition to RRE form. We 
shall assume, however, that if zero rows appear in the reduction they are deleted. 

6 (p. 142). The name comes from the fact that in the binary case a parity-check says 
that each codeword has an even number of 1 's in a certain fixed subset of the coordinate 
positions. 

7 (p. 142). Here and elsewhere T is the transpose operator. 
8 (p. 143). The simplicity of this transition (from G to H) is of course no accident; 

the RRE form is designed to do this. For example, to solve the system of linear 
homogeneous equations represented by G2 (p. 140): 

X3 +X4 = 0, 

one first puts G into RRE form; the equations become (cf. G5. on p. 141) 
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+Xs = 0 

+Xs = 0 

X4+XS=0 

at which point it becomes obvious that X2 and Xs can be chosen independently, and that 
XI = X2 + Xs, X3 = Xs, X4 = Xs, that is, every solution to the original system is a linear 
combination ofthe rows ofthe following matrix: 

[~ 
which is just the matrix H2 on p. 143. 

1 
o 

o 0 

9 (p. 144). See Note 5 ofthe Introduction. 
10 (p. 144). If we forget about the multiplicative structure of the field Fq and view it 

merely as an additive group with q elements, the code C becomes a subgroup of the 
direct product Fq X··· X Fq, and the subset C + Zo defined in Eq. (7.4) is a coset of 
this subgroup. For this reason you will occasionally see linear codes referred to as 
"group codes," 

11 (p. 149). Usually the codes for m = 1, 2 are not considered to be Hamming codes, 
since they are so simple. 

12 (p. 160). This terminology, which is due to G. Solomon, arises as follows. If I is 
an information set for C, let mI = (ml, m2, ... , mn ) denote the indicator of I, that is, 
mi = 1 if i E I, = 0 otherwise. Then, if y is the received word, we can multiply y by 
m I, and recover x, provided that no errors have occurred in the information set. 

13 (p. 161). So called because the codewords of odd weight have been expurgated 
from C. 



8 
Cyclic codes 

8.1 Introduction 

At the beginning of Chapter 7, we said that by restricting our attention to 
linear codes (rather than arbitrary, unstructured codes), we could hope to find 
some good codes which are reasonably easy to implement. And it is true that 
(via syndrome decoding, for example) a "small" linear code, say with 
dimension or redundancy at most 20, can be implemented in hardware 
without much difficulty. However, in order to obtain the performance 
promised by Shannon's theorems, it is necessary to use larger codes, and in 
general, a large code, even if it is linear, will be difficult to implement. For 
this reason, almost all block codes used in practice are in fact cyclic codes; 
cyclic codes form a very small and highly structured subset of the set of linear 
codes. In this chapter, we will give a general introduction to cyclic codes, 
discussing both the underlying mathematical theory (Section 8.1) and the 
basic hardware circuits used to implement cyclic codes (Section 8.2). In 
Section 8.3 we will show that Hamming codes can be implemented as cyclic 
codes, and in Sections 8.4 and 8.5 we will see how cyclic codes are used to 
combat burst errors. Our story will be continued in Chapter 9, where we will 
study the most important family of cyclic codes yet discovered: the BCHI 
Reed-Solomon family. 

We begin our studies with the innocuous-appearing definition of the class 
of cyclic codes. 

Definition An (n, k) linear code over afield F is said to be a cyclic code if, 
jor every codeword C = (Co, C I , ... , Cn-I), the right cyclic shift ojC, viz. 
C R = (Cn- I , Co, ... , Cn- 2 ), is also a codeword. 

As we shall see, there are many cyclic codes, but compared to linear codes, 
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they are quite scarce. For example, there are 11,811 linear (7, 3) codes over 
GF(2), but only two are cyclic! 

Example 8.1 If F is any field, and n is an integer ;;. 3, there are always at 
least four cyclic codes of length n over F, usually called the four trivial cyclic 
codes: 

• An (n, 0) code, consisting of just the all-zero codeword, called the no­
information code. 

• An (n, 1) code, consisting of all codewords ofthe form (a, a, ... , a), for 
a E F, called the repetition code. 

• An (n, n - 1) code, consisting of all vectors (Co, C1, ... , Cn-d such 
that LiCi = 0, called the single-parity-check code. 

• An (n, n) code, consisting of all vectors oflength n, called the no-parity 
ook D 

For some values of nand F, the trivial cyclic codes described in Example 
8.1 are the only cyclic codes of length n over F (e.g., n = 19 and F = 

GF(2)). However, there are often other, more interesting cyclic codes, as the 
next two examples illustrate. 

Example 8.2 Consider the (7,3) linear code over GF(2) defined by the 
generator matrix 

G = [~ ~ ~ ~ 
001 0 

1 
1 
1 

o 0] 
1 0 . 
1 1 

This code has eight codewords. Denoting the rows of G by Cl, C2 , C3, the 
nonzero codewords are: 

C1 = 1011100, 

C2 = 0101110, 

C3 = 0010111, 

C 1 +C2 = 1110010, 

C2+C3 = 0111001, 
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This code is in fact a cyclic code. To verify this, we need to check that the 
right cyclic shift of each codeword is also a codeword. For example, the right 
cyclic shift ofCI is C2 . The complete list of right cyclic shifts follows: 

D 

Example 8.3 Consider the (4, 2) linear code over GF(3) defined by the 
generator matrix 

° 2 0] 1 2 2 . 

This code has nine codewords. Denoting the rows of G by CI and C2 the 
nonzero codewords are: 

C I = 1020, 

2C I = 2010, 

C2 = 1122, 

2C2 = 2211, 

2CI + 2C2 = 1221. 
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This code is also a cyclic code. For example, the right cyclic shift of C! is 
2C! + C2 . The complete list of right cyclic shifts follows: 

D 

The definition of a cyclic code may seem arbitrary, but in fact there are 
good reasons for it, which begin to appear if we introduce the notion of the 
generating function of a codeword. If C = (Co, ... , C n-d is a codeword, its 
generating function is defined to be the polynomial 

where x is an indeterminate. The reason this is useful is that by using 
generating functions, we can give a simple algebraic characterization of the 
right cyclic shift of a codeword. In order to give this characterization, we need 
to define the important "mod" operator for integers and polynomials.! 

Definition If p and m are integers with m > 0, then "p mod m" denotes the 
remainder obtained when p is divided by m; thus p mod m is the integer r 
such that p - r is divisible by m, and ° ~ r ~ m - 1. Similarly, if P(x) and 
Q(x) are polynomials, P(x)modM(x) denotes the remainder when P(x) is 
divided by M(x); thus P(x) mod M(x) is the unique polynomial R(x) such that 
P(x) - R(x) is divisible by M(x) and deg R(x) < deg M(x). D 
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Example 8.4 Here are some examples. 

7mod5 = 2, 

-6mod4 = 2, 

4mod6 = 4, 

21 mod7 = 0, 

x 1000 mod(x2 + x + 1) = x, 

(5x2 + l)mod(x2 + 1) = -4 (over the reals), 

(x + 1)3 mod(x2 + 1) = ° (over GF(2)), 

D 

The following lemma lists the most important properties of the mod 
operator for polynomials. 

Lemma 1 
(a) if deg P(x) < deg M(x), then P(x) mod M(x) = P(x). 

(b) if M(x)IP(x), then P(x)modM(x) = 0. 
(c) (P(x) + Q(x)) mod M(x) = P(x) mod M(x) + Q(x) mod M(x). 

(d) (P(x)Q(x)) mod M(x) = (P(x)(Q(x) mod M(x))) mod M(x). 

(e) if M(x)IN(x), then (P(x) mod N(x)) mod M(x) = P(x) mod M(x). 

Proof Left as Problem 8.5. D 

Now we can give the promised algebraic characterization of the right cyclic 
shift operation. 

Theorem 8.1 if C = (Co, C1, ... , Cn) is a codeword with generating func­
tion C(x) = Co + C1x + ... + Cn_1x n- 1, then the generating function 
CR(x) for the right cyclic shift C R is given by the formula 

CR(x) = xC(x)mod(xn - 1). 
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Proof Since C(x) = Co + C1x + ... + Cn_1x n- 1, we have 

xC(x) = Cox + ... + Cn_2x n- 1 + Cn_1x n, 

CR(x) = Cn- 1 + Cox + ... + Cn_2x n- 1. 

Hence xC(x) - CR(x) = Cn_1(x n - 1). Since deg CR(x) < deg(xn - 1), and 
xC(x) - CR(x) is a multiple of xn - 1, the result follows from the definition 
of the mod operation. D 

The generating function for a codeword is so useful that we will often not 
bother to distinguish between a codeword and its generating function. Thus 
for example we might view an (n, k) linear code as a set of polynomials of 
(formal) degree n - 1, such that any linear combination of polynomials in the 
code is again in the code. From this viewpoint, by Theorem 8.1, a cyclic code 
is a linear code such that if C(x) is a codeword, then xC(x)mod(xn - 1) is 
also. By repeatedly applying the right cyclic shift generation, we find that 
xiC(x)mod(xn - 1) is a codeword, for all i;=: 0 (see Problem 8.6). The 
following theorem is a generalization of this observation. For convenience, we 
introduce the notation 

[P(x)]n 

as a shorthand for 

P(x) mod (xn - 1). 

Theorem 8.2 IjC is an (n, k) cyclic code, and if C(x) is a codeword in C, 
then for any polynomial P(x), [P(x)C(x)]n is also a codeword in C 

Proof Suppose P(x) = 'L~oPiXi. Then 

[p(x)c(x)l. ~ [ (tp,x') c(x>]. 
m 

= L pi[XiC(X)]n 
i=O 

by Lemma l(c). But by the remarks immediately preceding the statement of 
this theorem, [xiC(x)]n is a codeword for each i, and so, since the code is 
linear, the linear combination 'LPi[XiC(X)]n is also a codeword. D 

Example 8.S Consider the (7, 3) cyclic code of Example 8.2. The codeword 
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e l + e3, viewed as a polynomial, is 1 + x3 + x5 + x6. According to Theorem 
8.2, if we multiply this polynomial by any other polynomial, and reduce the 
result mod (x7 - 1), the resulting polynomial will also be in the code. For 
example: 

= e l + e2 + e3 , 

[(1 +x2 +x3)(1 +x3 +x5 +x6)h = o. D 

The key to the design and analysis of cyclic codes IS the generator 
polynomial. 

Definition If C is a cyclic code, a nonzero polynomial of lowest degree in C is 
called a generator polynomial for C. The symbol g(x) is usually reserved to 
denote a generator polynomial. 

Example 8.6 In the code of Example 8.2, the codeword e l , viewed as a 
polynomial, has lowest degree among all nonzero codewords, and so 
g(x) = 1 + x2 + x3 + x4 is the generator polynomial for this code. In the 
code of Example 8.3, there are two lowest-degree polynomials, viz. 
el = 2x2 + 1 and 2eI = x2 + 2. The first part ofthe following lemma shows 
that the generator polynomial for a cyclic code is always unique up to 
multiplication by scalars, and so we are justified in referring to the generator 
polynomial of a cyclic code, and assuming it is monic. Thus for the code of 
Example 8.3, normally one would say that g(x) = x2 + 2 is the generator 
polynomial. D 

Lemma 2 Suppose that C is a cyclic code with generator polynomial g(x). 

(a) If g'(x) is another generator polynomial, then g'(x) = )'g(x),for some 
nonzero element). E F. 

(b) If P(x) is a polynomial such that [P(x)]n is a codeword, then g(x) 
divides P(x). 

Proof To prove (a), suppose that g(x) = grxr + ... + go and g'(x) = 

g~xr + ... + go, with gr -# 0 and g~ -# O. Then if). = g~/ gr the polynomial 
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g"(x) = g'(x) - Ag(X) has degree less than r and is in C. But r is the lowest 
possible degree among nonzero codewords in C, so that g"(x) = 0, i.e., 
g'(x) = Ag(X). 

To prove (b), let Q(x) and R(x) be the quotient and remainder obtained 
when P(x) is divided by g(x), i.e., 

P(x) = Q(x)g(x) + R(x), (8.1) 

with deg R < deg g. Reducing each of these polynomials modxn - 1, and 
using the fact that deg R < deg g :s: n - 1 (the latter inequality since g(x) is a 
codeword), we obtain 

R(x) = [P(x)]n - [Q(x)g(x)]n. 

But [P(x)]n is a codeword by assumption, and [Q(x)g(x)]n is a codeword by 
Theorem 8.2. Thus, since C is linear, R(x) is a codeword also. But 
deg R < deg g, and g(x) is a nonzero codeword of least degree, so R(x) = 0, 
and (8.1) becomes 

P(x) = Q(x)g(x) 

which shows that g(x) divides P(x). D 

We can now state and prove the main theorem about cyclic codes. It 
establishes a one-to-one correspondence between cyclic codes oflength nand 
monic divisors of xn - 1. 

Theorem 8.3 
(a) IfC is an (n, k) cyclic code over F, then its generator polynomial is a 

divisorofx n - 1. Futhermore, the vector C = (Co, CI ... , Cn-d is in 
the code if and only if the corresponding generating function 
C(x) = Co + CIx + ... + Cn_Ix n- 1 is divisible by g(x). If k denotes 
the dimension ofC, then k = n - deg g(x). 

(b) Conversely, if g(x) is a divisor ofxn - 1, then there is an (n, k) cyclic 
code with g(x) as its generator polynomial and k = n - deg g(x), 
namely, the set of all vectors (Co, CI , ... , Cn-I) whose generating 
functions are divisible by g(x). 

Proofof(aJ First, let P(x) = xn - 1 in Lemma 2(b); [P(x)]n = 0, which is of 
course a codeword, and so g(x) divides xn - 1. Next, by Theorem 8.2, any 
vector of length n whose generating function is a multiple of g(x) is a 
codeword. Conversely, if C(x) = Co + CIx + ... + Cnx n- I is a codeword, 
then [C(x)]n = C(x) and so Lemma 2 implies that g(x) divides C(x). Finally, 
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the assertion about the degree of g(x) follows since C(x) = Co + 
CIx + ... + Cn_Ix n- 1 is a multiple of g(x) if and only if C(x) = g(x)I(x), 
where degI ~ n - 1 - deg g. 

Proof of (b) Suppose that g(x) is a divisor of xn - 1. Then 
C(x) = (Co, CI , ... , Cn- I) is a multiple of g(x) if and only if C(x) = 

g(x)I(x), where deg g + deg I ~ n - 1. Thus the set of all such words is an 
(n, k) linear code, where k = n - deg g. To show that this code is cyclic, we 
must show that the right cyclic shift of any codeword is also a codeword. Thus 
let I(x)g(x) be any codeword; by Theorem 8.1, its right cyclic shift is 
[xI(x)g(x)]n. But since g(x) divides xn - 1, we have 

[xI(x)g(x)]n mod g(x) = [xI(x)g(x)] mod g(x) (by Lemma l(e)) 

= 0 (by Lemma l(b)), 

which proves that [xI(x)g(x)]n is a multiple of g(x), so the code is indeed a 
cyclic code. D 

Theorem 8.3 shows the importance of the generator polynomial of a cyclic 
code. A closely related, and equally important, polynomial is the parity-check 
polynomial for a cyclic code, which is denoted by h(x), and defined by 

xn -1 
h(x) = g(x) . 

The following corollaries to Theorem 8.3 give explicit descriptions of 
generator and parity-check matrices for a cyclic code, in terms of g(x) and 
h(x). 

Corollary 1 if C is an (n, k) cyclic code with generator polynomial 
g(x) = go + glX + ... + grxr (with r = n - k), and parity-check poly­
nomial h(x) = ho + hix + ... + hkxk, then the following matrices are gen­
erator and parity-check matrices for C: 

go gi gr 0 0 g(x) 

0 go gi gr 0 0 xg(x) 
GI = 

0 0 go gi ... . .. gr Xk- I g(x) 
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hk hk- I ho 0 

:1-
iiix) 1 0 hk hk-I ho 0 xh(x) 

H I = 

xr-l:h(X) , 0 0 hk hk- I 

- k where hex) = hk + hk- I + ... + hox is h(x)'s "reciprocal" polynomial. 
Furthermore, if the vector I = (10, II, ... , h-I) is encoded as C = IGI (cf. 
Eq. (7.1», then the generating functions I(x) = 10 + Ilx + ... + h_IXk- 1 

and C(x) = Co + Clx + ... + Cn_Ix n- 1 are related by 

C(x) = I(x)g(x). 

Proof The ith row of GI , by definition, is Xi g(x) , for i = 0, 1, ... , k - l. 
Each of these k vectors is in C by Theorem 8.2, and they are linearly 
independent since each row has a different degree. Since C is k-dimensional, 
it follows that GI is a generator matrix for C. Furthermore, the vector IGI , 

where 1= (10, h ... , h-I), has generating function Iog(x) + hxg(x) + 
... + In_Ix n- 1 g(x) = I(x)g(x). 

To prove that HI is a parity-check matrix for C, note that the inner product 
of the ith row of GI and the jth row of HI is the coefficient of xk-i+ j in the 
product g(x)h(x). But g(x)h(x) = xn - 1, and since the index k - i + j 
ranges from 1 (when i = k - 1 and j = 0) to n - 1 (when i = 0 and 
j = r - 1), each ofthese inner products is zero. Thus each row of HI is in the 
nullspace of C; but the nullspace of C is r-dimensiona1, and HI has r linearly 
independent rows, so HI is in fact a parity-check matrix for C. D 

The matrices in Corollary 1 are sometimes useful, but more often, the 
"systematic" matrices in the following Corollary 2 are used. 

Corollary 2 Let C be an (n, k) cyclic code with generator polynomial g(x). 

For i = 0, 1, ... , k - 1, let G2,i be the length n vector whose generating 
function is G2,i(X) = x r+i - x r+i mod g(x). Then the k X n matrix 

G2,0 

G2,1 

G2,k-1 

is a generator matrix for C. Similarly, if H 2,j is the length r vector whose 
generating function is H 2,j(x) = x j mod g(x), then the r X n matrix 



8.1 Introduction 177 

H2 = [HIo, HL, ... , HIn-d 

is a parity-check matrix for C. Furthermore, if the vector 1= (10, ft, ... , 
I k-l) is encoded as C = IG2, then the generating functions I(x) and C(x) are 
related by 

C(x) = xr I(x) - [xr I(x)] mod g(x). 

Also, if the syndrome of the vector R = (Ro, Rl, ... , Rn-l) is calculated as 
ST = H 2R T , then the generating functions R(x) and Sex) are related by 

Sex) = R(x) mod g(x). 

Proof The ith row of G2 is a multiple of g(x) and so a codeword of C, 
because 

[x r+i _ x r+i mod g(x)] mod g(x) = x r+i mod g(x) - x r+i mod g(x) 

=0 

by Lemma 1 parts (c) and (a). Since G2 has k linearly independent rows (the 
last k columns of G2 form a k X k identity matrix), each of which is a 
codeword, G2 is a generator matrix of C. Furthermore, the vector IG2, where 
1= (10, ft, ... ,h-l), has generating function Io(xr - xr mod g(x)) + 
I1(x r+1 -xr+1modg(x)) + ... + h_l(Xr+k-l -xr+k-lmodg(x)) = xrI(x) 

_[xr I(x)] mod g(x). 

To prove the assertion about H2, note first that H2 has rank r (its first r 
columns form an r X r identity matrix). Furthermore, if R = (Ro, R1, ••• , 

Rn- 1) is a received word, then H2RT is an r X 1 column vector with generat­
ing function l:;~~ Ri:J mod g(x)) = (l:;~~ Rjxj) mod g(x)) = R(x) mod g(x). 
If R(x) is a codeword, then R(x) mod g(x) = 0 by Theorem 8.3(a), and so 
H2RT = 0 for any codeword. Thus shows that H2 is a parity-check matrix for 
C. On the other hand, if R is an arbitrary received vector, its syndrome with 
respect to H2 is S = H2R T, which, as we have just seen, has generating 
function Sex) = R(x) mod g(x), as asserted. D 

Note The form of the syndrome relative to the parity-check matrix H2 as 
described in Corollary 2 is so natural that it is common to refer to it simply as 
the remainder syndrome of the vector R with respect to the cyclic code with 
generator polynomial g(x). D 

Example 8.7 In Example 8.6 we saw that the generator polynomial for 
the (7, 3) cyclic code of Example 8.2 is g(x) = x4 + x 3 + x 2 + 1. The 
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corresponding parity-check polynomial is then hex) = (x? + 1)/ 
(x4 + x 3 + x 2 + 1) = x 3 + x2 + 1. The eight codewords, as multiples of g(x), 

are: 

Co = O· g(x), 

C 1 = 1· g(x), 

C2 = x· g(x), 

C3 = x 2 . g(x), 

C4 = (1 +x)· g(x), 

Cs = (1 + x 2) . g(x), 

C6 = (x + x 2) . g(x), 

C? = (1 + x + x 2) . g(x). 

The generator and parity-check matrices described in Corollary 1 are 

[~ 
0 1 1 0 0] [g(X)] G1 = 1 0 1 1 o = xg(x) , 
0 1 0 1 x 2 g(x) 

HI ~ [~ 
0 1 0 0 0] [h(X)] 1 1 0 1 0 o _ xh(x) 

0 1 1 0 1 o - x2~(x) . 

0 0 1 1 0 1 x 3 hex) 

The generator and parity-check matrices described in Corollary 2 are 

[l 
0 0 

~l 
[X' - x'moo g(x) 1 

G2 = 1 0 0 1 = x S -xSmodg(x) , 

1 0 0 x 6 - x6 mod g(x) 

1 0 0 0 1 1 

] 0 1 0 0 0 1 
H2 = 

0 0 1 0 1 

0 0 0 0 

= [1, x, x 2, x 3, X4 mod g, xSmodg, x6 modg]. 
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Note the appearance of a 3 X 3 identity matrix on the right side of G2 , and the 
4 X 4 identity matrix on the left side of H 2 . This is what makes these matrices 
"systematic." If we wish to obtain generator and parity-check matrices of the 
form G = [hAl and H = [_AT In-k], as promised in Theorem 7.1, we can 
use the cyclic property of the code, cyclically shifting the rows of G2 three 
places to the right, and those of H2 three places to the right, thus obtaining 

[~ 
0 0 1 0 1 n G3 = 1 0 1 1 1 
0 0 1 1 

H, ~ [t 
1 0 1 0 0 

n 1 1 0 1 0 
1 1 0 0 1 
0 1 0 0 0 

(For another way to describe G3 and H 3, see Problem 8.9.) If we encode the 
vector 1=[101] using GI , the resulting codeword is (1 + x2 )(1 + x2 + 
x3 + x4) = 1 + x3 + x5 + x6 = [1001011]. On the other hand, if we use G2 

instead, the codeword is x4(1 + x2) - [x4(1 + x2)] mod(x4 + x3 + x2 + 1) = 

x6 + X4 + X + 1 = [11001010]. The syndrome of the vector R = [1010011] 
with respect to HI is [1101]. (For an efficient way to make this computation, 
see Problem 8.10.) On the other hand, if we use H2 instead, we find 
that the "remainder" syndrome is R(x) mod g(x) = (1 + x2 + x5 + x6) 
mod(1 + x2 + x3 + x4) = x3 + x2, i.e., S = [0011]. D 

Example 8.8 In Example 8.6 we saw that the generator polynomial for the 
(4,2) GF(3)-cyclic code of Example 8.3 is g(x) = x2 + 2 = x2 - 1. Then the 
parity-check polynomial is (X4 - 1)/(x2 - 1) = x2 + 1. The generator and 
parity-check matrices of Corollary 1 to Theorem 8.3 are then 

GI = [~ 0 1 ~l 2 0 

HI = [~ 0 1 n 1 0 

and 

G2 = [~ 0 1 ~l 2 0 

H2 = [~ 0 1 ~l 1 0 
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It is only a coincidence that GI = G2 and HI = H2 in this case. But see 
Problem 8.21. D 

According to Theorem 8.3, the cyclic codes oflength n over a given field F 
are in one-to-one correspondence with the monic divisors of xn - lover F. 
Plainly then, in order to study cyclic codes over F it is useful to know how to 
factor xn - lover F. Although we shall not make a systematic study of the 
factorization of xn - 1 here, in Table 8.1 we give the factorization of xn - 1 
over GF(2), for 1 ::;; n ::;; 31. This table contains all the information necessary 
for a study of cyclic codes of length::;; 31 over GF(2). 

Example 8.9 Let's use Table 8.1 to list all possible binary codes oflength 7. 
According to Table 8.1, x 7 - 1 factors into three distinct irreducible factors: 
x7 - 1 = (x + 1)(x3 + X + 1)(x3 + x 2 + 1), and so x7 - 1 has 23 = 8 distinct 
divisors g(x). This yields the following list: 

(n, k) 

(7,7) 
(7,6) 
(7,4) 
(7,4) 
(7,3) 
(7,3) 
(7, 1) 
(7,0) 

g(x) 

1 
x+l 

x 3 + x + 1 
x 3 +x2 + 1 

(x + 1)(x3 + X + 1) 
(x+ 1)(x3 +x2 + 1) 

(x3 +x+ 1)(x3 +x2 + 1) 
x7 + 1 

comment 

no parity code 
overall parity-check code 
Hamming code 
Hamming code 
Example 8.2 code 
Example 8.2 code "reversed" 
repetition code 
no information code 

For example, we assert that the (7, 4) cyclic code with g(x) = x 3 + X + 1 is 
a Hamming code. To see why this is so, we note that the parity-check 
polynomial is (x7 + 1)/(x3 + X + 1) = x4 + x 2 + X + 1. Thus by Corollary 1 
to Theorem 8.3, a parity-check matrix for this code is 

[
1 0 1 1 1 

H= 0 1 0 1 1 
00101 

o 0] 
1 0 . 
1 1 

The columns of H are nonzero and distinct, and so by the definition in Section 
7.4, this is indeed a Hamming code. We leave the investigation of the other 
"comments" as Problem 8.23. D 
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In Example 8.9, we saw that g(x) = x 3 + X + 1 generates a (7,4) Hamming 
code. But according to Table 8.1, g(x) divides not only x 7 - 1, but also 
xl4 - 1; in fact, x 3 + x + llxn - 1 for any n which is a multiple of 7 (see 
Problem 8.24). Thus by Theorem 8.3(b), g(x) generates a whole family of 
cyclic codes, with parameters (7,4), (14,11), (21,18), .... However, all of 
these codes except the first contain a vector whose generating function is 
x 7 - 1, and so have minimum weight equal to 2. Hence these codes are not 
interesting for error correction; we shall call them improper cyclic codes. 
(See Problem 8.26.) In the rest of this chapter, when we refer to an (n, k) 
cyclic code with generator polynomial g(x), we shall assume it is a proper 
cyclic code, i.e., one for which n is the smallest positive integer such that 
g(x)lxn - 1. This integer is sometimes called the period of g(x), since it is 
the period ofthe sequence [Xi mod g(x)L~o. See Problem 8.27 for a discussion 
of cyclic codes for which the parity-check polynomial has period less than n.) 
With this convention established, we are ready to continue our study of cyclic 
codes. 

8.2 Shift-register encoders for cyclic codes 

Now that we know by Theorem 8.3 that every cyclic code is characterized by 
its generator polynomial, we can begin to see why cyclic codes are much 
easier to implement than arbitrary linear codes. In this section we shall show, 
in fact, that every cyclic code can be encoded with a simple finite-state 
machine called a shift-register encoder. 

Recall that an encoding algorithm for an (n, k) linear code, cyclic or not, is 
a rule for mapping the set of length-k information sequences 
(10, h, ... , h-I) onto the set oflength-n codewords (Co, CI , ... , Cn-I), or 
equivalently for mapping the information polynomials lex) = (10, hx + 
... + h_IX k- 1 onto the set of code polynomials C(x) = Co + Clx + 
... + Cn_Ix n- l . If the code is cyclic, Theorem 8.3 tells us that C(x) is a 
codeword if and only if C(x) is a multiple of g(x), and so, as we saw in 
Corollary 1 to Theorem 8.3, one way to change an information polynomial 
lex) into a code polynomial is simply to multiply lex) by g(x): 

lex) ----; l(x)g(x). (8.2) 

It turns out that polynomial multiplication is easy to implement using some­
thing called shift-register logic, and we shall now make a brief study of this 
subject.2 

Figure 8.1 is an abstract representation of a machine capable of multiplying 



Table 8.1 Factorization of xn - 1 (= xn + 1) into powers of irreducible polynomials over GF(2), for 1 ~ n ~ 31. 

n xn + 1 = 

1 (x + 1) 
2 (x + 1)2 
3 (x+1)(x2+x+1) 
4 (x+1)4 
5 (x+1)(x4+x3 +x2+x+1) 
6 (x+1)2(x2+x+1)2 
7 (x+ 1)(x3 +x+ 1)(x3 +x2 + 1) 
8 (x + 1)8 
9 (x + 1)(x2 + X + 1)(x6 + x3 + 1) 

10 (x + 1)2(x4 + x3 + x2 + X + 1)2 
11 (x + l)(x lO + x9 + x8 + x7 + x6 + x 5 + x4 + x3 + x2 + X + 1) 
12 (x + 1)4(x2 + X + 1)4 
13 (x + 1)(x I2 + Xll + x lO + x9 + x8 + x7 + x6 + x 5 + X4 + x3 + x2 + X + 1) 
14 (x + 1)2(x3 + X + 1)2(x3 + x2 + 1)2 
15 (x+ 1)(x2 +x+ 1)(x4 +x+ 1)(x4 +x3 + 1)(x4 +x3 +x2 +x+ 1) 
16 (x + 1)16 
17 (x + 1 )(x8 + x5 + x4 + x3 + 1 )(x8 + X 7 + x6 + x4 + x2 + X + 1) 
18 (x + 1)2(x2 + X + 1)2(x6 + x3 + 1)2 
19 (x+ 1)(x I8 +x17 +x16 + ... + x+ 1) 
20 (x + 1)4(x4 + x3 + x2 + X + 1)4 
21 (x+ 1)(x2 +x+ 1)(x3 +x+ 1)(x3 +x2 + 1)(x6 +x4 +x2 +x+ 1)(x6 +x5 +x4 +x2 + 1) 
22 (x + 1)2(x lO + x9 + x8 + x7 + x6 + x 5 + x4 + x3 + x2 + X + 1)2 
23 (x+ l)(x ll +x9 +x7 +x6 +x5 +x+ l)(xll +xlO +x6 +x5 +x4 +x2 + 1) 
24 (x + 1)8(x2 + X + 1)8 
25 (x + 1 )(x4 + x3 + x2 + X + 1 )(x20 + x l5 + x lO + x5 + 1) 
26 (x+ 1)2(xI2 +Xll +xlO +x9 +x8 +x7 +x6 +x5 +X4 +x3 +x2 +x+ 1)2 
27 (x + 1)(x2 + X + 1)(x6 + x3 + 1)(xI8 + x9 + 1) 
28 (x + 1)4(x3 + X + 1)4(x3 + x2 + 1)4 
29 (x+ 1)(x28 +X27 + ... + x+ 1) 
30 (x + 1)2(x2 + X + 1)2(x4 + X + 1)2(x4 + x3 + 1)2(x4 + x3 + x2 + X + 1)2 
31 (x + 1 )(x5 + x2 + 1 )(x5 + x3 + 1 )(x5 + x3 + x2 + X + 1 )(x5 + X4 + x2 + X + 1 )(x5 + X4 + x3 + X + 1 )(x5 + X4 + x3 + x2 + 1) 
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output 

input 

Figure 8.1 A shift-register circuit for multiplying by g(x) = go + gjX + ... + grxr. 
Alternatively, this is an encoder for an (n, k) cyclic code with generator polynomial 

g(x), with r = n - k. 

an arbitrary polynomial lex) by a fixed polynomial g(x). Before proving that 
the circuit works, we had better explain its various components. 

The circuit in Figure 8.1 is build by connecting together three types of 
components: flip-flops, adders, and constant multipliers. The most important 
of these is the flip-flop, sometimes called a delay element: 

a flip-flop 

A flip-flop is a device which can store one element from the field F. Not 
pictured in our simplified circuit diagrams, but an important part of them, is 
an external clock which generates a timing signal ("tick") every to seconds.3 

When the clock ticks, the contents of the flip-flop are shifted out of the flip­
flop in the direction of the arrow, through the circuit, until the next flip-flop is 
reached. Here the signal stops until the next tick. The contents of the shift 
register can be modified by the circuit between successive flip-flops, which is 
where the other two logic elements come in. The two-input adder, which 
looks like this 

an adder 

- is a device that computes the sum of its two input signals. (The circuit is 
always arranged in such a way that after every tick each input to the adder 
receives exactly one signal, so that the adder's output is always unambiguous.) 
Finally we come to the simplest circuit element, the constant multiplier: 

constant multiplier 
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This device simply multiplies its input by the constant a, with no delay. 
Now let's see if we can understand why the circuit of Figure 8.1 can be used 

for polynomial multiplication. We first write out in detail the formulas for the 
coefficients of the product C(x) = Co + Clx + ... + Cn_Ix n- l , where 
C(x) = I(x)g(x): 

(8.3) 

The flip-flops of Fig. 8.1 are initially filled with O's. We then feed in the 
sequence 10 , ... , h-I' followed by r = n - k O's, one bit every tick, to the 
shift register via the input arrow. Let us now study the behavior of the circuit 
at each tick of the clock: 

Tick 0: 

Tick 1: 

Input: 10 
Shift-register contents: [0, 0, 0, ... , 0] 
Output: logo 
Input: II 
Shift-register contents: [10, 0, 0, ... , 0] 
Output: Iog l + II go 

Tick j: Input: Ij 

Shift-register contents: [Ij_I, ... , h, 10 , ... , 0] 
Output: Iogj + hgj-I + ... + Ijgo 

Tick n - 1: Input: ° 
Shift-register contents: [0, ... , 01 k-d 
Output: I k-I gr 

Hence ifthe circuit in Figure 8.1 is intialized by placing r O's in the flip-flops, 
and given the n-symbol input sequence (/0, II, ... , h-I, 0, ... ,0) the out-
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put sequence will indeed be (Co, C1, ... , Cn- 1), where the C/s are defined 
by Eq. (8.3), and so this circuit can be used as an encoder for the (n, k) cyclic 
code with generator polynomial g(x). 

Comment The preceeding description is for a "generic" shift-register circuit, 
capable of performing arithmetic in an arbitrary field F. The required devices 
(flip-flop, adders, multipliers) are not "off-the-shelf" items, except when the 
field is GF(2). In this case, however, these devices are very simple indeed: 

flip-flop 
adder 
O-multiplier 
I-multiplier 

D flip-flop, 
XOR gate, 
no connection, 
direct wire. 

Example 8.10 The generator polynomial for the (7, 3) binary cyclic code of 
Example 8.2 is g(x) = X4 + x3 + x2 + 1, as we saw in Example 8.6. The 
corresponding shift-register encoder is shown in Figure 8.2. If (la, It, lz) are 
the three information bits to be encoded, the four flip-flops should be 
initialized to 0, and the seven bits (la, It, lz, 0, 0, 0, 0) should be used as 
inputs to the encoder. These seven input bits will then produce seven output 
bits (Co, C1, C2 , C3, C4, C5, C6), which is the corresponding codeword. For 
example, if the information bits are (1, 0, 0), the corresponding codeword will 
be the "impulse response" (1,0, 1, 1, 1,0,0), which is in fact the generator 
polynomial 1 + x2 + x 3 + x4 (and also the codeword C 1 from Example 
8.2). [] 

The encoders of Figures 8.1 and 8.2 could hardly be simpler, but they are 
unfortunately not systematic, i.e., the information bits (la, II, ... , h-d do 
not appear unchanged in the corresponding codeword (Co, C1, ••• , Cn-d. It 
is possible, however, to design a systematic shift-register encoder for any 
cyclic code which is only slightly more complex than the nonsystematic one. 

t--.Out 

In --......... 

Figure 8.2 Nonsystematic encoder for the (7, 3) cyclic code with generator 
polynomial g(x) = 1 + x2 + x3 + x4. 
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The idea is to use the result of Theorem 8.3, Corollary 2, which says that if 
lex) is an information polynomial, then 

lex) ----t xr lex) - [xr lex)] mod g(x) (8.4) 

is a systematic encoding rule for a cyclic code with generator polynomial 
g(x). The central component in such an encoder will be a "mod g(x)" circuit, 
where g(x) is th e code's generator polynomial. Figure 8.3(a) shows such a 
circuit, if g(x) = xr + gr_lxr-1 + ... + go. 

In order to see why the circuit of Figure 8.3(a) is able to perform a 
"mod g(x)" calculation, we focus on the shift-register contents [so, Sl, ... , 

sr-d, which we call the state vector ofthe machine, and on the corresponding 
generating function Sex) = So + Sl + ... + Sr_lXr-1, which we call the state 
polynomial. We begin with a lemma which explains how the state changes in 
reponse to an input. 

Lemma 3 If the circuit in Figure 8.3(a) has state polynomial S(x) , and the 
input is s, then the next state polynomial will be 

S'(x) = (s + xS(x)) mod g(x). 

In 

(a) 

(b) 

Figure 8.3 (a). A general "mod g(x) " shift-register circuit, where 
g(x) = xr + gr_lxr-1 + ... + go. (b) A specific "modx4 +x3 +x2 + l"shift 

register, where all arithmetic is mod 2. 
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Proof If the present state vector is S = [so, ... , sr-Il and the input is s, then 
by our rules describing the building blocks of the circuit, the next state vector 
will be, by definition, 

S' = [s - gOSr-l, So - gISr-l, ... , Sr-2 - gr-Isr-Il· 

Hence the next state polynomial is 

S'(x) = S + soX + ... + Sr_2Xr-1 - Sr-l(gO + glx + ... + gr_IXr- l ) 

= S + xS(x) - Sr-I g(x). 

Thus S'(x) is a polynomial of degree < deg g(x) such that (s + xS(x» - S'(x) 
is a multiple of g(x), and so S'(x) = (s + xS(x» mod g(x) , by Lemma l(c). D 

Theorem 8.4 If the circuit of Figure 8.3(a) is initialized by setting 
So = SI = ... = Sr-I = 0, and then given the input sequence ao, aI, a2, ... 
(ao is input at the Oth tick, al at the first tick, etc.), then after the tth tick, the 
state polynomial will be 

t 

St(x) = L ajx t- j mod g(x). 
j=O 

Proof We use induction on t. For t = 0, 1, ... , r - 1, the state vector is 

and the statement of the theorem is a tautology. Assuming then that the 
theorem is true for St( x), we consider S HI (x): 

(Lemma 3) 

= aHI +x(tajxt-jmOdg(X») modg(x) 
;=0 

(induction hypothesis) 

t+1 

= L ajx HI - j mod g(x) 
j=O 

as asserted. 

(Lemma l(d» 

(Lemma l(a) and (c», 

D 
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Theorem 8.4 explains why the circuit of Figure 8.3(a) is called a "mod g(x) 

circuit." Our next goal is to use it, together with the encoding rule (8.4), to 
build a systematic shift-register encoder for a cyclic code with generator 
polynomial g(x). The encoding rule (8.4) requires us to compute 

n-I 

[xrl(x)] mod g(x) = L Ij-rxj mod g(x). 
j=r 

According to Theorem 8.4, to compute this, we can give the mod g(x) circuit 
the n-symbol input sequence 

(1,-" 1,-" ... , 1o, 0, 0, ' .. , 0). 
However, since a systematic encoder could output the k information symbols 
unchanged on ticks ° through k - 1, it would like to start outputting the 
parity-checks, i.e., the coefficients of [xr l(x)] mod g(x), on the kth tick, but 
will have to wait for r more ticks before [xr l(x)] mod g(x) is ready. Fortu­
nately, it is possible to avoid this r-tick "down time" by using the circuit 
shown in Figure 8.4(a). 

In the circuit of Figure 8.4(a), the input bits are fed into the right side of the 
shift register, rather than the left, as in Figure 8.3. The result is that if the 
input stream is aa, aI, ... , after the tth tick, the shift register's state poly­
nomial will be Z=;=aajx r+ t - j mod g(x), rather than Z=;=aajx t- j mod g(x). (To 
verify this assertion, do Problem 8.31.) Thus if the encoder inputs the k 
information symbols h-I, h-2, ... ,10 to the shift register of Figure 8.4, the 
coefficients of [xr l(x)] mod g(x) will be ready, starting with the kth tick, as 
desired. A complete systematic encoder based on the shift register of Figure 
8.4(a) is shown in Figure 8.5(a). Note that as compared to the nonsystematic 
encoder of Figure 8.1, in the encoder of Figure 8.5(a), the information 
symbols are sent to the encoder in the reverse order, viz., I k-I, ... , la, and 
the codeword components are also sent to the channel in the reverse order, 
viz., C n- I , C n- 2 , ... , CI , Co· 

Example 8.11 Ifwe apply the general construction described in Figure 8.5(a) 
to the special case of g(x) = x4 + x3 + x2 + 1, over the field GF(2), we get 
the encoder depicted in Figure 8.5(b). If, for example, the information 
sequence (h h 10 ) = (1, 1,0), followed by (0, 0, 0, 0) is used as the input 
sequence to the encoder circuit of Figure 8.5(b), the output will be 
(1, 1,0, 1,0,0, 1), as detailed in the following table. 
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.....------,..----- ••• ---r--------, 

-90 -9r-1 

(a) 
In 

In 
(b) 

Figure 8.4 (a) A general shift register needed to build an n-tick systematic encoder for 
acyclic code with generator polynomial g(x) = go + gjX + ... + g,.xr. (b) Special 

case g(x) = X4 + x3 + x2 + 1. 

Tick Input SR contents Output 

0 1 1011 
1 0101 1 

2 0 1001 0 
3 0 0100 1 
4 0 0010 0 
5 0 0001 0 
6 0 0000 

Recalling that the components appear in reverse order, we see that this 
codeword is the same as codeword C] + C3 in Example 8.2. D 

We will conclude this section with a brief discussion of a third type of shift­
register encoder for a cyclic code, which is based on the code's parity-check 
polynomial. Recall from Section 8.1 that if C is an (n, k) cyclic code with 
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Switch A: first k ticks closed 

+~------~+------- .•. --~--
?-90 ~ -91 

-1 

191 

~ ... ........ -4._- Out 

In----------_-----------------L--~ 

(a) 

Switch B: first k ticks down 
last r ticks up 

first 3 ticks closed 

~
ast4ticksopen 

LQ:D:(J):[J4:- ~ '--. Out 

In __________________________ -'--__ -' first 3 ticks down 

last 4 ticks up 
(b) 

Figure 8.5 (a) An n-tick systematic encoder for a cyclic code with generator 
polynomial g(x) = go + glX + ... + gr_lxr-1 + xr. (b) Special case 

g(x) = X4 + x3 + x 2 + 1. 

generator polynomial g(x) , its parity-check polynomial hex) = ho + hjx + 
... + hkXk is defined as 

xn -1 
hex) = g(x) . (8.5) 

Since every codeword C(x) is by Theorem 8.3 a multiple of g(x), it follows 
from (8.5) that C(x)h(x) is a multiple of g(x)h(x) = xn - 1, i.e., 

[C(x)h(x)]n = 0. (8.6) 

Equation (8.6) places strong conditions on the coefficients Ci ofthe codeword 
C(x), as the following theorem shows. 

Theorem 8.5 For i = 0, 1, ... , n - 1, we have 

k 

L hjCU- J) mod n = 0. 
j=O 
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Proof We have 

Cyclic codes 

h(x)C(x) ~ (t, hjy} ) (~c.,xm ) 

~ t, hj (~ Cm"Hm) 
If we reduce this expression mod(xn - 1), and use the fact that 
ximod(xn - 1) = ximodn (see Example 8.4), we find 

[h(x)C(x)]n = t,hj(~Cmxu+m)mOdn) (8.7) 

Since by (8.6), [h(x)C(x)]n = 0, it follows that each coefficient of 
[h(x)C(x)]n is zero as well. But from (8.7) if follows that for 
i = 0, 1 ... , n - 1, the coefficient of Xi in [h(x)C(x)]n is 

k {n-l} ~ hj . coefficient of Xi in ~ CmxU+m) mod n . 

If m E {O, 1, ... , n - 1}, the exponent (j + m) mod n will equal i if and only 
if m = (i - j) mod n (see Problem 8.4), and so the coefficient of Xi in 
[h(x)C(x)]n is 

which must therefore be zero. 

k 

L hjC(i_j) mod n, 
j=O 

Corollary If ho = 1, then for i = k, k + 1, ... , n - 1, 

k 

Ci = - L hjCi - j . 
j=O 

D 

Proof If k:s: i:S: n - 1, then for j = 0,1 ... , k we have (i - j)modn = 

i - j, and Theorem 8.5 becomes 

k 

LhjCi-j = 0. 
j=O 

If ho = 1, this last equation can be rearranged to give the result stated. D 
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The corollary to Theorem 8.5 says that once the first k components 
Co, C I , ... , Ck-I of a codeword are known, the remaining r components 
Ck, Ck+l, ... , Cn- I can be computed by linear recursion, i.e., each new 
component is a fixed linear combination of the previous k components. 
This fact leads immediately to a shift-register encoder, because it is easy to 
design a shift-register circuit that can implement a given linear recursion; see 
Figure 8.6. 

Figure 8.6(a) shows a k-stage shift-register circuit capable of generating 
any sequence (So, SI, S2 ... ) that satisfies the linear recursion St = 

- L:7=1 hjSt- j , where hI, h2, ... , hk are fixed constants. The circuit must be 
initalized by loading the k flip-flops with the k initial values So, SI, ... , Sk-I 
(with So occupying the rightmost flip-flop). Then, for t ~ k, if the shift-
register contents are (St-I, ... , St-k), after the next tick, the shift-register 
contents will be (St, St-I, ... , St-k+I). Figure 8.6(b) shows the special case 
hex) = x3 + x2 + 1, corresponding to the recursion St = St-2 + St-3, for 
t ~ 3, over the binary field GF(2). 

It should be clear how to use the shift-register circuit of Figure 8.6(a) to 
build a systematic encoder for a cyclic code with parity-check polynomial 

••• 

t-....... -t~ • •• ---tII~ 

(a) 

(b) 

Figure 8.6 (a) A shift-register circuit that implements the kth-order linear recursion 
St = -2:7=1 hjSt_j . (b) The special case St = St-2 + St-3, corresponding to 

hex) = 1 +x2 +x3. 
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hex) = 1 + h1x + ... + hkxk (see Figure 8.7(a». During the first k ticks the 
switch is in the "down" position and the k information symbols are 
simultaneously sent out to the channel, and loaded into the k-stage register. 
Then the switch is put in the "up" position, and during the remaining r ticks, 
the shift-register circuit calculates the remaining r codeword components via 
the recursion Ci = - 2::;=1 hjCi - j. Notice that the systematic" hex) encoder" 
of Figure 8.7 differs from the systematic" g(x) encoder" of Figure 8.5 in 
two important ways: in the g(x) encoder, the information symbols 
(lo, h, ... , h-l) occupy codeword components Cr , Cr+1, ... , Cn-l, and 
the codeword symbols are sent to the channel in the reverse order 
Cn-l, Cn- 2 , ... , Co, whereas in the hex) encoder the information symbols 
occupy codeword components Co, C1, ... , Ck-l and the codeword symbols 
are sent to the channel in the natural order Co, C1, ... , Cn-l. 

Example 8.12 If we apply the general construction of Figure 8.7(a) to the 
particular (7, 3) binary cyclic code with g(x) = x4 + x 3 + x 2 + 1, and 

first k ticks: down 

In- ~--------------------------------------~ Out 

(a) 

'------------------------------..... Out 

(b) 

Figure 8.7 (a) A systematic shift-register encoder for an (n, k) cyclic code with parity­
check polynomial hex) = 1 + h](x) + ... + hkxk. (b) Special case 

hex) = 1 +x2 +x3 . 



8.3 Cyclic Hamming codes 195 

h(x) = X 3 + X 2 + 1, we get the encoder shown in Figure 8.7(b). Thus for 
example, if the information symbols are (/0, h 12) = (1, 1,0), the encoder 
of Figure 8.7(b) implements the recursion Ci = Ci - 2 + C-3 and produces the 
codeword (1, 1,0,0, 1,0, 1), which is codeword C 1 + C2 + C3 in Example 
8.2. Notice also that the g(x) encoder for this code, illustrated in Figure 
8.5(b), needs four flip-flops and 3 mod-2 adders whereas the h(x) encoder in 
Figure 8.7(b) only needs three flip-flops and one mod-2 adder. As a general 
rule the h(x) encoder will be simpler when k < r, i.e. k < n12. D 

8.3 Cyclic Hamming codes4 

In Section 7.4 we defined a binary Hamming code oflength 2m - 1 to be any 
linear code whose parity-check matrix has as columns the 2m - 1 nonzero 
binary vectors oflength m, arranged in any order. For example, the following 
parity-check matrix defines a (7,4) Hamming code (cf. the matrix H3 III 

Section 7.4): 

1 
1 
1 

~ ~ ~l· 
001 

There are of course (2m - I)! ways to order these columns, and although any 
one of these orderings produces a perfect single-error-correcting code, some 
orderings are better than others from an implementational standpoint. In fact, 
we shall see in this section that it is possible to choose an ordering that 
produces a cyclic version of the Hamming code, which leads to a simple shift­
register implementation of both the encoder and the decoder. To describe the 
appropriate ordering, we must assume the reader to be familiar with the finite 
field GF(2 m), in which each element is represented by a binary vector of 
length m. (In Appendix C we give a summary of the needed facts.) 

To obtain a cyclic Hamming code oflength 2m - 1, begin with a primitive 
root a E GF(2 m) and use it to define a linear code C as follows. A vector 
C = (Co, C1, ... , cn-d with components in GF(2) is in C if and only if 

(8.8) 

Alternatively, C is the binary linear code defined by the 1 X n parity-check 
matrix 

(8.9) 

We shall soon prove that the code defined by (8.8) or (8.9) is a cyclic 
Hamming code. For now, the important thing to notice about this definition is 
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Table 8.2 The powers of a in 
GF(8), where a3 = a + 1. 

o 
1 
2 
3 
4 
5 
6 

001 
010 
100 
011 
110 
111 
101 

that the codeword components are in the binary field GF(2) but the entries in 
the parity-check matrix are in the extension field GF(2m). There are, as we 
shall see, many advantages to this "two-field" approach. Still, it is possible to 
define the same code via a more conventional (and more complicated) binary 
parity-check matrix, by replacing each of the powers of a in H by its 
representation as an m-bit column vector. For example, with m = 3, if a is a 
primitive root in GF(23 ) satisfying a 3 = a + 1, then Table 8.2 shows the 
powers of a represented as three-dimensional vectors. Thus the 1 X 7 GF(8)­
matrix H in (8.9) defines the same binary code as the following 3 X 7 binary 
matrix H': 

[
0 0 1 0 1 1 

H' = 0 1 0 1 1 1 
100 1 0 1 

The following theorem is the main result of this section. 

Theorem 8.6 The code defined above (i.e., by (8.8) or (8.9)) is an (n, n - m) 
binary cyclic code with generator polynomial g(x), the minimal polynomial 
of a. Furthermore, its minimum distance is 3, so that it is a Hamming code. 

Proof It is clear that the code is a binary linear code of length n. We need to 
show that it is cyclic, and that g(x) is the generator polynomial. To show that 
it is cyclic, note that if we multiply equation (8.8) by a, and use the fact that 
an = 1, we get 

Cn- 1 + Coa + ... + Cn_ 2a n- 2 = o. 
Thus if C satisfies (8.8), so does C R , and so the code is cyclic. To show that 
g(x) is the generator polynomial, we note that (8.8) is equivalent to C(a) = 0, 



8.3 Cyclic Hamming codes 197 

where C(x) = Co + CIx + ... + Cn_Ixn- 1 is the code polynomial, and ob­
serve that this is true if and only if C(x) is a multiple of a's minimal 
polynomial g(x). Thus the code consists of all polynomials of degree n - 1 or 
less which are multiples of g(x), and hence by Theorem 8.3, g(x) is the code's 
generator polynomial. 

To complete the proof, we need to show that the code's minimum distance 
dmin is 3. Since the code is linear, dmin = Wmin. We use the definition (8.8); if 
there were a codeword of weight 1, then a i = ° for some i, which is 
impossible. Similarly, a word of weight 2 could exist if and only if 
a i + aJ = ° for some i and j with 0::;; i <j ::;; n - 1. Dividing by ai, this 
becomes 1 + aJ- i = 0, which is impossible, because the smallest positive 
power of a equal to 1 is an. Finally we note that there are many words of 
weight 3; for example, if 1 + a = aJ, then there is a codeword of weight 3 
with nonzero components Co, CI , and CJ. D 

Now that we know that there are cyclic Hamming codes, it follows from the 
results in Section 8.2 that it is possible to build simple shift-register encoders 
for Hamming codes, based on the generator polynomial. Since the generator 
polynomial for a Hamming code must be a primitive polynomial, in order to 
implement a cyclic Hamming code oflength 2m - 1, it is necessary to have a 
primitive polynomial of degree m. In Table 8.3 we list one primitive poly­
nomial of degree m, for 1 ::;; m ::;; 12. For a given value of m, there will in 
general be many primitive polynomials of degree m, but the ones in Table 8.3 
are chosen to have the fewest possible nonzero coefficients, which will lead to 
shift-register encoders with the fewest possible mod-2 adders. 

More important than the encoding simplicity of Hamming codes, however, 
is the fact it is also possible to build simple decoders for them. We illustrate 
such a decoder for the (7, 4) Hamming code with generator polynomial g(x) 
= x 3 + X + 1 in Figure 8.8. The decoder consists of three main parts, two 
shift register circuits, and an AND gate. The upper shift register is a 
"mod g(x)" circuit, and the lower shift register is a "modxn + 1" circuit. 
The AND gate outputs a 1 if the upper shift register contains the pattern 
1 ° ... 0, and otherwise it ouputs 0. We will assume that the transmitted 
codeword is C(x) = (Co, C I , ... , Cn- I ) and the received word is R(x) = (Ro, 
RI , ... , Rn- I ), with R(x) = C(x) + E(x), where E(x) = (Eo, E I , ... , En-I) 
is the error pattern. 

In the decoding circuit of Figure 8.8, the noisy codeword (Ro, 
RI , ... , Rn- I ) is clocked in from the left, in the reverse order (i.e., Rn- I goes 
first), so that (by Theorem 8.4) after n ticks the upper shift register contains 
R(x) mod g(x) , and the lower shift register contains R(x)modxn + 1, i.e., 
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Switch A: 

Cyclic codes 

Table 8.3 Some primitive polynomials­
possible generator polynomials for Ham­
ming codes. 

m Primitive polynomial of degree m 

x+l 
2 x2+x+l 
3 x3 +x+l 
4 x4 +x+l 
5 x 5 +x2 + 1 
6 x6 +x+ 1 
7 x7 + X + 1 
8 x 8 +x7 +x2 +x+ 1 
9 x9 +X4 + 1 

10 x lO +x3 +l 
11 xll+x2+l 
12 x 12 +x6 +x4 +x+1 

closed for first n ticks 
openfornextntic~ 

Figure 8.8 A decoding circuit for the (7, 4) Hamming code with generator polynomial 
g(x) = x 3 + X + 1. 

(Ro, R1 , ••• , Rn- 1). Since R(x) = C(x) + E(x), and C(x)mod g(x) = 0, since 
C(x) is a codeword, in fact the upper shift register will contain E(x) mod g(x). 
If there are no errors, then E(x) = 0 and the upper shift register will contain 
all zeros. If there is one error in the eth position then E(x) = xe, where 
O::;;e::;;n-l. 

At this point, switch A is opened, switch B is closed, and the two shift 
registers run autonomously for n more ticks. We shall call these n ticks the 
decoding cycle. At the end ofthe decoding cycle, ifthere is at most one error, 
the original codeword C(x) will appear in the lower shift register. Let us see 
why this is so. 
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After the tth tick of the decoding cycle, the contents of the upper shift 
register will be xt E(x) mod g(x) and the lower shift register will contain 
xt R(x)modxn + 1, i.e., the tth right cyclic shift (Rn- t, ... , Rn-t-l) of the 
received word. The two shift registers are connected via switch B and the AND 

gate, which outputs a 1 if and only if the upper shift register contains 10 ... 0, 
i.e., iffxtE(x)modg(x) = 1. If there are no errors, E(x) = 0 and so the AND 

gate will never be triggered, so that after the decoding cycle, the lower shift 
register will contain the received word, with no changes. However, if there 
is one error, in the eth position, so that E(x) = x e, then after (n - e)modn 
ticks of the decoding cycle, the upper shift register will contain 
xn-exe mod g(x) = xn mod g(x) = 1, since g(x) is a divisor of xn - 1. At this 
point the lower shift register will contain (Re, Re+ 1 .... , Re- 1) and on the 
next tick the AND gate will output a 1 and complement the erroneous 
component Re of the received word, i.e., the error will be corected. Then after 
(e - 1) mod n further ticks, the received word will have completed its circular 
journey around the lower shift register, and will appear, with its error 
corrected, in the lower shift register. 

In Section 8.5, we will see how to generalize the circuit of Figure 8.8 in 
order to build a decoder for a cyclic burst-error-correcting code. The under­
lying theory for burst-error correction will be presented in Section 8.4. 
(Incidentally, the dual codes of cyclic Hamming codes are also interesting 
and important. They are covered briefly in Problem 8.41.) 

8.4 Burst-error correction 

On many channels of practical importance, errors, when they occur, tend to 
occur in bursts. Physically, a burst of errors occurs when for some reason the 
channel noise severity increases for a brief time, and then returns to normal. 
In this section we will see how cyclic codes can be used to detect and correct 
error bursts. 

We begin with a purely mathematical definition of an error burst. If a 
codeword C is transmitted, and is received as R = C + E, then the error 
vector E is called a burst of length b if the nonzero components of E are 
confined to b consecutive components. For example E = (010000110) is a 
burst of length 7: 

* * * * * * * o o 0 0 0 1 0 

(In the display, the * 's mark the error burst.) Since we will be correcting bursts 
of errors with cyclic codes, for technical reasons we also need to define a 
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cyclic burst. An error vector E is called a cyclic burst of length b if its 
nonzero components are confined to b cyclically consecutive components. For 
example, the error vector E = (010000110) cited above as a burst oflength 7 
is also a cyclic burst oflength 5: 

* * * * * o 1 0 0 0 0 1 0 

In the rest ofthis section, "burst" will always mean "cyclic burst". 
It is useful to have a compact description of a burst-error vector, and so we 

introduce the notion of the pattern and location of a burst. If E is a nonzero 
burst-error vector, its burst pattern is the string of symbols beginning with the 
first nonzero symbol in E and ending with the last nonzero symbol. The 
burst's location is the index of the first nonzero symbol in the burst. For 
example, the vector E = (010000110), viewed as a burst oflength 7, has burst 
pattern 1000011 and burst location 1 (assuming the components are numbered 
0, 1, ... , 8). Unfortunately, the "burst pattern-burst location" description of 
most vectors E isn't unique, since any nonzero symbol in E can be taken as 
the first symbol in a cyclic burst. Thus an error vector of weight w will have w 
burst descriptions. For example, E = (010000110) has three burst descrip­
tions: 

Pattern 

1000011 
11001 

100100001 

Location 

1 
6 
7 

This ambiguity is annoying but usually not serious, since the correctable 
bursts that occur in practice tend to be quite short, and a short burst can have 
only one short description, as the following theorem shows. 

Theorem 8.7 Suppose E is an error vector of length n with two burst 
descriptions (patternl, locationl) and (pattern2, location2). If length 
(patternl) + length(pattern2) :s: n + 1, then the two descriptions are identical, 
i.e., patternl = pattern2 and locationl = location2. 

Proof As noted above, if E has weight w, then E has exactly w different burst 
descriptions. If w = 0 or 1, therefore, there is nothing to prove, so we assume 
w;=: 2. 
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For a given burst description of E, the pattern will contain all of E's 
nonzero components, and so the components of E not included in the pattern 
will form a cyclic run of O's, beginning just after the last nonzero component 
in the pattern, and continuing until just before the first nonzero component in 
the pattern. The set of indices corresponding to this run of 0 's we call the zero 
run associated with the given burst description. For example, for 
E = (01000010), as we saw above, there are three burst descriptions. In the 
first of these descriptions, i.e., 1000011, the pattern begins at position 1 and 
ends at position 7. Thus the zero run associated with this burst description is 
(0, 8). Altogether there are three zero runs, one for each of the burst 
descriptions ofE: 

Pattern 

1000011 
11001 

100100001 

Location 

6 
7 

Zero run 

(8,0) 
(2,3,4,5) 

none 

(In the last burst description, the zero run is empty, which we indicate by the 
word "none.") Plainly the zero runs associated with different burst descrip­
tions are disjoint, and the total length of all of the zero runs is n - w, where W 

is the weight of E. To prove the theorem, we note that if the two burst 
descriptions 

(patternl, locationl) and (pattem2, 10cation2) 

of E are different, then since their zero runs are disjoint they account for 
(n - length(patternl)) + (n - length(pattem2)) zeros In E. But SInce 
length(patternl) + length(pattem2):S: n + 1, this number is ;:: n - 1, which 
contradicts the fact that E has weight;:: 2. Thus the burst descriptions must 
be identical. D 

Corollary An error vector E can have at most one description as a burst of 
length :s: (n + 1)/2. 

Proof Two distinct descriptions of length :s: (n + 1)/2 would contadict 
Theorem 8.7. D 
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With the help of Theorem 8.7, we can now count the number of burst 
patterns of a given length. 

Theorem 8.8 Over a two-letter alphabet, there are exactly n2b- 1 + 1 vectors 
of length n which are bursts of length ~ b, provided 1 ~ b ~ (n + 1)/2. 

Proof By the corollary to Theorem 8.7, if b ~ (n + 1)/2, a nonzero burst of 
length b has a unique description (as a burst of length ~ b). There are n 
possibilities for the location. The pattern must start with a 1 and have length 
~ b, which means that the possible patterns are in one-to-one correspondence 
with the 2b- 1 binary strings oflength b which begin with a l. Thus there are 
2b- 1 possible patterns, and so a total of n . 2b- 1 nonzero bursts oflength ~ b. 

Adding 1 to this number to account for the all-zero burst, we get n2b- 1 + 1, 
as asserted. D 

The next two theorems give useful bounds on the size of codes which 
correct burst errors. For simplicity, we shall call a code capable of correcting 
all burst-error patterns oflength ~ b a burst-b-error-correcting code. 

Theorem 8.9 (The Hamming bound for burst-error correction.) If 1 ~ b 
~ (n + 1)/2, a binary burst-b-error-correcting code has at most 2n / 
(n2 b- 1 + 1) codewords. 

Proof By Theorem 8.8 there are n2b- 1 + 1 burst-error patterns oflength ~ b. 
If there are M codewords, there are then M(n2 b- 1 + 1) words which differ 
from a codeword by a burst of length ~ b. These words must all be distinct, 
and so M(n2 b- 1 + 1) ~ 2n. D 

Corollary (the Abramson bounds). If 1 ~ b ~ (n + 1)/2, a binary linear 
(n, k) linear burst-b-error-correcting code must satisfy 

n ~ 2r- b+1 - 1 (strong Abramson bound), 

where r = n - k is the code s redundancy. An alternative formulation is 

r;;' l1og2(n + 1)1 + (b - 1) (weak Abramson bound). 

Proof For a linear (n, k) code there are M = 2k codewords, and so by 
Theorem 8.9, 2k ~ 2n/(n2 b- 1 + 1). Rearranging this, we get n ~ 2 r - b+1 -

2-b+1. Since n must be an integer, this bound can be improved to 
n ~ 2 r- b+1 - 1, the strong Abramson bound. Rearranging this to obtain a 
bound on r, we get the weak Abramson bound. D 
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Theorem 8.10 !f b ~ n12, a binary burst-b-error-correcting code has at 
most 2n- 2b codewords. 

Proof If M > 2n- 2b , then by the pigeon-hole principle there must be two 
distinct codewords which agree in their first n - 2b coordinates. These two 
codewords can then be represented schematically as follows: 

n-2b 2b 
"" 

x = '''""* -* -* -*""'-*-*-*---* A A A A A A 

y=* * * * * * **BBBBBB 

where "*" denotes agreement, and the A's and B's are arbitrary. But then the 
word 

Z=********AAABBB 

differs from both X and Y by a burst oflength ~ b, a contradiction. D 

Corollary (the Reiger bound).!fO ~ b ~ n12, a binary (n, k) linear burst­
b-error-correcting code must satisfY 

r;:: 2b 

where r = n - k is the code s redundancy. 

Proof The number of codewords in an (n, k) binary linear code is 2k, which 
by Theorem 8.10 must be ~ 2 n-2b. This is equivalent to the statement of the 
corollary. D 

We are now in a position to discuss a series of examples of burst-error­
correcting codes. In each case, the code will be cyclic and meet either the 
strong Abramson or Reiger bound (which apply to all linear codes, not just 
cyclic codes). In this discussion, when we say that a particular bound (either 
the Abramson bound or the Reiger bound) is tight, we mean that there exists a 
code whose redundancy is equal to the value of the bound. If no such code 
exists, we will say that the bound is loose. 

Example 8.13 The (n, 1) binary repetition code with g(x) = x n- 1 + 
x n- 2 + ... + x + 1, where n is odd, can correct all error patterns of weight 
~ (n - 1)/2, and so is a burst-«n - 1)/2)-error-correcting code. Since 
r = n - 1, the Reiger bound is tight. D 
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Example 8.14 The (n, n) code, consisting of all possible codewords of length 
n, is a cyclic code with g(x) = 1. It is (trivally) a b = 0 burst-error-correcting 
code, and since r = 0 too, the Reiger bound is again tight. D 

Example 8.15 Any binary Hamming code, with n = 2m - 1, r = m, and 
g(x) = a primitive polynomial of degree m, is a b = 1 burst-error-correcting 
code. (Any error vector of weight 1 is ipso facto a burst of length 1.) The 
strong Abramson bound is tight for all these codes. D 

Example 8.16t Any cyclic Hamming code from which the codewords of odd 
weight have been removed is a b = 2 burst-error-correcting code called an 
Abramson code. These codes are cyclic codes with generator polynomials of 
the form g(x) = (x + I)p(x), where p(x) is a primitive polynomial. (See 
Problem 8.55.) The smallest Abramson code is the (7, 3) cyclic code with 
g(x) = (x + 1 )(x3 + X + 1) and parity-check matrix 

H = (~ a a2 a3 a4 ~5 

where a is a primitive root satisfying the equation a 3 + a + 1 = 0 in GF(8), 
To verify that this code is indeed a b = 2 burst-error-connecting code, we 
need to check that the syndromes of all bursts of length b ::;; 2 are distinct. For 
b = 0 (the all-zero error pattern), the syndrome is (8). For b = 1, a burst with 
description (1, i) has syndrome (I'). For b = 2, a burst description (11, i) has 
syndrome (~'(a+l)). These 1 + 2n syndromes are all distinct, and so the code 
is indeed a b = 2 burst-error-correcting code. Note finally that if g(x) = 

(x + I)p(x), where p(x) is a primitive polynomial of degree m, then n = 

2 m - 1, r = m + 1, and b = 2, so that the strong Abramson bound is tight. 
(For m = 3, i.e. the (7, 3), b = 2 code, the Reiger bound is tight, too, but for 
all larger values of m the Reiger bound is loose.) D 

Example 8.176 The (15, 9) binary cyclic code with generator polynomial 
g(x) = (X4 +x+ I)(x2 +x+ 1) = x6 +x5 +X4 +x3 + 1 turns out to be a 
b = 3 burst-error-correcting code, for which, therefore, both the strong 
Abramson and Reiger bounds are tight. To prove that this is so, we use the 
parity-check matrix 

H= (~ ... a 14 ) 
... W 14 , 

where a is a primitive root in GF(I6) satisfying a4 + a + 1 = 0, and w is an 
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element of order three in GF(16) satisfying 0)2 + 0) + 1 = 0, and check that 
the syndromes of all error bursts of length b ~ 3 are distinct. 

The all-zero pattern has syndrome (~). For b = 1, a burst with description 
(1, i) has syndrome (~ii ) . For b = 2, a burst with description (11, i) has 

dr (a'(l+a)) (a i+4) . 4 d 2 b syn orne Wi(l+W) = wi+2 , smce 1 + a = a an 1 + 0) = 0) . For = 3, 
there are two possible patterns, viz. 101 and 111. A burst with description 
( .) h dr (a i(1+a2 )) (a iH ). 2 8 d 2 101, I as syn orne W i(l+w2) = W i+1 , smce 1 + a = a ani 1 + 20) 

= 0), and a burst with description (111, i) has syndrome (a,«~++a++a 5)) 
+10 W W W 

= (g' ), since 1 + a + a2 = a lO and 1 + 0) + 0)2 = O. Plainly the all-zero 
pattern and the pattern 111 cannot be confused with anything else, because of 
the "0" in the second component ofthe syndrome. To distinguish between the 
patterns 1, 11, and 101, we need to look a bit deeper. For anyone of these 
three patterns, the syndrome will be of the form (~St); to distinguish between 
them, we look at (s - t)mod3. If the pattern is 1, then s = i, t = i, and 
(s - t)mod3 = 0; if the pattern is 11, then s = i + 4, t = i + 2, and 
(s - t)mod3 = 2; and if the pattern is 101, then s = i + 8, t = i + 1, and 

Syndrome 

(~) 
(gS) 

(~t) 

Burst description 

o 
(111, s - 10 mod 15) 

(1, s) 

(101, s - 8 mod 15) 

(11, s - 4 mod 15) 

if (s - t)mod3 = 0 

if (s - t)mod3 = 1 

if (s - t)mod3 = 2 

(s - t) mod 3 = 1. Thus the 61 syndromes of the bursts of length ~ 3 are 
distinct, and the following table summarizes the relationship between syn­
dromes and burst descriptions. 

For example, the sydrome (Ill) has s = 11, t = 0, and so corresponds to 
the burst description (11, 7), i.e., the error pattern is (0000000110000000). D 

The mathematical details of Example 8.17 are somewhat intricate, and do 
not easily generalize. (But see Problem 8.63.) Nevertheless, researchers over 
the years have succeeded in finding a large number of cyclic burst-error­
correcting codes which meet the strong Abramson bound; these are usually 
called optimum burst-error-correcting codes. In Table 8.3 we list a number of 
such codes. 



Table 8.4 Some cyclic burst-error-correcting codes that meet the strong Abramson bound, i.e., satisfy n = 2 r- b+1 - 1. 

Generator polynomial (n, k) b 

(x3 +x+ 1)(x+ 1) (7,3) 2 

(x4 + X + 1)(x + 1) (15, 10) 2 
(x4 + X + 1)(x2 + X + 1) (15, 9) 3 

(x5 +x2 + 1)(x+ 1) (31, 25) 2 

(x6 +x+ 1)(x + 1) (63, 56) 2 
(x6 + X + 1)(x2 + X + 1) (63, 55) 3 

(X7 +x+ 1)(x+ 1) (127, 119) 2 

(x8 + x7 + x2 + X + 1)(x + 1) (255,246) 2 
(x8 +x7 +x2 +x+ 1)(x2 +x+ 1) (255,245) 3 

(x9 + x7 + x6 + x3 + x2 + X + 1)(x + 1) (511, 501) 2 
(x9 + X 7 + x6 + x3 + x2 + X + 1 )(x3 + X + 1) (511, 499) 4 

(x lO +x5 +x3 +x2 + 1)(x+ 1) (1023, 1012) 2 
(x lO + x5 + x3 + x2 + 1)(x2 + X + 1) (1023, 1011) 3 
(x lO + x5 + x3 + x2 + 1)(x2 + X + 1)(x + 1) (1023, 1010) 4 

(x ll +x+ 1)(x+ 1) (2047, 2035) 2 

(x12 +xll +x9 +x8 +x7 +x5 +x2 +x+ 1)(x+ 1) (4095, 4082) 2 
(x12 +xll +x9 +x8 +x7 +x5 +x2 +x+ 1)(x2 +x+ 1) (4095, 4081) 3 
(x12 +xll +x9 +x8 +x7 +x5 +x2 +x+ 1)(x2 +x+ 1)(x+ 1) (4095, 4080) 4 

(x 15 + x 13 + x lO +x9 + x5 + x3 +x2 + x + 1)(x3 +x + 1)(x + 1) (32767,32748) 5 
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The next example illustrates the important interleaving technique, which is a 
simple way of boosting the burst-error-connecting ability of a code. (See also 
Problem 7.32.) 

Example 8.18 Consider again the (7,3) b = 2 Abramson code with 
g(x) = X4 + x3 + x2 + 1 (see Example 8.16). Let A, B, and C be any three 
words from this code, which we can display as a 3 X 7 array: 

A4 A5 A6 
B4 B5 B6 · 
C4 C5 C6 

The following length-21 vector, which is built by reading the above array by 
columns, is called the interleaving of A, B, and C: 

Ao Bo Co Al BI CI A2 B2 C2 A3 B3 C3 A4 B4 C4 A5 B5 C5 A6 B6 C6· 

Let us suppose that this long codeword is transmitted over a bursty channel 
and suffers a burst oflength 6, indicated by *'s: 

Ao Bo Co Al BI CI A2 B2 C2 A3 * * * * * * B5 C5 A6 B6 C6· 

It is possible to correct this burst of errors, simply by "de-interleaving" this 
long codeword into its component codewords, because after de-interleaving, 
no one of the three codewords will have suffered a burst larger than two: 

The code consisting of all possible interleavings of three codewords from 
the (7, 3) Abramson code is called the depth-3 interleaving of the original 
code. It is a (21, 9) linear code; and the argument above shows that it is in fact 
a b = 6 burst-error-correcting code. More generally, for any positive integer j, 
the depth-j interleaving of the (7,3) Abramson code is a (7j,3j) b = 2j 
burst-error-correcting code. Note that each one of these codes satisfies the 
Reiger bound with equality (since r = 4j and b = 2j), so that in a certain 
sense, no loss of efficiency results when a code is interleaved. D 

A straightforward generalization of the argument given in Example 8.18 
leads to the following important theorem. 

Theorem 8.11 IfC is an (n, k) linear burst-b-error correcting code, then the 
depth-j interleaving ofC is a (nj, 19) burst-bj-error-correcting code. 
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It is not obvious, but it is nevertheless true, that if we interleave a cyclic 
code to depth j, the resulting code is also cyclic. The next theorem spells this 
out. 

Theorem 8.12 IfC is an (n, k) cyclic code with generator polynomial g(x) , 
then the depth-j interleaving of C is an (nj, 19) cyclic code with generator 
polynomial g(x j ). 

Proof To prove the theorem, we introduce the symbol " 2 " to denote the 
interleaing operation. Thus the vector obtained by interleaving the j code­
words Co, C 1, ... , Cj - 1 is denoted by Co 2C1 2 ... 2 Cj - 1• An easy lemma, 
whose proofwe leave as Problem 8.65, shows how to compute the right cyclic 
shift of an interleaved codeword: 

(8.10) 

Equation (8.10) shows that the depth-j interleaving of a cyclic code is cyclic, 
since if Co, C 1, ... , C j-l are words from a fixed cyclic code, then so are 
Cf-l' Co, ... , C j-2. Since the redundancy of the interleaved code is rj, its 
generator polynomial will be its unique monic polynomial of degree rj. But if 
g(x) is the generator polynomial for the original code, then the interleaved 
codeword [g(x) 20 2 ... 2 0], which is the polynomial g(xj ), has degree rj, 
and so g(xj) must be the generator polynomial for the interleaved code. D 

Example 8.19 Starting with the (7, 3) b = 2 Abramson code with generator 
polynomial g(x) = x4 + x3 + x2 + 1, and using the interleaving technique, 
we can produce an infinite family of cyclic burst-error-correcting codes, viz. 
the (7j,3j) b = 2j codes, with generator polynomials gj(x) = x4j + 
x3j + x2j + l. Similarly, starting with the cyclic (15, 19) b = 3 code of 
Example 8.17, we obtain another infinite family, viz. the (15j, 9j) b = 3j 

cyclic codes with generator polynomials g(x) = x 6j + x 5j + x4j + x 3j + l. 
Note that every code in each of the families meets the Reiger bound 
(Corollary to Theorem 8.10). D 

Example 8.20 In the following table, we consider binary cyclic n = 15 burst­
error-correcting codes, for b = 1, 2, ... , 7. 

For each such value of b, we list the lower bounds on the needed 
redundancy using the (weak) Abramson bound (rA) and the Reiger bound 
(rR). By chance, it turns out that in every case there is a cyclic code whose 
redundancy is max(rA, rR), and we have listed the generator polynomial g(x) 
for such a code in each case. The cases b = 1, 2, 3 we have already consid-
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b rA rR g(x) Comment 

1 4 2 X4 +x + 1 Hamming code 
2 5 4 (x4+x+1)(x+1) Abramson code 

(Example 8.16) 
3 6 6 (x4 + X + 1)(x2 + X + 1) Example 8.17 
4 7 8 (X4 + X + 1)(x4 + x 3 + x2 + X + 1) Problem 8.58 
5 8 10 (X4 + X + 1)(x2 + X + 1)(x4 + x 3 + 1) (3, 1) interleaved X 5 

= x lO +x5 + 1 
6 9 12 (X4 + x + 1)(x4 + x 3 + x2 + X + 1) Problem 8.60 

(X4 +x3 + 1) = Xl2 +x9 +x6 

+ x 3 + 1 
7 10 14 Xl4 + x l3 + ... + x + 1 repetition code 

ered; the case b = 4 we leave as Problem 8.58. To obtain the b = 5 code, we 
interleave the (3, 1) repetition code with g(x) = x2 + X + 1 to depth 3, using 
Theorem 8.12. The case b = 6 is left as Problem 8.60. Finally, the case b = 7 
is simply the n = 15 repetition code. D 

If we combine the codes found in Table 8.4 (or in more extensive tables 
which have been found by elaborate algebraic or ad hoc computer methods) 
with the interleaving technique, we can produce many good burst-error­
correcting cyclic codes, and indeed some of the burst-error-correcting codes 
used in practice have been constructed this way. However, there is another, 
quite different, general approach to designing burst-error-correcting codes 
which has had great success as well, called the Fire code method, which we 
shall now study. 

Fire codes differ in a number of ways from the other cyclic burst-error­
correcting codes we have studied. The most important difference is their 
guaranteed ability to detect many error bursts that are too long to correct. 

Indeed, codes are strong burst-error-correcting codes in the sense of the 
following definition. 

Definition An (n, k) cyclic code with generator polynomial g(x) is said to be 
a strong burst-b-error-correcting code, if, whenever Zl and Z2 are burst-error 
vectors with the same syndrome, and with burst descriptions (patternl, 
locationl) and (pattern2, 10cation2) such that length(patternd + 
length(pattern2) ~ 2b, then Zl = Z2. 
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The following theorem shows that strong burst-error-correcting codes are 
capable of simultaneous burst-error correction and detection. 

Theorem 8.13 If C is a strong burst-b-error-correcting code, then for any 
pair of nonnegative integers bl and b2 such that h ~ b2 and bl + b2 = 2b, it 
is possible to design a decoder for C that will correct all bursts of length 
~ bl , while at the same time detecting all burst of length ~ b2 . 

Proof This follows from Theorem 7.4 and the definition of strong burst 
correction. To see this, let E denote the set of error bursts of length ~ bl , and 
let F denote the set of error bursts of length ~ b2• Then if ZI E E and 
Z2 E F, we know that ZI and Z2 have burst descriptions such that 
length(patternd ~ bl and length(pattern2) ~ b2 . But bl + b2 = 2b, and so by 
the definition of a strong burst-b-error-correcting code, ZI and Z2 have 
different syndromes. Thus by Theorem 7.4, C has the advertised capability. D 

Example 8.21 t Most burst-b-error-correcting codes, including all of the 
codes in Table 8.3, are not strong. For example, consider the (7, 3) b = 2 
Abramson code. Its parity-check matrix can be taken to be 

H= (~ 
where a3 + a + 1 = 0 in GF(8), as we say in Example 8.16. This code 
corrects all bursts of length ~ 2; but it cannot correct all bursts of length ~ 1 
while detecting all bursts of length ~ 3, since e.g., the error patterns 
(1110000) and (0000010) have the same syndrome, viz. (r} (See Problem 
8.68.) D 

Example 8.22 As a degenerate example of a strong burst-b-error-correcting 
code, consider the (n, 0) "no information" cyclic code with generator poly­
nomial xn - 1. This code has only one codeword (the all-zero codeword) and 
so it is not useful for transmitting information; nevertheless, all error patterns 
have distinct syndromes, and so it is a strong burst-n-error-correcting code. 
(This code will be used as a building block for the codes to be defined in the 
corollary to Theorem 8.14, which follows.) Similarly, the (n, 1) binary 
repetition code with g(x) = (xn + l)/(x + 1) is a strong burst-b-error-correct­
ing code with b = (n - 1)/2, if n is odd. (See Problem 8.66.) D 

The following theorem gives a general, construction for cyclic burst-b­
error-correcting codes, both strong and weak. 
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Theorem 8.14 (the Fire construction). Suppose gl(X) is the generator poly­

nomialfor an (nl' kl ) cyclic code which is a (strong) burst-bJ-error-correct­

ing code, g2(X) is the generator polynomial for an (n2, k2) cyclic code, and 
all of g2(X)'S irreducible factors have degree;=: m, andfinally that gl(X) and 

g2(X) are relatively prime. Then g(x) = gl(X)g2(X) is the generator poly­

nomial for an (n, k) cyclic code which is a (strong) burst-b-error-correcting 

code, where: 

k = n - deg(gl) - deg(g2), 

b = min(bl , m, (nl + 1)/2). 

Proof By Theorem 8.3(a), gl(x)lx n] - 1 and g2(x)lx nz - 1. Thus since both 
x n] - 1 and xnz - 1 divide xn - 1, where n = 1cm(nl' n2), and since gl(X) 

and g2(X) are relatively prime, it follows that g(x) = gl(X)g2(X)lx n - 1, and 
so by Theorem 8.3(b), g(x) generates an (n, k) cyclic code, where 
k = n - deg(g) = n - deg(gt} - deg(g2). This much is easy. The heart of 
the proof deals with the assertion about the burst-error-correcting capability 
of the code. We will assume that the code generated by gl(X) is strong, and 
show that the resulting longer code is also strong. The proof for a "weak" 
gl (x) is left as Problem 8.69. 

Thus let Zl and Z2 be two error vectors oflength n with the same syndrome 
relative to the cyclic code with generator polynomial g(x), and with burst 
descriptions (PI, i) and (P2, j) such that length(PI ) + length(P2) ::;; 2b. We 
need to show that Zl = Z2. 

Let's denote the generating functions for the two burst patterns by PI (x) 

and P2(x). It follows that the generating functions for the error vectors Zl and 
Z2 are [XiPI(X)Jn and [x j P2(x)Jn, respectively, and so the remainder syn­
dromes are [XiPI (x)] n mod g(x) and [xjP2(x)]nmodg(x). But since 
g(x)lxn - 1, Lemma lee) implies that the two syndromes can in fact be 
written as 

SI(X) = xiPI(x)modg(x), 

S2(X) = x j P2(x) mod g(x). 

Since Zl and Z2 are assumed to have the same syndrome, we therefore have 

XiPI(X) == xjP2(X) (mod g(x». (8.11) 

Since g(x) = gl(X)g2(X), then also 

XiPI(X) == x jP2(x) (modgl(x». 
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But length(PI) + length(P2) :s: 2b by assumption, and 2b :s: 2bI by the defini­
tion of b. Thus since gi (x) generates a strong burst-bl-error-correcting code, 
it follows that from the viewpoint of the cyclic code generated by gl(X), the 
error vectors ZI and Z2 are identical, i.e. 

XiPI(X) = xjP2(X) (modx n1 - 1). 

But length(PI) + length(P2) :s: 2b :s: ni + 1, and so by Theorem 8.7, 

PI =P2, (8.12) 

i = j (mod nl). (8.13) 

In view of this, (8.11) implies 

(Xi - .xi)PI (x) == ° (mod g2(X». (8.14) 

But 2 ·length(PI) :s: 2b, and so PI (x) has degree :s: b - 1, which is less than 
m, the degree of the smallest-degree divisor of g2(X). Thus PI(x) and g2(X) 
are relatively prime, and so we can cancel PI (x) from (8.14), obtaining 

Xi - xj == ° (mod g2(X». (8.15) 

But since the sequence xtmodg(x), has period n2, (8.15) implies i ==j 
(mod n2). Combining this fact with (8.13), and using the fact that 
n = lcm( nl, n2), we have i == j (mod n); but since i and j both lie in the range 
0, 1, ... , n - 1, it follows that i = j. Since we already showed that PI = P2, 
it follows that the error vectors ZI and Z2 are identical, and this completes the 
~~ D 

Corollary (the classical Fire codes) Let g(x) = (x2b- 1 - l)f(x), where f(x) 
is an irreducible polynomial which is not a divisor of x2b- 1 - 1, of degree 

m ;:: b and period no. Then g(x) is the generator polynomial for an (n, 
n - 2b + 1 - m) cyclic code which is a strong burst-b corrector, where n = 
lcm(2b - 1, no). This code is called a Fire code, in honor of Philip Fire, its 
discoverer. 

Proof This follows immediately from Theorem 8.14, by taking gl(X) = 
(x2b- 1 - 1) and g2(X) = f(x) (In Example 8.22 we saw that the gl(X) code is 
a strong burst-b corrector.) D 

Example 8.23 According to the corollary to Theorem 8.14, the binary cyclic 
code with g(x) = (x3 + 1)(x3 + X + 1) = x 6 + x4 + X + 1 generates a 
(21, 15) strong b = 2 burst-error-correcting Fire code. Thus it is possible to 
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devise a decoder for this code that corrects all bursts of length ~ 2; or to 
correct all bursts oflength ~ 1 and detect all bursts oflength ~ 3; or to detect 
all bursts of length ~ 4. Note that this code meets neither the strong 
Abramson bound nor the Reiger bound; on the other hand, codes that do meet 
these bounds are apparently never strong burst correctors. Also note that if we 
take gl(X) = x4 + x3 + x2 + 1, which generates the (weak) (7,3) b = 2 
Abramson code, and g2(X) = x2 + X + 1, Theorem 8.14 implies that 
g(x) = gl(X)g2(X) generates a (weak) (21, 15) b = 2 burst-error-correcting 
code. But gi (X)g2(X) = x6 + x4 + X + 1, and we have already seen that this 
polynomial is strong! D 

Example 8.24 The polynomial P35 (X) = x35 + x23 + x8 + x2 + 1 is a primi­
tive binary polynomial of degree 35, and so by the corollary to Theorem 8.14, 
g(x) = (x13 + I)P35(x) = x48 + x36 + x35 + x23 + X2I + x I5 + x13 + x8 + x2 

+ 1 generates a strong cyclic (13(235 - 1), 13(235 - 1) - 48) = 

(446,676,598,771, 446,676,598,723) b = 7 Fire code. This particular Fire 
code is quite famous, because IBM has used a "shortened" version of it in 
many of its disk drives. What is a shortened cyclic code? In general, if g(x) 
has degree r and generates an (n, n - r) cyclic code, then for any 
no ~ n, g(x) also generates an (no, no - r) shortened cyclic code. This code 
consists of all vectors C of length no whose generating function C(x) is a 
multiple of g(x). In the case of the IBM Fire code, no = 152,552, so the code 
used is actually a (152,552, 152,504) shortened cyclic b = 7 strong burst­
error-correcting code. The IBM decoder is very conservative and only 
attempts to correct bursts of length ~ 4, and so, since the code is strong, it 
thereby gains the ability to detect all bursts of length ~ 10. In fact, however, 
because the code has been so drastically shortened, a computer-aided calcula­
tion shows that the IBM decoder will actually detect all burst-error patterns of 
length ~ 26, and all but an infinitesmal fraction of longer bursts. D 

We conclude this section with a short table, Table 8.5, listing some useful 
binary Fire codes. For each of these codes, g(x) = (x2b- 1 + I)Pb(x), where 
Pb(X) is a primitive polynomial of degree b. The redundancy is thus 
r = 3b - 1, although the redundancy required by the weak Abramson and 
Reiger bounds is typically considerably smaller than this. This "extra" 
redundancy is apparently the price that must be paid in order that the codes be 
strong burst correctors. 



Table 8.5 Some Fire codes. 

(n, k) b Generator polynomial 

(35,27) 
(105,94) 

(279,265) 
(693, 676) 

(1651,1631) 
(255,232) 

(8687, 8661) 
(19437, 19408) 

3 (x5 + 1 )(x3 + X + 1) = x8 + x6 + x5 + x3 + X + 1 
4 (X7 + 1)(x4 + X + 1) = xll + x8 + x7 + x4 + X + 1 
5 (x9 + 1)(x5 + x2 + 1) = Xl4 + Xll + x9 + x5 + x2 + 1 
6 (x ll + 1 )(x6 + X + 1) = x l7 + Xl2 + Xll + x6 + X + 1 
7 (x 13 + 1)(x7 + X + 1) = x20 + Xl4 + x 13 + x7 + X + 1 
8 (X 15 + 1)(x8 +x4 +x3 +x2 + 1) =x23 +x19 +x18 +xI7+xI5+x8+x4+x3+x2+1 
9 (x17 + 1)(x9 +x4 + 1) = x26 +x21 +X17 +x9 +x4 + 1 

10 (x 19 + 1)(xlO +x3 + 1) = x29 +x22 +x19 +xlO +x3 + 1 
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8.5 Decoding burst-error-correcting cyclic codes 

In section 8.2 we saw how to design a shift-register encoder for an arbitrary 
cyclic code. As a rule it is much harder to design a corresponding decoder, 
but in the important special case of burst-error-correcting cyclic codes, there 
is a simple decoding algorithm called the burst-trapping algorithm which 
naturally lends itself to shift-register implementation. In this section we will 
see how burst trapping works. 

Here is the underlying idea. Suppose that g(x) generates and (n, k) cyclic 
code C, and that a transmitted codeword C(x) is received as R(x), where 

R(x) = C(x) + E(x), 

E(x) being the error pattern. If the decoder computes the remainder syndrome 
Sex) defined by 

Sex) = R(x) mod g(x), 

then the vector obtained by subtracting Sex) from R(x), viz. 

C(x) = R(x) - Sex), (8.16) 

is guaranteed to be a codeword. This is because C(x) mod g(x) = 

R(x) mod g(x) - Sex) mod g(x) = 0. Thus if C can correct all errors in the set 
E, and Sex) lies in E, then the decoder can safely assert that C(x) is the actual 
transmitted codeword, since no other codeword can differ from R(x) by an 
error pattern in E. This much is true for any cyclic code. Let's now consider 
the special case of a cyclic burst-error-correcting code. 

Suppose then that C is a burst-b-error-correcting code, and that the 
syndrome Sex) satisfies the two conditions 

S(O) -I 0, 

deg(S(x» ~ b - 1. (8.17) 

What this means is that the syndrome itself is a (left-justified) burst of length 
~ b, and so by the above discussion the decoder can safely assert that C(x), 
as defined in (8.16), is the actual transmitted codeword. Decoding is therefore 
easy if (8.17) is satisfied. Unfortunately, however, this only happens if the 
error vector is a burst located at position 0. 

Surprisingly, however, this simple idea can be made to work even if the 
burst is located in a position other than 0, by taking advantage of the 
"cyclicness" of the code. Here's how: if the error vector E(x) is a nonzero 
burst of length ~ b, then E(x) has a unique burst description of the form 



216 Cyclic codes 

(P(X), io) with pea) -=I- ° and deg(P) :s: b - 1. Then E(x) = [xiO P(x)]n and the 
remainder syndrome is 

Sex) = [xiO P(x)]n mod g(x), 

where g(x) is the code's generator polynomial. This situation is depicted in 
Figure 8.9(a). As we already noted, ifthe burst is located in position 0, i.e., if 
io = 0, then Sex) = P(x) and the error burst can be corrected immediately. If 
io -=I- 0, however, it is possible to shift E(x) cyclically to the right until the 
burst pattern P(x) is located, or "trapped", in position ° as shown in Figure 
8.9(b). The number of cyclic shifts required to do this is the unique integer io 

in the range ° :s: io :s: n - I such that io + io == ° (mod n), which is 

io = (-io)modn. 

Ifnow Rjo(x) denotes the ioth cyclic shift of R(x), we have 

where Cjo(x) and Ejo(x) are the ioth cyclic shifts of C(x) and E(x), respectively. 
Now Cjo(x) is a codeword since the code is cyclic, and Ejo(x) = P(x) by the 
definition of io, and so if Sjo(x) denotes the remainder syndrome of Rjo(x), we 
have 

(a) 

(b) 

E(x): 

P 
rvv-\ 

P 
rv'V'""\. 

1XXXX 

t 

Eio(x): L..11_XXXX ________ ..... 

t 
o 

S(x) = [xioP(x)ln mod g(x). 

Sio(x) = P(x). 

Figure 8.9 (a). The burst-error vector E(x) = [x io P(x)]n. (b) After shifting E(x)jo units 
to the right, where jo = (n - io) mod n, the error pattern is "trapped" at location 0, 
where the corresponding syndrome is P(x), a left-justified burst oflength ~ b - 1. 
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Sjo(x) = Rjo(x) mod g(x) 

= (Cjo(x) + Ejo(x)) mod g(x) 

= P(x). 

This means that Sjo(x) satisfies the conditions (8.17), and so the decoder can 
safely assert that Cjo(x), defined by 

c· (x) = R· (x) - S· (x) Jo Jo 10' 

is the joth cyclic shift ofthe actual transmitted codeword. 
It follows that if the decoder successively computes So(x), SI (x), ... , and 

tests each of these polynomials for the conditions (8.17), eventually the burst 
error will be "trapped," and it can be corrected. Indeed, the burst-error pattern 
will be given by Sjo(x), and the burst-error location will be given by the 
formula io = (-jo) mod n, where jo is the number of shifts required to trap 
the error. At this point, we could design a fairly simple decoder using these 
ideas. However, before doing so, we wish to note that the calculation of the 
successive Six),s can be considerably simplified by using the following 
result. 

Theorem 8.15 (Meggitt's lemma) For j ;;. ° define 

Six) = [xjR(x)]n mod g(x) , 

i.e., Six) is the remainder syndrome of the jth cyclic shift of R(x). Then for 
j ;;. 0, 

Sj+I(X) = [xSix)] mod g(x). 

Proof First note that by Lemma 1 (e), 

Sj(x) = [xj R(x)] mod g(x), 

since g(x)lxn - 1. Then 

[xSj(x)] mod g(x) = [x([xj R(x)] mod g(x))] mod g(x) 

= [xj+1 R(x)] mod g(x) by Lemma 1 (d) 

D 

Example 8.25 We illustrate these ideas using the (7,3) b = 2 Abramson 
code with g(x) = x4 + x 3 + x2 + 1. Suppose the received vector is R = 
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[1010011], i.e., R(x) = x6 + x5 + x2 + 1. Then So(x) = R(x) mod g(x) = 
(x6+x5+ x2+1)mod(x4+x3+x2+1)=x3+x2. Using Meggitt's lem­
ma, we successively complete Sl(X), S2(X), etc.: 

Similarly, 

Sl (x) = [xSo(x)] mod g(x) 

S2(X) = x3 + x, 

S3(X) = (X4 +x2)modg(x) = x3 + 1, 

S4(X) = (x4 + x) mod g(x) = x3 + x2 + X + 1, 

S5(X) = (x4 + x3 + x2 + x) mod g(x) = x + 1. 

Now we stop, since S5(X) satisfies the conditions (8.17), and conclude that the 
burst-error pattern is 11, and the burst-error location is (-5) mod 7 = 2. Thus 
the error vector is E = [0011000], and the corrected codeword is R + 
E = [1001011]. D 

In Figure 8.10 we display a complete decoding algorithm for a burst-b­
error-correcting cyclic code, including the simplification afforded by Meg­
gitt's lemma. In this algorithm, the syndrome So(x) is first computed at line 3. 
The for loop at lines 4-8 successively tests the shifted syndrome So(x), Sl(X), 
... , S n-1 (x) for the condition (8.17). Ifthis condition is satisfied, the burst of 
errors is corrected at line 6. Then the next cyclic shift Rj+1 (x) ofthe received 
word is completed at line 7, and the next syndrome Sj+1 (x) is computed 
(using Meggitt's lemma) at line 8. After n cyclic shifts, the original received 
sector, minus the burst-error pattern, is output at line 9. (The algorithm also 
works ifthere are no errors; see Problem 8.75.) 

The algorithm described in Figure 8.10 lends itself to implementation by 
shift-register logic. We illustrate this in Figures 8.11 and 8.12, for two 
different burst-error-correcting cyclic codes, the (7, 3) b = 2 Abramson code 
of Example 8.16 and the (15,9) b = 3 code of Example 8.17. 

In the decoding circuits in Figures 8.11 and 8.12, there are three main 
components: a mod-g(x) shift register, a mod-xn - 1 lower shift register, and 
a "100 ... 0 recognizer" circuit correcting the two shift registers. Initially, 
each flip-flop contains 0, switch A is in the closed position, and switch B is in 
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/** Burst-Error Trapping Decoding Algori thIn ** / 
{ 

1. input R(x); 
2 . Ro(x) +--- R(x); 
3 . So(x) +--- Ro(x) mod g(x); 
4. forU=Oton-1){ 
5. if (SiO) -# ° and degSix) ~ b - 1) 
6 . Rix) +--- Rj(x) - Six); 
7. RJ+l(X) +--- [xRix)]modxn - 1; 
8. SJ+l (x) +--- [xSj(x)] mod g(x); 

} 
9. output Rn(x); 

} 

Figure 8.10 "Full-cycle-clock-around" burst-trapping decoding algorithm for cyclic 
burst-error correction. 

-first 7 ticks: closed 
-next 7 ticks: open 

------/ --'-~i"Lo.J 

A 

Figure 8.11 Complete decoding of circuit for the (7, 3) b = 2 Abramson code with 
g(x) = x4 + x3 + x2 + 1 (see Example 8.16). After 14 ticks, the decoding is complete, 

and the decoded word appears in the lower register. 

first 15 ticks: closed 
next 15 ticks: open 

mod g(x) register 

Figure 8.12 Simplified diagram for a complete decoding circuit for the (15,9) b = 3 
cyclic code with g(x) = x6 + x5 + X4 + x3 + 1 (see Example 8.17). After 30 ticks, the 

decoding is complete, and the decoded word appears in the lower register. 
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the open position. The symbols of the received vector are then clocked in 
from the left in the order Rn- I , Rn- 2, ... , ~. After n ticks, the upper shift 
register will contain So(x) = R(x) mod g(x) (by Theorem 8.4) and the lower 
shift will contain R(x). Next, switch A is opened, and switch B is closed, thus 
allowing the upper shift register to communicate to the lower shift register via 
the 100 ... 0 recognizer, and the decoder operates for n more ticks. We call 
these n ticks the decoding cycle. After the jth tick of the decoding cycle, the 
upper shift register will contain [xj So (x)] mod g(x) = Sj(x), and the lower 
register will contain [xjR(x)]n = RJCx). If conditions (8.17) are satisfied, then 
the leftmost flip-flop of the upper register will contain a 1, and the rightmost 
r - b flip-flop, will all contain O's. This will cause the 100 ... 0 recognizer to 
output a 1, and the trapped error pattern Sj(x) will be added into RJCx) at the 
next tick. After the n ticks of the decoding cycle have been completed, the 
symbols in R(x) will have made a complete circuit around the mod(xn - 1) 
register, and be returned to their original position, with the error burst 
corrected. 

In general, circuits like these in Figures 8.11 and 8.12 are called "full­
period-clock-around" decoders. They require exactly 2n clock ticks to correct 
any burst of length :s: b, with hardware complexity that is O(n). They are in 
widespread use in practice. However, for drastically shortened cyclic burst­
error-correcting codes (e.g. Example 8.24), a modification of this circuit may 
be required-see Problem 8.77. 

Problems 

8.1 Show that the number of k-dimensiona1 subspaces of an n-dimensional vector 
space over the field GF(q) is exactly 

(qn _ l)(qn-1 _ 1) ... (qn-k+1 - 1) 

(qk _ l)(qk-1 - 1) ... (q - 1) 

and use this formula to verify that there are exactly 11,811 binary (7, 3) linear 
codes. 

8.2 Calculate the following: 
(a) 1010 mod 12; 
(b) x lO10 mod(xl2 - 1); 
(c) (X 15 - l)modx lo - 1. 

8.3 Is the "mod" operation associative and/or commutative? That is, are the 
identities 

true in general? 

(PmodQ)modR = Pmod(QmodR), 

PmodQ = QmodP 
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8.4 Show that if mE {O, 1, ... , n - I}, then (j + m)mod n = i if and only if 
m = (i - j)modn. 

8.S (a) Prove Lemma 1, part (a). 
(b) Prove Lemma 1, part (b). 
(c) Prove Lemma 1, part (c). 
(d) Prove Lemma 1, part (d). 
(e) Prove Lemma 1, part (e). 

8.6 Give a formal proof that if C is a cyclic code, and if C(x) E C, then for all 
i;;. 1, xiC(x)modxn - 1 E C. Hint: Use Lemma l(d).] 

8.7 Find the GI and HI matrices for the (8, 4) cyclic code over GF(3) with 
generator polynomial g(x) = (x2 + 1)(x2 + X + 1). (See Corollary 1 to Theo­
rem 8.3.) 

8.8 Find the G2 and H2 matrices for the (8, 4) cyclic code over GF(3) with 
generator polynomial g(x) = (x2 - 1)(x2 + X + 1). (See Corollary 2 to Theo­
rem 8.3.) 

8.9 (a) Show that the following matrices are generator parity-check matrices for an 
(n, k) cyclic code with parity-check polynomial h(x) (and "reversed" 
parity-check polynomial h(x)): 

(columns), 

(rows). 

(b) Use this result to find generator and parity-check matrices for the (7,3) 
binary cyclic code with g(x) = X4 + x3 + x2 + 1. 

8.10 This problem concerns the matrix HI of Corollary 1 to Theorem 8.3. 
(a) If the syndrome S of the vector R = (Ro, R I , ... , Rn- I ) is calculated as 

ST = HIRT, show that the generating functions R(x) = Ro + Rlx + 
... + Rn_Ix n- 1 and S(x) = So + SIX + ... + Sr_IX r- 1 are related by 

S(x) = [R(x)h(x)] modxn - [R(x)h(x)] modxk 

xk 

(which is a just clumsy way of saying that (So, SI, ... , Sr-d are the 
coefficients of xk, xk+l, ... , x n- I in the product R(x)h(x)). 

(b) Using the result of part (a) find the syndrome ofthe vector R = [1001011] 
with respect to the "HI" matrix for the cyclic code with g(x) 
= x4 + x 3 + x 2 + 1. (Cf. Example 8.7.) 

8.11 Show that the dual code of a cyclic code is also a cyclic code. If an (n, k) 
cyclic code has generator polynomial g(x), and parity-check polynomial h(x), 
what are the generator and parity-check polynomials of the dual code? [Hint: 
Refer to Corollary 1 of Theorem 8.3.] Illustrate your results by finding the 
generator and parity-check polynomials for the dual code for the cyclic code of 
Examples 8.2 and 8.4. 

8.12 Write each of the 9 codewords in the (4, 2) cyclic code of Example 8.3 as a 
multiple ofthe generator polynomial g(x) = x 2 + 2. 

8.13 This problem asks you to count the number of binary block codes codes of 
length 7 with 16 codewords, with various restrictions. 
(a) How many such codes, total, are there? 
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(b) How many such linear codes? 
(c) How many such linear codes, with dmin = 3? 
(d) How many such cyclic codes? 
(e) How many such cyclic codes, with dmin = 3? 

8.14 Consider the (7,4) cyclic Hamming code with g(x) = x 3 + X + 1, as used to 
correct erasures. Since its minimum distance is 3, we know that it will correct 
all patterns of 2 or fewer erasures. However, it will also correct some patterns 
of three erasures. For example, the codeword g(x) = [1101000] with erasures 
in positions 1, 3 and 6 is R = [1 * 0 * 00 *]. This pattern ofthree erasures is 
correctable, because, of the 16 codewords in the code, only [1101000] agrees 
with R in the unerased positions. However, not all patterns of three erasures are 
correctable: e.g., [* * 0 * 000] could be either [1101000] or [0000000]. Here 
is the problem: of the m = 35 possible patterns of three erasures, how many 
are correctable, and how many are not? 

8.15 How many binary cyclic codes of length n are there, for 1 ~ n ~ 20? How 
many of these are improper? 

8.16 How many binary cyclic codes of length 63 are there? How many are 
improper? 

8.17 For which values of n in the range 3 ~ n ~ 20 are there exactly 4 cyclic codes 
oflength n over F2? 

8.18 What fraction of linear codes of length 4 over F2 are cyclic? 
8.19 Find a formula for the number of cyclic codes oflength 2m over F2• 

8.20 Over the field GF(3), the polynomial x 8 - 1 factors as x 8 - 1 
= (x + 1)(x + 2)(x2 + 1)(x2 + X + 1)(x2 + 2x + 1). For each k in the range 
o ~ k ~ 8, determine the number of (8, k) cyclic codes over GF(3). 

8.21 In Example 8.8, we saw that for the (4, 2) cyclic code over GF(3) with 
g(x) = x2 - 1, the generator and parity-check matrices of Corollaries 1 and 2 
of Theorem 8.3 are equal, i.e., GI = G2 and HI = H 2 • Can you find a general 
class of cyclic codes for which this property holds? 

8.22 Suppose that over a given field F, the polynomial xn - 1 factors as 

xn - 1 = PI (X)"l P2(x)"' ... PM(x)"M, 

where the Pj(x),s are distinct irreducible polynomials. In terms of 
el, e2, ... , eM, how many cyclic codes oflength n over F are there? 

8.23 Explain each ofthe "comments" in the table in Example 8.9. 
8.24 Prove that over the field GF(2), x 3 + x + l1x7m - 1, for all m ;;. 1. 
8.25 There are eight fourth-degree binary polynomials of the form g(x) = 

X4 + g3x3 + g2x2 + glx + 1. For each of these polynomials answer the fol­
lowing: 
(a) What is the period of g(x)? 
(b) If n is the period you found in part (a), what are the k and d for the 

corresponding cyclic code? 
8.26 (K. Sivarajan). Show that a binary cyclic code is capable of correcting a single 

error, i.e., dmin ;;. 3, if and only if it is a proper cyclic code. 
8.27 At the end of Section 8.1, we discussed briefly improper cyclic codes, i.e., 

those for which the period of the generator polynomial g(x) is less than n. In 
this problem, we will investigate cyclic codes for which the parity-check 
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polynomial has period less than n. Thus let C be an (n, k) cyclic code, and let 
xn - 1 = g(x)h(x), where g(x) is the generator polynomial and h(x) is the 
parity-check polynomial, for C. Suppose further that the period of h(x) is 
no < n, and that Co is the (no, k) cyclic code with generator polynomial 
g(x) = (xnO - l)/h(x). 
(a) What is the parity-check polynomial for Co? 
(b) If do is the minimum distance of Co, what is the minimum distance of C? 
(c) Show that C = (n/no)Co, where "jCo" denotes the code of length n 

obtained from Co by repeating each codeword j times. 
8.28 For each j in the range 1 ~ j ~ 16, find the length, dimension, and minimum 

distance ofthe (proper) binary cyclic code with generator polynomial (x + l)j. 
[Hint: The result ofthe previous problem will be helpful.] 

8.29 If g(x) has period n and degree r, then for any m ;;-: 1, g(x)lxmn - 1 and so by 
Theorem 8.3(b), g(x) generates an (nm, nm - r) cyclic code. (For m ;;-: 2, this 
code is improper.) 
(a) Show that a vector C = [Co, C 1, ... , C nm-Il is in this code if and only if 

l::"'o-ICiXimodn == 0 (modg(x». 
(b) Show that the condition in part ( a) is equivalent to saying that 

[Co, CI , ... , Cn-Il + [Cn, Cn+l , ... , C2n-Il 

+ ... + [C(m-I)n, C(m-I)n+l, ... , Cmn-Il 

is in the (n, n - r) proper cyclic code generated by g(x). 
(c) How many words of weight 2 are in this code? 

8.30 In Figure 8.3 we see a "mod g(x)" circuit for a monic polynomial g(x). 
Explain how to modify this circuit for a non-monic polynomial 
g(x) = go + glx + ... + grxr, with gr -10, 1. 

8.31 (a) Show that for the circuit of Figure 8.4(a), the relationship between the 
present state polynomial S(x) and the next state polynomial S'(x) is 

S'(x) = (xS(x) + sxr) mod g(x), 

where s is the input signal. 
(b) Use the result of part (a) to show that if the circuit of Figure 8.4(a) is 

intialized with So = Sl = ... = Sr-I = 0, and then given the input se­
quence ao, ai, ... , then after the tth tick the state polynomial will be 

t 

St(x) = L ajxr+t-J mod g(x). 
j=O 

8.32 Consider the polynomial g(x) = x 3 + 2x2 + 2 over the three-element field 
GF(3). 
(a) What is the period ofthis polynomial? 
(b) If n denotes the period you found in part (a), find a parity-check matrix for 

the cyclic code oflength n generated by g(x). 
(c) Does this code have any words of weight 2? If not, explain why not. If so, 

explicity list all such words. 
(d) Draw a systematic shift-register encoder for this code. 
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8.33 Design three different shift-register encoders for the (15, 7) binary cyclic code 
with g(x) = x 8 + x7 + x 6 + X4 + 1. 

8.34 This problem concerns the (31,26) cyclic Hamming code with 
g(x) = x 5 + x2 + 1. 
(a) Find a systematic (i.e., of the form [AI15]) parity-check matrix for this 

code. 
(b) Design a decoding circuit for this code. 
(c) Use your decoder from part (b) to decode the received word 

R = [1111111111110000000000000000000]. 

8.35 Find a formula for the number of words of weight 3 in the (2m - 1, 
2 m - m - 1) cyclic Hamming code defined by the parity-check matrix (8.9). 

8.36 Let g(x) be a polynomial of degree r over a finite field with q elements, such 
that g(O) -I O. 
(a) Show that the period of g(x) is ~ qr - 1. 
(b) Show that the period of g(x) is qr - 1, then g(x) is necessarily irreducible. 

[Note: An irreducible polynomial of degree r and period qr - 1 is called a 
primitive polynomial.] 

8.37 Consider the (15, 11) binary cyclic Hamming code with generator polynomial 
g(x) = X4 + X + 1. 
(a) Write out a 4 X 15 binary parity-check matrix. 
(b) Write out a 1 X 15 GF(16) parity-check matrix. 

8.38 Prove that if a is a primitive root in the field GF(2m) with minimal polynomial 
g(x), and if the expansion of a j is 

m-l 

a j = Lhi,jai 
i=O 

for j = 0, 1, ... , n - 1, 

then the m X 2m - 1 matrix H = (hi,j) for i = 0, 1, ... , 
m - 1, j = 0, 1, ... , 2 m - 2 is the parity-check matrix for a cyclic Hamming 
code with polynomial g(x). 

8.39 Let g(x) be a binary primitive polynomial of degree m, and let H be a 
m X 2 m - 1 binary matrix which is a parity-check matrix for a 
(2m - 1, 2m - m - 1) Hamming code. How many of the (2m - I)! possible 
permutations of the columns of H yield a parity-check matrix for the cyclic 
Hamming code with g(x) as the generator polynomial? 

8.40 In Table 8.3, except for the m = 1 entry, there are no polynomials of even 
weight. Explain why this is so, i.e., why no polynomial of even weight can ever 
be primitive. 

8.41 (Dual codes to cyclic Hamming codes-also called cyclic simplex codes, or 
maximal-length shift-register code.) Let Ck be an (n, k) (proper) cyclic code 
whose parity-check polynomial h(x) is a primitive polynomial of degree k, and 
let Gl be the generator matrix for Ck described in Corollary 1 to Theorem 8.3. 
(a) Show that n = 2k - 1. 
(b) Describe an efficient shift-register encoder for Ck. 
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(c) Show that the set of nonzero codewords of C is exactly equal to the set of 
cyclic shifts of the first row of GI. Illustrate this result for C4 using the 
primitive polynomial X4 + x + 1 from Table 8.3. 

(d) Find the weight enumerator for Ck. 
8.42 Find a formula for the number of ordinary (i.e., not cyclic) bursts of length b, 

over a two-letter alphabet (cf. Theorem 8.8), for 1 ~ b ~ n. 
8.43 Generalize Theorem 8.8 to a q-letter alphabet. 
8.44 Extend Theorem 8.8 to cover the case b > (n + 1)/2. 
8.45 Generalize Theorem 8.9 and its corollary to a q-letter alphabet. 
8.46 Generalize Theorem 8.10 and its corollary to cover the case of a q-letter 

alphabet. 
8.47 Why is the case b = ° not covered in Theorem 8.9? 
8.48 Why do you suppose the two versions of the Abramson bound are called 

"strong" and "weak"? 
8.49 Are the Abramson bounds (corollary to Theorem 8.9) ever tight for the binary 

repetition codes? 
8.50 Is the Reiger bound ever tight for the Abramson codes? 
8.51 In some burst-error-correcting applications, it is sufficient to correct bursts that 

occur only in certain special locations. The most important example of this is 
what is called phased burst-error correction. In phased burst-error correction, 
the block length n is a multiple of b, and bursts of length b may occur only at 
locations which are multiples of b. A code capable of correcting all phased 
bursts of length b is called a phased burst-b-error-correcting code. For 
example, a phased burst-3-error-correcting code of length 12 must be able to 
correct any burst oflength 3 which occurs at locations 0, 3, 6, or 9. 
(a) Show that Theorem 8.10, and hence the Reiger bound, applies to phased 

burst-error-correcting codes. 
(b) Show that if a code is capable of correcting t phased bursts of length b, 

then r ;;. 2tb. 
8.52 Consider a (20, 12) binary linear code in which the parity-checks are described 

by the following array: 

In a given codeword [Co, CI, ... , CI9], the components occupying the upper 
left 3 X 4 portion of the array carry the information, and the components 
forming the right column and bottom row of the array are parity positions. The 
parity check rules are that the sum of the components in each row and column 
of the array is zero. Thus for example, Co + C4 + C8 + C l2 + C I6 = ° (first 
row sum), and C4 + CI + CI8 + CI5 = ° (second column sum). 
(a) Show that this code can correct all phased bursts oflength 4. 
(b) Show that the corresponding 3 X 4 array code is not capable of correcting 

all phased burst of length 3. 
(c) Generalize, and show that a b X (b + 1) array code can correct all phased 

bursts of length b, if and only if b + 1 is a prime number. 
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8.53 (Burton codes). 
(a) Let g(x) = (xb - I)Pb(X), where Pb(X) is an irreducible polynomial of 

degree b and period nl. Show that g(x) generates an (n, n - 2b) cyclic 
code with n = lcm(nl' b) which is capable of correcting all b-phased 
bursts oflength b. (See Problem 8.51.) 

(b) Consider the sequence of (nj, (n - 2b)j) cyclic codes obtained by in­
terleaving the codes in part (a), and let bj denote the corresponding 
(ordinary, i.e., unphased) burst-error-correcting capability. Show that 
1imj .... oobj /2bj =~, so that these code-asymptotically meet the Reiger 
bound. 

8.54 Consider a binary cyclic b = 3 burst-error-correcting code oflength 31. 
(a) Use the Abramson and the Reiger bounds to estimate the minimum needed 

redundancy. 
(b) Do you think there is such a code with the redundancy predicted in part 

(a)? Explain fully. 
8.55 Show that if g(x) is the generator polynomial for an (n, k) cyclic code, and if 

(x + 1) is not a divisor of g(x) , then g'(x) = (x + l)g(x) is the generator 
polynomial for an (n, k - 1) code, which equals the original code minus its 
words of odd weight. 

8.56 Decode the following noisy codewords from the (7,3) Abramson code of 
Example 8.16: 
(a) [0101010]; 
(b) [1111111]; 
(c) [1110010]; 
(d) [1101000]; 
(e) [1011111]. 

8.57 Decode the following noisy codewords from the (15, 9) b = 3 burst-error­
correcting code of Example 8.17: 
(a) [000001001111000]; 
(b) [101110001100000]; 
(c) [111001000001111]; 
(d) [110100000101010]; 
(e) [111100000000000]. 

8.58 Verify the assertion, made in Example 8.20, that the polynomial 
g(x) = (x4 + X + 1)(x4 + x 3 + x 2 + X + 1) generates a (15, 7) b = 4 burst­
error-correcting cyclic code. 

8.59 Does either of the following two polynomials generate a (15, 7) b = 4 burst­
error-correcting cyclic code? 
(a) g(x) = (x4 + x 3 + 1)(x4 + x 3 + x2 + X + 1); 
(b) g(x) = (x4 + X + 1)(x4 + x 3 + 1). 

8.60 Verify the assertion, made in Example 8.20, that the polynomial g(x) 
= xl2 + x 9 + x 6 + x 3 + 1 generates a (15, 3) b = 6 burst-error-correcting cyc­
lic code. 

8.61 In the (15, 9) code of Example 8.17, 61 of the 64 cosets are accounted for by 
the bursts of length ~ 3. Describe the syndromes of the missing three cosets. 
What is the length of the shortest burst pattern in each of these cosets? 
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8.62 In Example, 8.17, we saw that g(x) = (x4 +x+ 1)(x2 +x+ 1) generates a 
(15, 9) b = 3 burst-error-correcting cyclic code. Does g'(x) = 
(X4 + X + 1)(x2 + x3 + 1) work as well? How about g"(x) = (X4 + x3 + 
x2 + X + 1)(x2 + X + I)? 

8.63 Generalize Example 8.17 by showing that the (2m - 1, 2m - m - 3) binary 
cyclic code with generator polynomial g(x) = p(X)(X2 + X + 1), where p(x) is 
a primitive polynomial of degree m such that 1 + x == xa(mod p(x)), where a 
mod3 =1= 2, is a b = 3 burst-error-correcting code that meets the Abramson 
bound. 

8.64 If the code C meets the Abramson bound, will the depth-j interleaving ofC also 
meet the Abramson bound? If so, give a proof. If not, give a counterexample. 

8.65 Prove the result (8.10) about the right cyclic shift of an interleaved vector. 
8.66 Prove that the (n, 1) binary repetition code with g(x) = (xn + 1)/(x + 1) is a 

strong burst-b-error-correcting code with b = (n - 1)/2, if n is odd. 
8.67 Give a formal proof of Theorem 8.11. 
8.68 (See Examples 8.11 and 8.21). For the (7, 3) Abramson code, show that every 

burst with pattern III has the same syndrome as some burst with pattern 1. 
8.69 Prove Theorem 8.14 in the case that the code generated by gl(x) is a weak (i.e. 

not strong) burst-b-error-correcting code. 
8.70 As mentioned in Example 8.24, if g(x) is a polynomial of degree r and period 

n, and if no < n, the (no, no - r) shortened cyclic code with generator poly­
nomial g(x) consists of all vectors [Co, CI , ... , Cno-d whose generating 
function Co + Clx + ... + Cno_IXno-1 is a multiple of g(x). 
(a) Show that this is a linear code. 
(b) If g(x) = x6 + X4 + X + 1 (see Example 8.23), find generator and parity­

check matrices for the (16, 10) shortened cyclic code generated by g(x). 
8.71 Why is there no entry for b = 2 in Table 8.5? 
8.72 For each of the n's and b's in Table 8.5, estimate the redundancy needed, using 

the Abramson and Reiger bounds, and compare this value with the actual 
redundancy of the given Fire code. 

8.73 Consider the (35,27) b = 3 Fire code from Table 8.5. Decode the following 
received words, using a "b l = 3, b2 = 3" decoder (see Theorem 8.13): 

RI = [11010110111010110111010110100000111], 

R2 = [01001110101101000001101011011010110]. 

Now assume a "b l = 2, b2 = 4" decoder, and decode the same two received 
words. 

8.74 Explain in detail how you would modify a burst-trapping decoding circuit for a 
burst-b-error-correcting Fire code, so that it is capable of correcting all bursts 
of length ~ b l , and also detecting all bursts of length between b l + 1 and 
2b - b l (inclusive). (Here b l is an integer satisfying 1 ~ b l < b.) Give a sketch 
for your modified decoder. 

8.75 Show that if no errors occur, the algorithm in Figure 8.10 will still work. 
8.76 Explain how to modify the algorithm of Figure 8.10 so that a burst oflength 

;;;: b + 1 which does not have the same syndrome as a burst of length ~ b will 
be detected. 
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8.77 The decoding algorithm described in Figure 8.10 is for an (n, n - r) burst­
error-correcting cyclic code with generator polynomial g(x). It requires just n 
executions of the for loop at lines 4-8 to complete the decoding of one 
length-n codeword. It will also work for a shortened (no, no - r) cyclic code 
with the same generator polynomial, but it still requires n, rather that no, 
executions of the for loop. If the code has been drastically shortened, this 
is unacceptable. For example, the IBM code described in Example 8.24 
has no = 152,552 but n = 446,676,598,771, and a decoder that required 
446,676,598,771 steps to decode one word oflength 152,552 would be useless. 
Fortunately, there is a simple modification of the decoding algorithm that 
allows the decoding ofthe shortened code in just no steps. It is described in the 
following pseudocode listing. (Note the changes from the Figure 8.10 algorithm 
at lines 7 and 8.) 

1* Burst-Error-Trapping-Decoding Algorithm for 
Shortened Cyclic Codes */ 
{ 

1. input R(x): 
2. Ro(x) f- R(x); 
3. So(x) f- Ro(x) mod g(x); 
4. for (j = 0 to no - I) { 
5. if (SJCO) i- 0 and deg .sj(x) ~ b - I) 
6. RJCx) f- RJCx) - SJCx); 
7. Rj+l(x) f- [x- I RJCx)] modx no - I; 
8. Sj+l(x) f- [x-ISJCx)] mod g(x); 

9. output Rno(x); 

(a) Explain why this algorithm works. 
(b) Consider the (30, 16) shortened Fire code with g(x) = 

(x5 + x2 + I )(x9 + I), and use the given algorithm to decode the following 
received word: 

R = [111101001110100011011011110010]. 

(c) Describe a shift-register implememtation of this algorithm. [Hint: You will 
require both an "S(x) --+ xS(x) mod g(x)" shift register and an 
"S(x) --+ X-I S(x) mod g(x)" shift register.] 

Notes 

I (p. 170). This use of "mod" as a binary operator is closely related to, but not 
identical with, the more familiar use of "mod" as an equivalence relation. Thus 
Q(x) == P(x) (mod M(x» (the equivalence relation use of "mod") means only that 
Q(x) - P(x) is divisible by M(x), whereas Q(x) = P(x) mod M(x) (the binary operator) 
means that Q(x) - P(x) is divisible by M(x) and deg Q(x) < deg M(x). 
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2 (p. 181). The reader who becomes interested in the fascinating topic of logical 
circuits is encouraged to read Berlekamp [14], Chapter 2. 

3 (p. 184). With today's available logic, to can be as small as several picoseconds 
(pico = 10-12). 

4 (p. 195). This section assumes the reader to be familiar with the theory of finite 
fields, and may be omitted on first reading. 

5 (p. 195). Here and hereafter in this section, we adopt the convention that 
n = 2 m - 1. 

6 (p. 204). These examples assume a familiarity with the theory of finite fields, and 
may be omitted on first reading. 
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BCH, Reed-Solomon, and related codes 

9.1 Introductionl 

In Chapter 7 we gave one useful generalization of the (7, 4) Hamming code of 
the Introduction: the family of (2m - 1, 2m - m - 1) single-error-correcting 
Hamming codes. In Chapter 8 we gave a further generalization, to a class of 
codes capable of correcting a single burst of errors. In this chapter, however, 
we will give a far more important and extensive generalization, the multiple­
error-correcting BCH2 and Reed-Solomon codes. 

To motivate the general definition, recall that the parity-check matrix of a 
Hamming code oflength n = 2 m - 1 is given by (see Section 7.4) 

(9.1) 

where (vo, VI, ... , Vn-I) is some ordering of the 2m - 1 nonzero (column) 
vectors from V m = GF(2)m. The matrix H has dimensions m X n, which 
means that it takes m parity-check bits to correct one error. If we wish to 
correct two errors, it stands to reason that m more parity checks will be 
required. Thus we might guess that a matrix of the general form 

Vn-I l' 
Wn-I 

where wo, WI, ... , Wn-I E Vm , will serve as the parity-check matrix for a 
two-error-correcting code oflength n. Since however, the v;'s are distinct, we 
may view the correspondence Vi ----; Wi as a function from V m into itself, and 
write H2 as 

(9.2) 

230 
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But how should the function f be chosen? According to the results of 
Section 7.3, H2 will define a two-error-correcting code iff the syndromes of 
the 1 + n + (2) error pattern of weights 0, 1 and 2 are all distinct. Now any 
such syndrome is a sum of a (possibly empty) subset of columns of H 2 , and 
so is a vector in V2m. But to be consistent with our present viewpoint let us 
break the syndrome S = (SI, ... , S2m) in two halves: S = (SI, S2), where 
SI = (SI, ... , sm) and S2 = (Sm+l, ... , S2m) are both in Vm. With this conven­
tion, the syndrome of the all-zero pattern is (0, 0); a single error in position i 
has S = (Vi, f(Vi)); a pair of errors at positions i and j gives 
S = (Vi + v), f(Vi) + f(v})). We can unify these three cases by defining 
f(O) = 0 (notice that since 0 is not a column of H, f has not yet been defined 
at 0); then the condition that these syndromes are all distinct is that the system 
of equations 

feu) + f(v) = S2 (9.3) 

has at most one solution (u, v) for each pair of vectors from V m. (Naturally 
we do not regard the solution (u, v) as distinct from (v, u).) 

Now we must try to find a function f : V m ----; V m, f(O) = 0, with the above 
property. We could try a linear mapping f(v) = Tv for some linear transfor­
mation T, but this doesn't work (see Prob 9.1); so f must be nonlinear. To 
describe nonlinear functions of vectors v E V m, we need to know that it is 
possible to define a multiplication on the vectors of V m, which when com­
bined with the vector addition makes V m into a field. (The field is the Galois 
field GF(2m); the properties of finite fields that we shall need are stated in 
Appendix C.) Using this fact, it is easy to see (see Prob 9.2) that every 
function f : V m ----; V m can be represented by a polynomial. Polynomials of 
degree ~ 2 don't work (see Prob 9.1); but f(v) = v3 does, as we shall shortly 
see. Hence (we change notation to emphasize that from now on we regard the 
elements of V m not as m-dimensional vectors over GF(2), but as scalars from 
GF(2m)) if (ao, aI, ... , an-I) is an arbitrary ordering of the nonzero 
elements of GF(2 m), then the matrix 

(9.4) 

is the parity-check matrix of a two-error-correcting binary code of length 
n = 2m - 1. Equivalently, C = (Co, CI, ... , Cn-I) E Vn is a codeword in 
the code with parity-check matrix H2 iff l:~oCai = l:~oCia7 = 0. Since 
as a matrix over GF(2), H2 has 2m rows (which are linearly independent for 
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m ;:: 3; see Prob. 9.5), the dimension of the code IS ;:: n - 2m 
= 2m -1 - 2m. 

The proof that the matrix H2 in (9.4) does indeed define a two-error­
correcting code, as well as the generalization to t-error-correcting codes, is 
given in the following celebrated theorem. 

Theorem 9.1 Let (ao, aI, ... , an-I) be a list ofn distinct nonzero elements 
of GF(2 m), and let t be a positive integer::;; (n - 1)/2. Then the t X n matrix 

ao al an-I 

a 3 a 3 3 
0 I a n_ 1 

a 5 a 5 5 
H= 0 I a n_ 1 

21-1 
a o 

21-1 
a l 

21-1 a n_ 1 

is the parity-check matrix of a binary (n, k) code capable of correcting all 
error patterns of weight::;; t, with dimension k ;:: n - mt. 

Proof A vector C = (Co, ... , Cn-d E Vn will be a codeword iff HC T = 0, 
which is equivalent to the following system of t linear equations in the C;'s: 

n-I 

2:Cia{ =0, j=1,3, ... ,2t-1. (9.5) 
i=O 

Squaring the jth equation in (9.5), we get ° = CLCi a{)2 = 

"LC;a;j = "LCia~j (since (x + y)2 = x2 + y2 in characteristic 2 and x2 = x 
in GF(2». Hence an equivalent definition of a codeword is the following 
system of 2 t equations: 

n-I 

2:Cia{ =0, j = 1,2, ... , 2t. (9.6) 
i=O 

It follows that we could equally well use the 2t X n parity-check matrix 

ao al an-I 

a 2 a 2 2 
0 I a n_ 1 

H'= 

a 21 
0 a 21 

I a 21 
n-I 

to describe the code. According to Theorem 7.3, H, will be the parity-check 
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matrix of a t-error-correcting code iff every subset of 2t or fewer columns of 
H' is linearly independent. Now a subset of r columns from H', where 
r ~ 2t, will have the form 

B= 

f3i f ... f3;f 
where 131, 132, ... , f3r are distinct nonzero elements of GF(2). Now consider 
the matrix B' formed from the first r rows of 13: 

B' = [~1 ... f3rj. 

f3[ f3~ 

The matrix B' is nonsingular, since its determinant is 

1 1 

det(B') = 131 ... f3r det 

13[-1 f3 r- 1 
. . . r 

= 131 ... f3r II (f3j - f3i) # 0 
i<j 

by the Vandermonde determinant theorem (see Prob. 9.3). Hence the columns 
of B', let alone those of B, cannot be linearly dependent, and so the code does 
correct all error patterns of weight ~ t. To verify the bound k ;;. n - mt on 
the dimension, observe that the original parity-check matrix H, viewed as a 
matrix with entries from GF(2) rather than GF(2 m ), has dimensions mt X n. 
And by the results of Section 7.1, this means that the dual code has dimension 
~ mt, and so the code itself has dimension;;' n - mt. D 

The codes described in Theorem 9.1 are called BCH codes, in honor of 
their inventors Bose, Ray-Chaudhuri, and Hocquenghem. These codes are 
important, not so much because of Theorem 9.1 itself (other codes can have 
higher rates and larger minimum distances), but rather because there are 
efficient encoding and, especially, decoding algorithms for them. In the 
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next section, we will see that if we choose exactly the right ordering 
(aD, aI, ... , an-d, BCH codes magically become cyclic codes, and so by the 
results of Chapter 8, the encoding automatically becomes simple. Addition­
ally, this "cyclic" view of BCH codes will allow us to refine our estimates of 
the codes' dimensions. Then in Sections 9.3-9.5, we will fully describe one 
version of Berlekamp's famous decoding algorithm for BCH codes. 

9.2 BCH codes as cyclic codes 

Recall the definition of a t-error-corercting BCH code of length n = 

2 m -1: C = (CO, ... , Cn-I) is a codeword iff ~;:oICia{ = 0 for j = 
1,3, ... , 2t - 1 (equivalently, for j = 1,2,3, ... ,2t), where (aD, aI, 
... , an-I) is a list of n distinct nonzero elements of GF(2m). If the list is 
chosen properly, the code becomes a cyclic code, and thereby inherits all the 
implementational machinery available for cyclic codes. These "cyclic" lists 
are those of the form 

(1, a, ... , an-I), 

where n is a divisor of 2m - 1 and a is an element of GF(2m) of order n. 
With respect to such a list, the definition becomes: C = (Co, CI , ... , Cn-I) 

is a codeword iff 

n-I 
LCiaij=O, for j = 1,3, ... , 2t - 1 (or j = 1, 2, 3, ... , 2t). (9.7) 
i=O 

In this realization, the BCH code becomes a cyclic code, in the sense of 
Chapter 8. To see that this is so, let C(x) = Co + Clx + ... + Cn_Ix n- 1 be 
the generating function for the codeword C; then (9.7) becomes 

j = 1, 2, ... , 2t. (9.8) 

Now let C R be the right cyclic shift of the codeword C; its generating function 
is, by Theorem 8.1, CR(x) = xC(x) mod(xn - 1), which means that 
CR(x) = xC(x) + M(x)(x n - 1) for some polynomial M(x). Thus for j = 

1,2, ... , 2t, 

CR(aj ) = ajC(aj ) + M(aj)(ajn - 1). 

But C(aj) = 0 by (9.8), and a jn - 1 = 0 since an = 1. It follows that 
CR(aj ) = 0 for j = 1,2, ... , 2t, so that C R is also in the BCH code defined 
by (9.7), which means that the code is cyclic. 

It now follows from Theorem 8.3 that every BCH code is characterized by 
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its generator polynomial g(x). But how can we compute g(x)? According to 
the definition, g(x) is the least degree polynomial in the code, i.e., the least­
degree polynomial satisfying g(a) = g(a3) = ... = g(a2t- l ) = O. Now the 
coefficients of g(x) are in GF(2), but the various powers of a are in the larger 
field GF(2m). Thus (see Appendix C) g(x) is the minimal polynomial over 
GF(2) of the subset A = {a, a 3, ... , a 2t- l } of GF(2 m). Hence if A * is 
defined to be the set of all GF(2)-conjugates of elements in A, i.e. 
A* = {{Pi: fJ E A, i ~ O}, then 

g(x) = II (x - fJ)· (9.9) 
f3EA* 

We summarize these results in the following theorem. 

Theorem 9.2 If we define the t-error-correcting BCH code of length n by 
(9.7) or (9.8), then the code is cyclic, with generator polynomial given by 
(9.9). Thus the dimension of the code is given by n - deg(g), i.e., 

k = n -IA*I, where A* is the set of GF(2)-conjugates of A = 

{a, a3, ... , a 2t- l } in GF(2m). D 

Example 9.1 Consider a three-error correcting BCH code of length 15. Let 
a be a primitive root in GF(16); then by Theorem 9.2, the generator 
polynomial is the minimal polynomial of the set A = {a, a3, a 5 }. The 
conjugates ofa are (a, a2, a4, as); ofa3, (a3, a 6, a 12 , a 9); ofa5, (a5, a lO). 

Hence 

and so by Theorem 9.2, the dimension is 15 - 10 = 5. 

To actually compute g(x) for this example, we need a concrete realization 
of GF(16). Let's represent GF(16) according to powers of a primitive root a 
that satisfies a 4 = a + 1. In Table 9.1 the element a j is given as polynomial 
of degree :s: 3 in a; for example, all = a 3 + a 2 + a. The generator poly­
nomial g(x) is the product of the minimal polynomials of a, a3 , and a5 . The 
minimal polynomial of a is by definition X4 + x + 1. The minimal polyno­
mials of a 3---call it g3(X) = g30 + g3lX + g32X2 + g33x3 + g34x4-must 
satisfy g3(a3) = O. From Table 9.1 this equivalent to g30[0001] 
+ g31[1000] + gdl100] + g33[1010] + g34[1111] = [0000]. The only non­
trivial solution to this set of 4 homogeneous equations in the 5 unknowns is 
[g30, g31, g32, g33, g34] = [11111], and so g3(X) = X4 + x3 +x2 + x + 1. 
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Table 9.1 The field GF(16) repre­
sented as powers of a, where 
a4 =a+1. 

0 0001 
0010 

2 0100 
3 1000 
4 0011 
5 0110 
6 1100 
7 1011 
8 0101 
9 1010 

10 0111 
11 1110 
12 1111 
13 1101 
14 1001 

Similarily, g5(X) = g50 + g5Ix + g52x2 (we already know that a5 has only 
two conjugates, a 5 and aIO) turns out to be x2 + x + 1. Hence the generator 
polynomial of the three-error-correcting BCH code of length 15 is 
g(x) = (X4 +x+ 1)(x4 +x3 +x2 +x+ 1)(x2 +x+ 1) =x IO +x8 +x5+ X4 
+ x2 + X + 1. Similarly, the parity-check polynomial is h(x) = 

(x 15 + 1)/ g(x) = x 5 + x3 + X + 1. (yVe emphasize, however, that g(x) 
depends on the particular realization of GF(16) given in Table 9.1. See 
Problem 9.6.) D 

Let us summarize what we know about BCH codes so far: they can be 
designed to correct any desired number of errors up to about half the code's 
block length (Theorem 9.1), and they have a very nice algebraic characteriza­
tion as cyclic codes. However, their practical importance is due almost wholly 
to the fact that they have a remarkably efficient decoding algorithm. We will 
begin our discussion of this algorithm in the following section. 

9.3 Decoding BCH codes, Part one: the key equation 

In this section, we will derive the so-called key equation, which is the basis 
for the BCH decoding algorithm. Before we get to the key equation, however, 
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we must present some preliminary material. We shall present this material 
more generally than is strictly necessary, so that we can refer to it later, when 
we discuss the decoding erasures as well as errors, both for BCH codes and 
for Reed-Solomon codes. 

Thus let F be a field which contains a primitive nth root of unity a.3 We 
first note that 

n-l 

1 - xn = II (1 - aix). 
i=O 

(9.lO) 

This is because the polynomials on both sides of (9.lO) have degree n, 
constant term 1, and roots a- i, for i = 0, 1, ... , n - 1. Next, let 

be an n-dimensional vector over F, and let 

be its discrete Fourier transform (DFT), whose components are defined as 
follows. 

n-l 

Vj = L:Viaij, for j = 0, 1, ... , n - 1. (9.11) 
i=O 

We sometimes call the Vi's the "time-domain" coordinates, and the V/s the 
"frequency-domain" coordinates, of the vector V The time-domain compo­
nents can be recovered from the frequency-domain components via the so­
called "inverse DFT": 

for i=O, 1, ... , n-1. (9.12) 

In (9.12) the "lin" factor in front of the sum must be interpreted with some 
care, in view ofthe possibly finite characteristic of F The number" n" is the 
sum 1 + 1 + ... + 1 (n terms), and" 1 In" is the inverse ofthis number. For 
example, if F has characteristic 2 and n is odd, then 1 In = 1. Apart from this 
small subtlety, however, the proof of (9.12) is identical to the usual proof of 
the inverse DFT formula, and we leave it as Problem 9.8. If we interpret the 
components of V and V as the coefficients of polynomials, i.e., if we define 
generating functions Vex) and Vex) by 

(9.13) 
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and 
A A A A I 
V(x) = Vo + Vix + ... + Vn_Ix n- , 

then the DFT and IDFT relationships (9.11) and (9.12) become 

Vi = V(ai ) 

and 

(9.14) 

(9.15) 

(9.16) 

There are many interesting and useful relationships between the time-domain 
and frequency-domain coordinates of a given vector. One of them is that a 
"phase shift" in the time domain corresponds to a "time shift" in the 
frequency domain, in the following sense. It we multiply the ith component of 
V by a fli, i.e., if we define a new vector Vfl as 

Vfl = (Vo, Viafl, ... , Vn_Iafl(n-I), (9.17) 

then its DFT is 

(9.18) 

where in (9.18) the subscripts are taken mod n. We leave the proof of (9.18) 
as Problem 9.10. 

As coding theorists, we are always interested in the weight of a vector. The 
following classical theorem tells us how to estimate the weight in the time 
domain if we know something about the vector in the frequency domain. 

Theorem 9.3 (the BCH argument) Suppose V is a nonzero vector with the 
property that V has m consecutive 0 components, i.e., VJ+I = VJ+2 = ... = VJ+m = O. Then the weight of V is ~ m + 1. 

Proof Let W be the vector obtained by cyclically shifting V until its m 
consecutive O's appear in positions n - m, n - m + 1, ... , n - 1, i.e., 

W=[** ... *~]. 
By (9.17) and (9.18), W is the DFT of a vector W whose weight is the same 
as the weight of V. However, by (9.12), Wi = lW(a- i), where 
W(x) = Wo + WIX + ... + Wn_m_IXn-m-l. Since W(x) i; a nonzero poly­
nomial of degree ~ n - m - 1, it follows that Wi = 0 for at most n - m - 1 
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values of i, and so Wi -=I=- 0 for at least m + 1 values of i. Thus 
wt(V) = wt(W) ;=: m + 1. D 

We are almost ready to introduce the key equation, but we need a few more 
definitions. With the vector V fixed, we define its support set I as follows: 

I = {i : 0 ::;; i ::;; n - 1 and Vi -=I=- O}. (9.19) 

We now define several polynomials associated with V, the locator polynomial, 
the punctured locator polynomials, and the evaluator polynomial. The locator 
polynomial for V is 

ay(x) = II(l- aix). 
iEI 

(9.20) 

For each value of i E I we also define the ith punctured locator polynomial 
a~(x): 

= II(1- ajx). 
jEI 
#i 

Finally, we define the evaluator polynomial for Vas 

" (i) Wy(x) = ~ Via y (x). 
iEI 

(9.21) 

(9.22) 

We will need the following lemma later on, for example, in Sections 9.5 
and 9.7 when we discuss the RS/BCH decoding algorithms. 

Lemma 1 gcd(ay(x), Wy(x)) = 1. 

Proof By (9.20), gcd(ay(x), Wy(x)) = Ilo(1 - aix), where J = {i E I : 
wy(a- i ) = O}. By (9.22), if i E I, wy(a- i ) = Via~(a-i). But by the defini­
tion of I, if i E I, Vi -=I=- 0, and by (9.21), a~(a-i) = TI/EJI(l- a j - i) -=I=- O. 

17-1 

Hence the set J is empty, and so gcd(ay(x), Wy(x)) = 1, as asserted. D 

We now come to the promised "key equation." 

Theorem 9.4 (the key equation) For a fixed vector V, the polynomials Vex), 
ay(x), and Wy(x) satisfY 

ay(x) Vex) = Wy(x)(1 - xn). (9.23) 
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Proof Using the definitions (9.11), (9.14) and (9.22), we find that 

n-l 

Vex) = L Vi Lxjaij. (9.24) 
iEI j=O 

According to (9.21), av(x) = a~(x)(1 - aix) for all i E I, and so from (9.24) 
we have 

n-l 

av(x)V(x) = L Via~(x)(1 - aix) Lxjaij 
iEI j=O 

= L Via~(x)(1 - xn) 
iEI 

D 

The following corollary to Theorem 9.3 tells us how to reconstruct the 
nonzero components of V from av(x) and wv(x). It involves the formal 
derivative aYex) ofthe polynomial av(x). (See Problem 9.18.) 

Corollary 1 For each i E I, we have 

V. - _ i wv(a- i ) 

I - a aYea- i )· 

Proof Ifwe differentiate the key equation (9.23) we get 

av(x)V'(x) + aYex)V(x) = wv(x)(-nx n- 1) + wYex)(1 - xn). 

(9.25) 

(9.26) 

Note that if x = a- i with i E I, from (9.20) and (9.10) we see that both av(x) 
and 1 - xn vanish. Thus if x = a- i , (9.26) becomes 

(9.27) 

But from (9.16), V(a- i ) = nVi . This fact, combined with (9.27), completes 
the proof. D 

Corollary 1 says, in effect, that the time-domain coordinates of V can be 
recovered from av(x) and wv(x). The next corollary says that if the first few 
frequency-domain coordinates of V are known, the rest can be recovered from 
av(x) alone, via a simple recursion. In the statement of the corollary, we 
suppose that the coefficients of av(x) are given by 
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ov(x) = 1 + 0IX + ... + Odxd. 

Corollary 2 For all indices j, we have 

(9.28) 

where all subscripts are to be interpreted mod n. 

Proof The key equation implies that 

Ov(x) Vex) == ° (mod 1 - Xn). (9.29) 

What (9.29) says is that for each j in the range ° ::;; j ::;; n - 1, the coefficient 
of x j in the polynomial ov(x) Vex) mod(1 - xn) is 0. But this coefficient is 
2:.1=00 i V(j-i)modn, so that for each j in the range ° ::;; j ::;; n - 1, we have 

d 

LOiVj-i = 0, (9.30) 
i=O 

where subscripts are to be taken mod n and we have defined 00 = 1. But now 
equation (9.30) is equivalent to the equation (9.28). D 

Example 9.2 We illustrate this material using the field GF(16), in which the 
nonzero elements are represented by the powers of a primitive root a 
satisfying the equation a4 = a + 1. We consider the vector 

v = (0, 0, a2 , 0, 0, 0, 0, a7 , 0, 0, 0, 0, 0, 0, 0). 

Then the polynomial Vex) defined in (9.13) is 

Using (9.11) or (9.15) we can calculate the DFTofV: 

V = (a 12 , a9 , 0, a3 , 1,0, a9 , a6 , 0,1, a 12 , 0, a6 , a3 , 0). 

Thus Vex), as defined in (9.14), is 
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1 +xlS 

= (a12 + a 9x)---::--::-
1 + a6x3 

1 + xIS 
= a l2 --:-::------::---::-

1 + a l2x + a9x2 
(9.31 ) 

The support set of V is I = {2, 7}, and so the locator polynomial for V is 

ay(x) = (1 + a 2x)(1 + a7 x) = 1 + a 12x + a 9x 2 . (9.32) 

The polynomials a~(x) defined in (9.21) are in this case 

a~) = (1 + a7 x), a~) = (1 + a2x). 

The evaluator polynomial Wy(x) defined in (9.22) is 

Wy(x) = a 2(1 +a7x)+a7(1 +a2x) = a l2 . (9.33) 

Combining (9.31), (9.32), and (9.33), we see that the key equation indeed 
holds in this case. To check Corollary 1, we note that from (9.32), 
aYex) = a l2 = Wy(x), so that Corollary 1 becomes simply Vi = ai, for i E I, 
which is true (V2 = a2 and V7 = a7 ). Finally, note that Corollary 2 says in 
this case that 

A 12 A 9 A 

Vj = a Vj_1 + a Vj- 2 for j = 2, 3, ... , 14, 

so that (using Va = a l2 and VI = a9 as initial conditions) 

V2 = a l2 . a9 + a9 . a l2 = 0, 

VI4 = a l2 . a3 + a9 . a6 = 0, 

which agrees with our direct calculation ofV. D 

With the preliminary material about the key equation out of the way, we 
can begin a serious discussion of the problem of decoding BCH codes. 
Suppose then that C = (Co, CI , ... , Cn-I) is a codeword from the t-error-
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correcting BCH code oflength n defined by (9.6), which is transmitted over a 
noisy channel, and that R = (Ro, RI , ... , Rn-d is received. We assume that 
the components of Rare O's and 1 's, i.e., are elements of GF(2). We define 
the error pattern as the vector E = (Eo, E I , ... , En) = R - C. The decoder's 
first step is to compute the syndromes 81, 82 ... ,821, which are defined by 

n-I 

8j = LRiaij, 
i=O 

for j = 1, 2, ... , 2t. 

Since R = C + E, and C is a codeword, it follows that 

n-I 

8j = LEiaij , 
i=O 

for j = 1, 2, ... , 2t, 

(9.34) 

(9.35) 

so that, as expected, the syndromes depend only on the error pattern and not 
on the transmitted codeword. Note also that on comparing (9.35) with (9.11), 
we see that 8j is the jth component of the DFT of the error pattern; in other 
words, the syndrome lets us see 2t consecutive components (the first, second, 
... , 2tth) ofE. If we now define the twisted error patter Vas 

(9.36) 

it follows from (9.17) and (9.18) that (81,82 , ... , 82t) = (Vo, VI, 
... , V21- 1). 

The key equation applies to the vector V defined in (9.36); however, since 
we only know the first 2t coefficients of Vex) (i.e., Va, VI, ... , V21-d, we 
focus instead on the key equation reduced mod X 21 : 

a (x) Vex) = w(x) (mod X 21). (9.37) 

(In (9.37) we have dropped the subscript V's on a(x) and w(x).) From (9.19) 
and (9.36) we see that the support set I for V is the set of indices such that 
Ei -# 0, i.e., the set of error locations. For this reason, the polynomial a(x) in 
(9.37) is called the error-locator polynomial. Similarly, the polynomial w(x) 
in (9.37) is called the error-evaluator polynomial. Equation (9.37) is called 
the BCH key equation. 

Now observe that if, given the syndrome of the received word R, or 
equivalently, Vex) mod X21, we could somehow "solve" the BCH key equation 
(9.37) for the polynomials a(x) and w(x), we could then easily recover the 
error pattern E, and thus also the transmitted codeword C = R - E. We could 
do this by first computing the n values a(a- i ), for i = 0, 1, ... , n - 1, which 
would identify the support set I of V defined in (9.19). Then the nonzero 
components of V could be computed by (9.25), and this would give us the 
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complete vector V, or equivalently, E (see (9.36». Alternatively, knowing 
("Vo, VI, ... , V2t-d, we could complete the vector V via (9.28), and then 
recover V via an inverse DFT. In the next section, we will see that there is a 
remarkably efficient algorithm for computing a(x) and w(x) from the BCH 
equation, provided we make the additional assumption that the actual number 
of errors that occurred is at most t. (This assumption is necessary, since a t­
error-correcting BCH code is not designed to correct more than terrors.) 

9.4 Euclid's algorithm for polynomials 

This section does not deal directly with the problem of decoding BCH codes. 
The reader should bear in mind, however, that our goal is to solve the BCH 
key equation (Eq. 9.37)) for a (x) and w(x), given V(x)modx2t. 

Throughout this section a(x) and b(x) will be fixed polynomials over a field 
F, with deg a(x) ~ deg b(x).4 Later a(x) will be replaced by x2t, and b(x) by 
the syndrome polynomial Sex). 

Euclid's algorithm is a recursive procedure for finding the greatest common 
divisor (gcd for short) d(x) of a(x» and b(x), and for finding a linear 
combination of a(x) and b(x) equal to d(x), i.e., an equation of the form 

u(x)a(x) + v(x)b(x) = d(x). (9.38) 

The algorithm involves four sequences of polynomials: (Ui(X», (Vi(X», 
(ri(x», (qi(X». The initial conditions are 

U-l(X) = 1, V-leX) = 0, r-l(x) = a(x), 

uo(x) = 0, Vo(x) = 1, ro(x) = b(x) 
(9.39) 

(q-l(X) and qo(x) are not defined). For i ~ 1, qi(X) and ri(x) are defined to be 
the quotient and remainder, respectively, when ri-2(x) is divided by ri-l(x): 

deg ri < deg ri-l. 

The polynomials Ui(X) and Vi(X) are then defined by 

Ui(X) = Ui-2(x) - qi(X)Ui-l(X), 

(9.40) 

(9.41) 

(9.42) 

Since the degrees of the remainders ri are strictly decreasing, there will be a 
last nonzero one; call it rn(x). It turns out that rn(x) is the gcd of a(x) and 
b(x), and furthermore that the desired equation expressing the gcd as a linear 
combination ofthe original two polynomials (cf. Eq. (9.38» is 
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Table 9.2 Properties of Euclid's algorithm. 

A Viri-I - Vi-Iri = (-I)ia O~i~n+l 

B Uiri-I - Ui-I ri = (-I)i+1 b O~i~n+l 

C UiVi-1 - Ui-IVi = (_I)i+1 O~i~n+l 

D Uia+ Vib = ri -1~i~n+1 

E deg(ui) + deg(ri - I) = deg(b) l~i~n+1 

F deg(vi) + deg(ri - I) = deg(a) O~i~n+1 

(9.43) 

Since this particular aspect of Euclud's algorithm is not our main concern, we 
leave the proof ofthese facts to Prob. 9.18(b). 

What is more interesting to us at present is the list shown in Table 9.2 of 
intermediate relationships among the polynomials of Euclid's algorithm. It is 
not difficult to prove these properties by induction on i; see Prob. 9.19(a). 

Example 9.3 Let F = GF(2), a(x) = x 8, b(x) = x6 + X4 + x2 + X + 1. The 
behavior of Euclid's algorithm is given in Table 9.3. 

The i = 4 line of Table 9.3 shows that gcd(a(x), b(x» = I (which is 
obvious anyway), and with Property D from Table 9.2 yields the equation 
(x5 + X4 + x3 + x2)a(x) + (x7 + x6 + x3 + X + l)b(x) = 1. This example is 
continued in Example 9.4. D 

We now focus our attention on Property D in Table 9.2, which can be 
rewritten as 

vi(x)b(x) == ri(x) (mod a(x». (9.44) 

Using Property F and the fact that deg ri-l > deg ri, we get the estimate 

deg Vi + deg ri < deg a. (9.45) 

The main result of this section (Theorem 9.5) is a kind of converse to (9.44) 
and (9.45). We begin with a lemma. 

Lemma 2 Suppose Euclid s algorithm, as described above, is applied to the 
two polynomials a(x) and b(x). Given two integers !l ~ 0 and v ~ 0 with 
!l + v = deg a-I, there exists a unique index j, 0 ::;; j ::;; n, such that: 
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Table 9.3 An example of Euclid's algorithm. 

Ui Vi ri 

-1 1 0 x 8 

o 0 1 x 6 + X4 + x 2 + X + 1 
1 x2 + 1 x3 + X + 1 
2 x 3 + 1 x 5 + x 3 + x 2 x 2 

3 x4 + X + 1 x 6 + x4 + x 3 + x 2 + 1 x + 1 
4 x 5 + x4 + x 3 + x 2 X 7 + x 6 + x 3 + X + 1 1 
5 x 6 + X4 + x 2 + X + 1 x 8 0 

deg(vj) ~ fl, 

deg(rj) ~ v. 

Proof Recall that deg ri is a strictly decreasing function 
r n = gcd( a, b), and define the index j uniquely by requiring 

deg rj-l ~ v + 1, 

deg rj ~ v. 

Then by Property F we also have 

deg Vj ~ fl, 

deg Vj+l ~ fl + 1. 

qi 

x 2 + 1 
x 3 + 1 

x 

x+l 

x+l 

(9.46) 

(9.47) 

of i until 

(9.48) 

(9.49) 

(9.50) 

(9.51) 

Equations (9.49) and (9.50) show the existence of an index j satisfying (9.46) 
and (9.47); Eqs. (9.48) and (9.51) show uniqueness. D 

The following theorem is the main result of this section. 

Theorem 9.S Suppose a(x), b(x), vex) and rex) are nonzero polynomials 
satisfYing 

v(x)b(x) == rex) (mod a(x)), 

deg vex) + deg rex) < deg a(x). 

(9.52) 

(9.53) 

Suppose further that vJCx) and rJCx), j = -1, 0, ... , n + 1, are the sequences 
of polynomials produced when Euclid s algorithm is applied to the pair 
(a(x), b(x)). Then there exist a unique index j, 0 ~ j ~ n, and a polynomial 
-"(x) such that 
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vex) = A(x)vix), 

rex) = A(x)rix). 
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(9.54) 

(9.55) 

Proof5 Let j be the index satisfying (9.46) and (9.47) with v = deg r, 
Ii = deg a - deg r - 1. Thus from (9.53) deg(v(x)) ::;; Ii. Then according to 
(9.51) and (9.48), deg Vj+l ;=: Ii + 1 ;=: deg v + 1, and deg rj-l ;=: v + 1 = 

deg r + 1. Hence ifthere is an index such that (9.54) and (9.55) hold, it must 
be unique. 

Now rewrite Property D and Eq. (9.52) as follows: 

ua + vb = r, 

(9.56) 

(9.57) 

where u is some unspecified polynomial. Multiply (9.56) by v and (9.57) 
byv/ 

(9.58) 

(9.59) 

Together (9.58) and (9.59) imply rjv == rVj (mod a). But by (9.47) and (9.53), 
deg(rjv) = deg rj + deg v ::;; v + Ii < deg a. Similarly, by (9.46) and (9.53), 
deg(rvj) = deg r + deg Vj ::;; v + Ii < deg a. It follows that rjv = rVj. This 
fact, combined with (9.58) and (9.59), implies that UjV = UVj. But since 
Property C guarantees that u j and Vj are relatively prime, this means that 

u(x) = A(x)uix), 

vex) = A(x)vix), 

for some polynomial A(X). Then Equation (9.57) becomes AUja + AVjb = r; 
comparing this with Eq. (9.58), we conclude that rex) = A(x)rix). D 

The results of Theorem 9.5 will be used constantly in our forthcoming 
discussion of decoding algorithms for BCH and Reed-Solomon codes. To 
facilitate these discussions, we now introduce the algorithmic procedure 
"Euclid(a(x), b(x), Ii, v)". 

Definition If (a(x), b(x)) is a pair of nonzero polynomials with 
deg a(x) ;=: deg b(x), and if (fi, v) is a pair of nonnegative integers such that 
Ii + v = deg a(x) - 1, Euclid(a(x), b(x), Ii, v) is the procedure that returns 
the unique pair of polynomials (vix), rix)) with deg Vj(x) ::;; Ii and 
deg rix) ::;; v, when Euclids algorithm is applied to the pair (a(x), b(x)). 
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The following theorem summarizes the results of this section. 

Theorem 9.6 Suppose vex) and rex) are nonzero polynomials satisfYing 

v(x)b(x) == rex) (mod a(x», 

deg v( x) :s: fi" 

deg rex) :s: v, 

(9.60) 

(9.61) 

(9.62) 

where fi, and v are nonnegative integers such that fi, + v = deg rex) - 1. 
Then if (vix) , rix» is the pair of polynomials returned by 
Euclid(a(x), b(x), fi" v), there is a polynomial lex) such that 

vex) = l(x)vj(x), 

rex) = l(x)rix). 

(9.63) 

(9.64) 

Proof Theorem 9.4 guarantees that there exists a unique index j such that 
(9.63) and (9.64) hold. Furthermore the procedure Euclid(a(x), b(x), fi" v) 
must return this pair, since by (9.63) and (9.64), deg Vj(X) :s: deg vex) :s: fi, and 
deg rix) :s: deg rex) :s: v. D 

Example 9.4 Let a(x) = x 8 , b(x) = x 6 + X4 + x 2 + X + 1, F = GF(2), as in 
Example 9.3. Using Table 9.2, we can tabulate the output of Euclid for the 
eight possible pairs (fl" v): 

(0,7) (1, x 6 +x4 +x2 +x+ 1) 
(1,6) (1, x 6 +x4 +x2 +x+ 1) 
(2,5) (x2 + 1, x 3 +x+ 1) 
(3,4) (x2 + 1, x 3 +x+ 1) 
(4,3) (x2 + 1, x 3 +x+ 1) 
(5, 2) (x5 + x 3 + x2 , x 2 ) 

(6,1) (x6 +X4 +x3 +x2 + 1, x+ 1) 
(7,0) (x7 +x6 +x3 +x+ 1,1) 

Now suppose we wished to "solve" the congruence (x6 + x4 + x2 

+ X + l)a(x) == w(x) (mod x 8), subject to the restriction that dega(x) 
:s: 3, deg w(x) :s: 4. According to Theorem 9.5, we invoke 
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Euclid(x8 , x 6 + X4 + x 2 + X + 1,4,3) which by the above table returns 
the pair (x2 + I, x 3 + X + I), so that all solutions to the given problem are of 
the form a(x) = A(X)(x2 + 1), w(x) = A(X)(x3 + X + 1), with degA(x) ~ 1. If 
we further required gcd(a(x), w(x» = 1, then the only solution would be 
a(x) = x2 + 1, w(x) = x3 + X + 1. D 

At this point the application of Theorem 9.4 to the problem of solving the 
key equation for BCH codes should be apparent. In any event we spell it out 
in the next section. 

9.5 Decoding BCH codes, Part two: the algorithms 

Let us recapitulate the BCH decoding problem, which we abandoned 
temporarily at the end of Section 9.3. We are given a received vector R = 

(Ro, Rl, ... , Rn-l), which is a noisy version of an unknown codeword C 
= (Co, C1, ... , Cn-l) from the t-error-correcting BCH code defined by (9.7), 
i.e., R = C + E, where E is the error pattern. Our goal is to recover C from 
R. The first step in the decoding process is to compute the syndrome 
polynomial S(x), defined by 

S(x) = Sl + S2X + ... + S2tX2t-1, (9.65) 

where Sj = ~;:Ol Riaij, for j = 1,2, ... , 2t. We saw at the end of Section 9.3 
that S(x) = V(x)modx2t, where V(x) is the generating function for the 
Fourier transform of the vector V defined in (9.36), so that the key equation 
(9.37) becomes 

a(x)S(x) == w(x) (mod x2t), (9.66) 

where a(x) is the error-locator polynomial and w(x) is the error-evaluator 
polynomial. 

The next step in the decoding process is to use Euclid's algorithm, and in 
particular the procedure Euclid(a(x), b(x), fi" v) defined in Section 9.4, to 
solve the key equation for a(x) and w(x). This is possible, since ifthe number 
of errors that actually occurred is ~ t, then by (9.20) and (9.22), 

dega(x) ~ t, 

degw(x) ~ t-l, 

and by Lemma 1, gcd(a(x), w(x» = 1. Thus the hypotheses of Theorem 9.5 
are met with a(x) = x2t, b(x) = S(x), v(x) = a(x), r(x) = w(x), fi, = t, 
v = t - 1, so that if the procedure Euclid(x2t, S(x), t, t - 1) is called it 
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will return the polynomial pair (v(x), rex»~ where vex) = Aa(x), r(x)Aw(X), 
and A is a nonzero scalar. The scalar A can be determined by the fact that 
a(O) = I (see (9.20», i.e., A = V(O)-I, and so 

a(x) = v(x)/v(O), 

w(x) = r(x)/v(O). 

The final step in the decoding algorithm is to use a(x) and w(x) to 
determine the error pattern E = (Eo, E1, ••• , En-I), the hence the corrected 
codeword C = R - E. As we observed at the end of Section 9.3, there are two 
ways to do this, which we shall call the time-domain approach and the 
frequency-domain approach. 

The time-domain approach is based on the fact that 

a(x) = II (1 - aix) 
iEI 

where I is the error-locator set, i.e. 1= {i : Ei -=I- O} (see (9.20) and (9.36». 
Thus in order to find the error locations, one needs to find the reciprocals of 
the roots of the equation a(x) = O. Since there are only n possibilities for the 
roots, viz., 1, a-I, a-2 , ... , a-(n-l), a simple "trial and error" algorithm can 
be used to find E. Thus the so-called "time-domain completion" can be 
described by the following pseudocode fragment. It takes as input a(x) and 
produces the error vector (Eo, E1, ••• , En-I). 

/* Time-Domain Completion */ 

for (i = 0 to n - 1) 
{ 

if (a(a- i ) == 0) 

Ei= 1; 
else 

Ei=O; 

A complete decoding algorithm using the time-domain completion is 
shown in Figure 9.l. Note that the error-evaluator polynomial w(x) is not 
needed-its significance will become apparent only when we consider Reed­
Solomon codes in the next section. 
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/* "Time-Domain' , BCH Decoding Algorithm */ 
{ 

for(j=lto2t) 
S. = "'n-1 R.ai}· '] Ul = a I , 

Sex) = Sl + S2X + ... + S2tX2t-1; 

if (S(x) ==0) 
print' 'no errors occurred' , ; 

else 

Euclid (x2t , Sex), t, t-l); 
o(x) = v(x)/v(O); 
for (i = 0 to n-1) 
{ 

if (o(a- i ) == 0) 

Ei= 1; 
else 

Ei=O; 

for (i = 0 to n-1) 

Ci=Ri+Ei; 
print' 'corrected codeword: (Co, C1, ••• ,' Cn- 1)"; 

Figure 9.1 A time domain BCH decoding algorithm. 

The frequency-domain approach is based on Corollary 2 to Theorem 
9.4, which says that the components of V = (Va, ... , Vn-t) can be 

A d A 

computed recursively, via the formula Vj = Li=10iVj-i, where o(x) = 1 + 
0lX + ... + Odxd, provided at least d "initial values" of the vector V are 
known. Since the syndrome provides 2t components of V, viz. 
VI, 172, ... , V2t , and since Euclid(x2t, S(x) , t, t - 1) is guaranteed to 
return a polynomial vex) of degree::;; t, the syndrome values Sl, S2, 
... ,S2t are more than enough to get the recursion started, so that the 
following "frequency-domain completion" will successfully calculate the 
error vector E: 
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/* Frequency-Domain Completion */ 
{ 

for(j=2t+lton) 

Sjmodn = L:1=l aiSj-i; 
for (i = 0 to n - 1) 

K = ,\,n-Is·a-ij· , u;=o; , 

A complete decoding algorithm using the frequency-domain completion is 
shown in Figure 9.2. 

Example 9.5 Consider the three-error correcting BCH code of length 15, 
with generator polynomial g(x) = x lO + x8 + x5 + X4 + x2 + X + 1 (see Ex­
ample 9.1). Suppose the vector R = (110000110110101) is received. Then 
the syndrome components Sj are given by Sj = 1 + a j + a 6j + a7j + a9j + 
alOj + a l2j + a l4j , where a is a primitive root in GF(16). Using Table 9.1, 

/ * ' 'Frequency-Domain' , BCH Decoding Algori thIn * / 

for (j = 1 to 2 t) 
S. = '\'n-I R.aij· '} u, = 0' , 

S(x) = SI + S2X + ... + S2tX2t-l; 

if (S(x) ==0) 
print' 'no errors occurred' , ; 

else 

Euclid (x2t , S(x), t, t-l); 
a(x) = u(x)/u(O); 

for (j =2t+lton) 

8.i mod n = L:1=1 aiSj-i; 

for (i = 0 to n - 1) 
K = ,\,'!-IS·a-ij· , u;=O; , 

for (i = 0 to n - 1) 

Ci=Ri+Ei; 
print' 'corrected codeword: (Co, C I , ... , Cn- I )"; 

Figure 9.2 A frequency-domain BCH decoding algorithm. 
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together with the fact that S2j = S~ (Problem 9.17), we find that 
SI = a 12 , S2 = a 9, S3 = 0, S4 = a 3, S5 = 1, S6 = 0, and so Sex) =x4 

+a3x 3 + a 9x + a 12 . Applying Euclid's algorithm to the pair (x 6 , Sex)), we 
get the following table: 

Ui Vi ri qi 

-1 1 0 x 6 

0 0 x4 + a 3x 3 + a 9x + a l2 

x2 + a 3x + a6 a 3 x2 + a 3x + a6 

Thus the procedure Euclid(x 6 , Sex), 3, 2) returns the pair 
(x2 + a3 x + a 6 , a 3). Multiplying both of these polynomials by a-6, we there­
fore find that a(x) = 1 + a l2x + a 9x2, and w(x) = a 12 . If we choose the 
time-domain completion, we find that a(a- i ) = 0 for i = 2 and 7, so that the 
error pattern is E = [OOlOOOOlOOOOOO], and the corrected codeword is 
C = [1 11000lO0110lOl]. On the other hand, if we choose the frequency­
domain completion, we use the initial conditions SI = a 12 , S2 = 

a 9 , S3 = 0, S4 = a 3 , S5 = 1, S6 = 0 and the recursion Sj = a 12 Sj_1 + 
a9 Sj-2 to complete the syndrome vector, and find 

S = (So, SI, ... , S15) = (0, a 12 , a9 , 0, a 3, 1,0, a 9, a 6, 0, 1, a 12 , 0, a 6, a3). 

Performing an inverse DFT on the vector S we find that E = 

[OOlOOOOlOOOOOO], and C = [1 11000lO0110lO1] as before. D 

The algorithms in Figures 9.1 and 9.2 will work perfectly if the number 
of errors that occurs is no more that t. If, however, more than terrors 
occur, certain problems can arise. For example, the procedure 
"Euclid(S2t, S(x) , t, t - 1)" could return a polynomial vex) with 
(v)(O) = 0, thereby causing a division by 0 in the step "a(x) = v(x)jv(O)". 
Also, the decoder output C = (Co, CI , ... , Cn-I) may turn out not to be a 
codeword. Therefore in any practical implementation of the decoding algo­
rithms, it will be necessary to test for these abnormal conditions, and print a 
warning, like "more than terrors" if they occur. 

9.6 Reed-Solomon codes 

In the first five sections of this chapter we have developed an elaborate theory 
for BCH codes. They are multiple-error-correcting linear codes over the 
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binary field GF(2), whose decoding algorithm requires computations in the 
larger field GF(2m). Thus for BCH codes there are two fields of interest: the 
codeword symbol field GF(2), and the decoder's computation field GF(2 m). 

It turns out that almost the same theory can be used to develop another 
class of codes, the Reed-Solomon codes (RS codes for short). The main 
theoretical difference between RS codes and BCH codes is that for RS codes, 
the symbol field and the computation field are the same. The main practical 
difference between the two classes of codes is that RS codes lend themselves 
naturally to the transmission of information characters, rather than bits. In 
this section we will define and study Reed-Solomon codes. 

Thus let F be any field which contains an element a of order n.6 If r is a 
fixed integer between 1 and n, the set of all vectors C = (Co, C I , ... , Cn-I) 
with components in F such that 

n-I 
L CaY = 0, for j = 1, 2, ... , r, (9.67) 
i=O 

is called a Reed-Solomon code of length n and redundancy rover F. The 
vectors C belonging to the code are called its codewords. The following 
theorem gives the basic facts about RS codes. 

Theorem 9.7 The code defined by (9.67) is an (n, n - r) cyclic code over F 
with generator polynomial g(x) = n;=1 (x - ai ), and minimum distance 
drnin = r + 1. 

Proof Let C = (Co, C I , ... , Cn-I) be an arbitrary vector oflength n over F 
and let C(x) = Co + Clx + ... + Cn_Ix n- 1 be the corresponding generating 
function. Then (9.67) says that C is a codeword if and only if C(ai ) = 0, for 
j = 1, 2, ... , r, which is the same as saying that C(x) is a multiple of 
g(x) = (x - a)(x - a 2 ) ... (x - a r). But since xn - 1 = n;=1 (x - ai ), it 
follows that g(x) is a divisor of xn - 1, and so by Theorem 8.3(b) the code is 
an (n, n - r) cyclic code with generator polynomial g(x). To prove the 
assertion about dmin, observe that (9.67) says that if C = (Co, CI , ... , Cn-I) 
is the DFT of a codeword, then CI = C2 = ... = Cr = ° (cf. Eq. (9.11». 
Thus by the BCH argument (Theorem 9.3), the weight of any nonzero 
codeword is ;=: r + 1. On the other hand, the generator polynomial 
g(x) = xr + gr_Ixr- 1 + ... + go, when viewed as a codeword, has weight 
~ r + 1. Thus drnin = r + 1 as asserted. D 

Example 9.6 Consider the (7, 3) Reed-Solomon code over GF(8). If a is a 
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primitive root in GF(8) satisfying a3 = a + 1, the generator polynomial for 
the code is g(x) = (x - a)(x - a2)(x - a3)(x - a4 ) = X4 + a 3x3 + x2 + ax 
+ a 3 . If g(x) is viewed as a codeword, it is [a3 , a, 1, a3 , 1, 0, 0], which is of 
weight 5, the minimum weight ofthe code. D 

We note that the (7, 3) RS code over GF(8) in Example 9.6 has dmin = 5, 
whereas the (7, 3) code over GF(2) given in Example 8.2 (and elsewhere in 
Chapter 8) has only dmin = 4. The following theorem shows that for a given n 
and k, RS codes have the largest possible dmin, independent ofthe field F. 

Theorem 9.8 (the Singleton bound) JjC is an (n, k) linear code over afield 

F, then dmin :s: n - k + 1. 

Proof We begin by recalling that if T is a linear transformation mapping a 
finite-dimensional vector space U to another vector space V, then 

rank(T) + nullity(T) = dim(U). (9.68) 

We apply this to the linear transformation T mapping the code C to the space 
F k- I by projecting each codeword onto the first k - 1 coordinates: 

T(Co, CI , ... , Cn-I) = (Co, CI , ... , Ck-2)· 

We know that rank(T) :s: k - 1, since the image F k- I has dimension k - 1. 
Also, dim(C) = k by assumption. Thus (9.68) implies that nullity(T) ;=: 1. 
Thus there exists at least one nonzero codeword C such that T(C) = 0. Such a 
codeword has at least k - 1 zero components, and so has weight at most 
n-k+1. D 

Theorem 9.8 says that dmin :s: n - k + 1 for any (n, k) linear code. On the 
other hand, Theorem 9.7 says that dmin = n - k + 1 for any (n, k) Reed­
Solomon code, and so Reed-Solomon codes are optimal in the sense of 
having the largest possible minimum distance for a given length and dimen­
sion. There is a special name give to linear codes with dmin = n - k + 1; they 
are called maximum-distance separable (MDS) codes. (Some other MDS 
codes are described in Problems 9.24-9.26.) All MDS codes share some very 
interesting mathematical properties; among the most interesting is the follow­
ing, called the interpolation property of MDS codes. 

Theorem 9.9 Let C be an (n, k) MDS code over the field F, and let 
I ~ {O, 1, ... , n - I} be any subset of k coordinate positions. Then for any 
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set {ai : i E I} of k elements from F, there exists a unique codeword C such 
that Ci = ai for all i E I. 

Proof We consider the linear transformation PI mapping the code C to F k 
by projecting each codeword onto the index set I; i.e., PICCO, C1, 

... , Cn-l) = (Cil' Ciz , ... , Cik ), where I = {iI, i2 , ... ,id. Applying 
(9.68), which in this case says that rank(PI) + nullity(PI) = dim(C) we see 
that dim(C) = k, since C is a k-dimensional code. Also, nullity(PI) = 0, 
since if there were a nonzero codeword C with PI(C) = 0, that codeword 
would have weight at most n - k, contradicting the fact that C is an MDS 
code. Hence by (9.68) rank(PI) = k, and so the mapping PI : C ----; Fk is 
nonsingular, i.e. one-to-one and onto. Thus every vector in F k appears exactly 
once as the projection of a codeword onto I, which is what the theorem 
promises. D 

We summarize the result of Theorem 9.9 by saying that any subset of k 
coordinate positions of a k-dimensional MDS code is an information set (see 
also Problem 7.13). The proof we have given is short but nonconstructive; 
however, for RS codes there is an efficient interpolation algorithm, which is 
closely related to the Lagrange interpolation formula of numerical analysis. 
The next theorem spells this out. 

Theorem 9.10 Consider the (n, k) Reed-Solomon code over the field F 
defined by (9.67), where k = n - r. There is a one-to-one correspondence 
between the codewords C = (Co, C1, ... , Cn-l) of this code, and the set of 
all polynomials P(x) = Po + PIX + ... + Pk_lXk-1 of degree k - 1 or less 
over F, given by 

Ci = a-i(r+l) pea-i). 

Thus apart from the scaling factors a-i(r+l), the components of a given RS 

codeword are the values of a certain (k - 1 )st-degree polynomial. 

Proof Let C = [C1, ... , Cn-11 be a fixed codeword. We define a "twisted" 
version of C, called D = [Dl, ... , Dn-11, by 

for i = 0, 1, n - 1. (9.69) 

Since by (9.67) we have C1 = C2 = ... = Cr = 0, it follows from (9.17) and 
(9.18) that Dn-r = ... = Dn- 1 = 0. Thus the DFT polynomial for D, denoted 
by D(x), is a polynomial of degree n - r - 1 = k - 1 or less: 
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D(x) = Do + Dlx + ... + Dk-IX . 

Let us define the polynomial P(x) as follows: 

1 A 

P(x) = - D(x). 
n 

257 

Then by (9.16) we have Di = pea-i), for i = 0, 1, ... , n - 1. Combining this 
with (9.69), we obtain C = a-i(r+l) pea-i), which is what we wanted. D 

The following example illustrates Theorem 9.10. 

Example 9.7 Consider the (7,3) RS code described in Example 9.6. Accord­
ing to Theorem 9.9, there is a unique codeword C such that CI = a3 , C4 = a, 
and C6 = a4 . Let us construct this codeword. 

We begin by observing that if I = {I, 4, 6}, Theorem 9.9 guarantees, in 
essence, the existence of a 3 X 7 generator matrix for C ofthe form 

( ~ t 
GI46 = * 0 

* 0 

2 

* 
* 
* 

345 
* 0 * 
* 1 * 
* 0 * ~) 

where the * 's are unknown elements of GF(8) which must be determined. 
Once GI46 is known, the desired codeword C is given by 
C = [a3 , a, a 4 ] . G146 . So let's construct the three rows of G146, which we 
shall call CI , C4 , and C6 . 

By Theorem 9.9, any codeword C from the (7,3) RS code can be 
represented as Ci = a-5i P( a-i), where P(x) = Po + PIX + P2X2 is a poly­
nomial of degree 2 or less. Thus for example, if PI (x) denotes the polynomial 
corresponding to the first row C I of G146, we have 

(9.70) 

It follows from the conditions PI(a-4 ) = PI(a-6 ) = 0 in (9.70) that 
PI (x) = A(l + a 4x)(1 + a6x) for some constant A, which can be determined 
by the condition PI(a-l) = a5 . Indeed PI(a-l) = a5 implies A(1 + a3)(1 + 
a5) = a5 , i.e., A = a5 /(1 + a 3)(1 + a5) = l. Thus PI(x) = (1 + a4x) 
(1 + a6x), and so 
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C1 = [P1(1), a 2 P1(a-1), a4 P1(a-2 ), a 6 P1(a-3 ), 

a 1 PI (a-4 ), a 3 P1(a-s), as PI (a- 6)] 

= [1, 1, a, a3 , 0, a, 0]. 

Similarly, if P4 (x) and P6(x) denote the quadratic polynomials corresponding 
to the rows C4 and C6 of the generator matrix G146 , then we find that 
P4(x) = a2 (1 + ax)(1 + a6x) and P6(x) = a6 (1 + ax)(1 + a4x). Thus we 
compute 

Combining C1, C4, and C6, we find that the generator matrix Gl46 is 

(1 1 a a 3 ° a 0) 
Gl46 = 1 ° a 6 a 6 1 a 2 ° , 

1 ° a 4 as ° as 1 

and so, finally, the unique codeword C with C1 = a3 , C4 = a, C6 = a 4 is 

C = [a3 , a, a4 ]. Gl46 = [as, a3 , a6 , 0, a, 1, a4 ]. D 

This concludes our theoretical discussion of RS codes; now let's consider 
the practical issues of encoding and decoding them. 

Since by Theorem 9.7, an (n, k) RS code is cyclic, it can be encoded using 
the shift-register techniques developed in Chapter 8. In particular, the general 
encoding circuit of Figure 8.5(a) can be used. However, since an RS code is 
defined over an arbitrary field F-which in practice will never be the binary 
field GF(2) (Problem 9.27)-the three basic components (flip-flops, adders, 
and multipliers) will typically not be "off-the-shelf" items. Although the 
design of these components over the important fields GF(2 m) is an important 
and interesting topic, it is beyond the scope of this book, and we will conclude 
our discussion of RS encoders with Figure 9.3, which shows a systematic 
shift-register encoder for the (7, 3) RS code over GF(8) with g(x) = 

X4 + a 3x3 + x2 + ax + a3 (see Examples 9.6 and 9.7). 
We turn now to the problem of decoding RS codes, which turns out to be 

quite similar to the decoding of BCH codes. In view of the similarity of their 
definitions (compare (9.7» with (9.67», this should not be surprising. 

Let us begin by formally stating the RS decoding problem. We are given a 
received vector R = (Ro, R1, ... , Rn-d, which is a noisy version of an 
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Figure 9.3 A systematic shift-register encoder for the (7, 3) RS code over GF(8) with 
g(x) = X4 + a 3x 3 + x2 + ax + a 3 • 

unknown codeword C = (Co, CI , ... , Cn- I ) from the (n, k) RS code defined 
by (9.67), i.e., R = C + E, where E is the error pattern. Since by Theorem 
9.7, dmin = r + 1, we cannot hope to correctly identify C unless 
wt(E) :s: lr /2 J, and so for the rest of the discussion we shall let t = lr /2 J, 
and assume that wt(E) :s: t. 

The first step in the decoding process is to compute the syndrome poly­
nomial 

(9.71) 

where Sj = 'L7:oI Ria iJ , for j = 1, 2, ... , r. By the results of Section 9.3, if 
we define the "twisted error pattern" by 

V = (Eo, EIa, E2a2, ... , En_Ian-I), 

then Sex) = V(x)modx r, and the key equation (9.23), reduced modxr, 
becomes 

O(x)S(x) == w(x) (modxr), 

where o(x) is the locator polynomial, and w(x) is the evaluator polynomial, 
for the vector V 

At this point the decoding problem is almost exactly the same as it was 
for BCH codes as described in Section 9.5. In particular, if the procedure 
Euclid(x r, S(x) , t, t - 1) is called, it will return the pair of polynomials 
(v(x), r(x)) , where vex) = AO(X) and rex) = AW(X) for some nonzero con­
stant A. 

The final step in the decoding algorithm is to use o(x) and w(x) to determine 
the error pattern E = (Eo, E I , ... , En-d, and hence the original codeword 
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c = R - E. As with BCH codes, there are two essentially different ways to do 
this, the time-domain approach and the frequency-domain approach. 

The time-domain approach for RS decoding is similar to the time-domain 
approach for BCH decoding, with one important exception. For BCH codes, 
when the errors are located, their values are immediately known. This is 
because BCH codes are binary, so that Ei = ° or 1 for all i. Thus ifthere is an 
error in position i, i.e., Ei -I 0, then necessarily Ei = 1. However, for RS 
codes, the E/s lie in the "big" field F, so that simply knowing that Ei -lOis 
not enough to indentify E i . In order to evaluate an error whose location is 
known, we use Corollary 1 to Theorem 9.4, which say that if Ei -I 0, i.e., 
o(a-i) = 0, then Vi = aiEi = -aiw(a-i)/o'(a-t i.e., 

E- __ w(a- i ) 

1- o'(a- i )· 

/* ' 'Time-Domain' , RS Decoding Algori thIn */ 
{ 

for(j=ltor) 
S- = ",~-1 R·aij· 'J Ul = a I , 

Sex) = SI + S2X + ... + SrXr- 1; 

if (S(x) = =0) 
print' 'no errors occurred' , ; 

else 

Euclid (x r, Sex), t, t-1); 
o(x) = v(x)/v(O); 
w(x) = r(x)/v(O); 
for (i = 0 to n - 1) 
{ 

if (o(a- i ) == 0) 

Ei = -w(a-i)/o'(a-i); 

else 

Ei=O; 

for (i = 0 to n - 1) 

Ci =Ri - Ei; 
print' 'corrected codeword: (Co, C1, ••• ,' Cn- 1)"; 

Figure 9.4 A time-domain RS decoding algorithm. 

(9.72) 
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Thus the time-domain completion of the RS decoding algorithm can be 
written as follows: 

/* Time-Domain Completion */ 
{ 

for (i = 0 to n - 1) 
{ 

if (a(a- i ) == 0) 
Ei = -w(a-i)la'(a-i); 

else 

Ei=O; 

A complete time-domain decoding algorithm for RS codes is shown m 
Figure 9.4. 

The frequency-domain approach to RS decoding is nearly identical to the 
frequency-domain approach to BCH decoding, since the idea of recursive 
completion of the error vector works for an arbitrary field F. Here is a 
pseudocode listing for a frequency-domain completion. 

/* Frequency-Domain Completion */ 

for (j = r + 1 to n) 

Sjmodn = -L:1=I Sj-i; 
for (i = 0 to n - 1) 

E- = l,\,'!-IS·a-ij· 
I nU}=O} , 

A complete RS decoding algorithm using the frequency-domain completion is 
given in Figure 9.5. 

Example 9.8 Consider the (7,3) RS code over GF(23 ) with g(x) = 

(x - a)(x - a 2 )(x - a 3 )(x - a 4 ) = X4 + a 3x3 + x2 + ax + a 3 already con­
sidered in Examples 9.6 and 9.7. Suppose the received vector is 
R = (a3 , a, 1, a2 , 0, a 3 , 1). The syndromes SI = L:Riaij are SI = a 3 , 

S2 = a 4 , S3 = a 4 , S4 = 0, so that Sex) = a 4x2 + a4x + a 3 . If we invoke the 



262 ReB, Reed-Solomon, and related codes 

/ * ' 'Frequency-Domain' , RS Decoding Algori thIn * / 

for(j=ltor) 
S. = "'n-1 R.aij· '] Ul = 0 I , 

Sex) = Sl + S2X + ... + SrXr-1; 
if (S(x) = =0) 

print' 'no errors occurred' , ; 
else 

Euclid (x r, Sex), t, t-1); 
a(x) = v(x)/v(O); 
w(x) = r(x)/v(O); 
for(j=r+1ton) 

5jmodn = - L:1=1 aiSj-i; 
for (i = 0 to n - 1) 

g = 1",n-1 S.a-ij. 
I nu; = 0; , 

for (i = 0 to n - 1) 

print' 'corrected codeword: [Co, C1, ••• , , Cn-d' , ; 

Figure 9.5 A frequency-domain RS decoding algorithm. 

procedure Euclid(x4, a 4x 2 + a 4x + a 3 , 2, 1) we obtain the following 
table: 

Vi(X) ri(x) 

-1 0 x4 

0 1 a4x2 + a4x + a 3 

1 a 3x2 + a 3x + a 5 x+a 

Thus we conclude that a(x) = a-\a5 + a 3x + a 3x2) = 1 + a 5x + a 5x2, and 
w(x) = a-5(x + a) = a2x + a 3 . 

With the time-domain approach, we find that a(a-3 ) = a(a-2) = 0, i.e., 
a(x) = (1 + a2x)(1 + a 3x). Thus the error locations are i = 2 and i = 3. To 
evaluate these two errors, use the formula (9.72), together with the fact that 
a'(x) = a 5, so that w(x)/a'(x) = a4x + a 5, and find 
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Table 9.4 The field GF(8) represented 
as powers of a, where a3 = a + 1. 

o 
1 
2 
3 
4 
5 
6 

001 
010 
100 
011 
llO 
III 
101 

w(a-2) 4 -2 5 3 
E2 = a'(a-2 ) = a . a + a = a , 

w(a-3 ) 
E3 = = a4 . a-3 + a 5 = a6 . 

a'(a-3) 
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Thus E = (0, 0, a3, a6 , 0, 0, 0) and the decoder's output IS C = R + 
E = (a3 , a, a, 1,0, a3 , 1). 

With the frequency-domain approach, we use the initial conditions 
SI = a3, S2 = a4 , S3 = a4, S4 = ° and the recursion (based on the coeffi­
cients of a (x)) Sj = a5 Sj_1 + a 5 Sj-2 to find 

S5 = a 5 . ° + a 5 . a 4 = a2 , 

S7 = So = a 5 . 1 + a 5 . a 2 = a4 . 

Thus S = (So, SI, S2, S3, S4, S5, S6) = (a4, a 3, a4, a4, 0, a2, 1). To obtain 
E, we take an inverse DFTofS, using (9.12): 

A 3 6 E = S = (0, 0, a , a , 0, 0, 0), 

and now the decoding concludes as before. D 

We conclude this section with a brief discussion of two important applica­
tions ofRS codes: burst-error correction and concatenated coding. 

We can illustrate the application to burst-error correction by returning to 
Example 9.8. There we saw the (7,3) RS code over GF(8) in action, 
correcting two symbol errors. But instead of viewing each codeword as a 
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7-dimensional vector over GF(8), we can expand each element of GF(8) into 
a 3-dimensional binary vector via Table 9.4 and thereby convert the code­
words into 2l-dimensional binary vectors. In other words, the (7, 3) RS code 
over GF(8) can be viewed as a (21,9) linear code over GF(2). For example, 
the codeword 

C = (a3 , a, a, 1,0, a3 , 1) 

becomes the binary vector 

C = (011 010 010 001 000011 001). 

Now suppose this binary version of C was sent over a binary channel and 
suffered the following error burst oflength 5: 

error 
burst 

E = (000 000 0 Ilioi' 000 000 000) 

Then the received vector would be 

R = (011 010 001 100000011 001), 

which of course differs from C in four positions. Ordinarily it would be 
difficult or impossible to correct four errors in a (21, 9) binary linear code 
(see Problem 9.33), but we can take advantage of the fact that this particular 
set of four errors has occurred in a short burst by observing that when E is 
mapped into a 7-dimensional vector from GF(8), 

E = (0, 0, a3 , a6 , 0, 0, 0), 

it only has weight 2! Thus if we convert R into a vector from GF(8), 

R = (a3 , a, 1, a 2 , 0, a3 , 1), 

we can (and we already did in Example 9.8) find the error pattern and correct 
the errors, via the decoding algorithm of Figure 9.4 or 9.5. In this way the 
original RS code has become a (21,9) binary linear code which is capable of 
correcting many patterns of burst errors. 

The generalization is this: a t-error-correcting RS code of length n over 
GF(2m) can be implemented as an (m(2m - 1), m(2m - 1 - 2t)) linear code 
over GF(2) which is capable of correcting any burst-error pattern that does 
not affect more than t of the symbols in the original GF(2 m) version of the 
codeword. 

We come finally to the application of RS to concatenated coding, a subject 
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already mentioned briefly in Chapter 6 (see p. 129). We illustrate with a 
numerical example. 

Suppose the (7,4) binary Hamming code is being used on a BSC with 
crossover probability p = .025, as shown in Figure 9.6. In the notation of 
Figure 9.6, P{u -# u} = L:1=2G)pk(1- pf-k = .0121. The idea of conca­
tenation is to regard the "encoder-BSC-decoder" part of Figure 9.6 as one 
big noisy channel, called the outer channel (the BSC itself becomes the inner 
channel), and to design a code for it. In this example the outer channel is a 
DMC with 16 inputs; the results of this section suggest that we regard these 
inputs and outputs as elements from GF(16) rather than as four-dimensional 
vectors over GF(2). So let us now consider using a (15, 11) RS code over 
GF(16) to reduce the noise in the outer channel, as illustrated in Figure 9.7. 

The RS encoder in Figure 9.7 takes 11 information symbols a = 

(aD, ... , alO) from GF(16) (which are really 44 bits from the original source) 
and produces an RS codeword C = (Co, C1, ... , CI4). The outer channel 
then garbles C, and it is received as R = (Ro, ... , RI4). The RS decoder then 
produces an estimate fJ = (fJo, ... , fJlO) of a, which will be equal to a if the 
outer channel has caused no more than two symbol errors. Thus if 
f (= 0.0121) denotes the probability of decoder error in Figure 9.6, the 
probability of decoder error in Figure 9.7 is not more that L:i~3 
(};)fk(l - f)15-k = 0.0007. The overall rate of the coding system depicted in 
Figure 9.7 is 11/15 X 4/7 = 0.42; indeed, the system is really just a (105,44) 
binary linear code which has been "factored" in a clever way. We might wish 

inner 
channel .. ~ 

r---------------i 
(X1,· .. ,X7) (Y1'·"'Y7) 

(U1, .. ,U4)~enCOder I .1(P~~O~5)1 .ldecOder~ (v1, .. ·,v4) 

~- --- ----~ 
...... 1-_______ outer --------4~ .. 

channel 

Figure 9.6 The (7, 4) Hamming code on a BSC with p = .025. 

(bo,···,blO) 

Figure 9.7 The (15, 11) Reed-Solomon code being used on the outer channel of 
Figure 9.6. 
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Outer Channel 

Figure 9.8 A general coded communication system, viewed as a noisy "outer" 
channel. (Compare with Fig. 9.6.) 

to compare this with an approximately comparable unfactored system, say the 
II-error-correcting binary BCH code oflength 127 which is a (127,57) code. 
Its rate (0.45) is slightly higher and its decoder error probability (.0004) is 
slightly lower, but its decoding complexity is considerably larger-for the 
BCH code, the error-locator polynomial will typically be an 11 th-degree 
polynomial over GF(128), whereas for the RS code it will be quadratic 
polynomial over GF(I6). 

The preceding example illustrates both the general idea of concatenation 
and the reason why RS codes are so useful in concatenated systems. Any 
coded communication system can be regarded as a noisy outer channel, as in 
Figure 9.8. However, for this point of view to be useful, we must be able to 
design an outer code capable of correcting most of the errors caused by the 
outer channel, which is likely to be a very complex beast, since its errors are 
caused by inner decoder failures. When the inner decoder fails, that is when 
(VI, ... , Vk) -I- (UI, ... , Uk) in Figure 9.8, the symbols VI, ... , Vk usually 
bear practically no resemblance to UI, ... , Uk. This means that errors in the 
outer channel tend to occur in bursts of length k. And we have already seen 
that RS codes are well suited to burst-error correction. This is the reason why 
RS codes are in widespread use as outer codes in concatenated systems. 

9.7 Decoding when erasures are present 

We have seen that BCH and RS codes can correct multiple errors. In this 
section we will see that they can also correct another class of channel flaws, 
called erasures. An erasure is simply a channel symbol which is received 
illegibly. For example, consider the English word BLOCK. If the third letter is 
changed from a to A, we get BLACK; this is an error in the third position. 
However, if the same word suffers an erasure in the third position, the result 
is BL*CK, where "*" is the erasure symbol. In practice, erasures are quite 
common. They can be expected to occur when the channel noise becomes 
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unusually severe for a short time. For example, if you are trying to talk at the 
airport and a low-flying jet passes overhead, your conversation is erased. Your 
listeners will not mistake what you are trying to say; they will simply not be 
able to understand you. 

In this section, we will learn something about erasure correction. We will 
see that in principle, an erasure is only half as hard to correct as an error 
(Theorem 9.11); and we will see how to modify the BCH and RS decoding 
algorithms in order to correct both erasures and errors. 

To model a channel which can produce erasures as well as errors, we simply 
enlarge the underlying symbol set F to F = F U { * }, where "*" is as above a 
special erasure symbol. The only allowed transmitted symbols are the 
elements of F, but any element in F can be received. The main theoretical 
result about simultaneous erasure-and-error correction follows. (Compare 
with Theorem 7.2.) 

Theorem 9.11 Let C be a code over the alphabet F with minimum distance d. 

Then C is capable of correcting any pattern of eo erasures and 
el errors if eo + 2el ::;; d - 1. 

Proof To prove the theorem, we first introduce the extended Hamming 
distance d H(X, y) between symbols in F: 

dH(x, y) = 1 if x -=I=- y and neither x nor y is "* ", { ° if x = y, 

~ if x -=I=- y and one of x and y is " * ". 
Thus for example if F = {a, I} and F = {a, 1, *}, then dH(O, 1) = 1, 
d H(1, *) = 1/2, d H(1, 1) = 0. We then extend the definition of d H to vectors 
x = (Xl, ... , xn) and y = (YI, ... , Yn) with components in F as follows: 

n 

d H(X, y) = L d H(Xi, Yi)· 
i=l 

With this definition, d H becomes a metric on the set F n of all n-dimensional 
vectors over F. (See Problem 9.40). Indeed d H(X, y) is just the ordinary 
Hamming distance between x and y, if no erasure symbols are involved in x 
ory. 

We next introduce a special decoding algorithm, called the minimum­
distance decoding (MDD) algorithm for the code C. When the MDD 
algorithm is given as input a received word REF n, it produces as its output a 
codeword Ci for which the extended Hamming distance dH(C i , R) is 
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smallest. We will prove Theorem 9.11 by showing that the MDD algorithm 
will correct eo erasures and el errors, if eo + 2el ::;; d - 1. 

Thus suppose that C is the transmitted codeword, and that in transmission 
it suffers eo erasures and el errors, with eo + 2el ::;; d - 1. If R is the 
corresponding garbled version of Ci , then dHCCi , R) = !eo + el ::;; !Cd - 1). 
There can be no other codeword this close to R, since if e.g. 
d HC Cj , R) ::;; !C d - 1) where j -=I i, then by the triangle inequality 

dHCCi , Cj ) ::;; dHCCi , R) + dHCR, Cj ) 

1 1 
::;;"2Cd-l)+"2Cd-l) 

= d-l, 

which contradicts the fact that the code's minimum distance is d. Therefore 
the distance dHCCi , R) is uniquely smallest for j = i, and the MDD algorithm 
will correctly indentify Ci , the actual transmitted codeword. D 

Example 9.9 Let C be the C7, 3) cyclic code from Example 8.2, with code­
words 

Co = 0000000, 

CI = 1011100, 

C2 = 0101110, 

C3 = 0010111, 

C4 = 1001011, 

Cs = 1100101, 

C6 = 1110010, 

C7 = 0111001. 

Since this code is linear, its minimum distance is the same as its minimum 
weight; thus d = 4. According to Theorem 9.11, then, this code is capable of 
correcting eo erasures and el errors, provided eo + 2el ::;; 3. Here is a table of 
the allowed combinations of erasures and errors: 
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eo 

3 
2 
1 
1 

° ° 

° ° 1 

° 1 

° 
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For example, suppose R = [1 1 1 ° * ° 1] is received. The MDD algorithm 
would make the following computations: 

dH(Ci , R) Erasure positions Error positions 

° 4.5 {4} {a, 1, 2, 6} 
1 3.5 {4} {I, 3, 6} 
2 5.5 {4} {a, 2, 3, 5, 6} 
3 3.5 {4} {a, 1, 5} 
4 4.5 {4} {I, 2, 3, 5} 
5 1.5 {4} {2} 
6 2.5 {4} {5,6} 
7 2.5 {4} {a, 3} 

Therefore the MDD would output C5 and conclude that R had suffered an 
erasure in position 4 and an error in position 2, i.e. eo = 1 and el = 1. On the 
other hand if R = [* * * 1 ° 1 0], the computation would run as follows: 

dH(Ci , R) Erasure positions Error positions 

° 3.5 {a, 1, 2} {3,5} 
1 3.5 {a, 1, 2} {4, 5} 
2 2.5 {a, 1, 2} {4} 
3 4.5 {a, 1, 2} {3, 4, 6} 
4 2.5 {a, 1, 2} {6} 
5 5.5 {a, 1, 2} {3, 4, 5, 6} 
6 2.5 {a, 1, 2} {3} 
7 3.5 {a, 1, 2} {5,6} 
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Here the algorithm faces a three-way tie (between C2 , C4 , and C6), but no 
matter which of these three it selects, it will conclude that the transmitted 
codeword has suffered 3 erasures and 1 error, which is beyond the code's 
guaranteed correction capabilities. D 

Theorem 9.11 gives the theoretical erasure-and-error correction capability 
of a code in terms of its minimum distance, but from a practical standpoint 
the MDD algorithm used in the proof leaves much to be desired, since it is 
plainly impractical to compare the received word with each of the codewords 
unless the code is very small. Fortunately, for BCH and RS codes, there is a 
simple modification of the basic "errors-only" decoding algorithms we have 
already presented in Section 9.6 (Figs. 9.4 and 9.5), which enables them to 
correct erasures as well as errors. In the remainder of this section, we will 
discuss this modification. 

The erasures-and-errors decoding algorithms for BCH and RS codes, like 
their errors-only counterparts, are virtually identical, but for definiteness we'll 
consider in detail only RS codes. At the end of this section, we'll discuss the 
simple modifications required for BCH codes. By Theorem 9.7, the minimum 
distance of an (n, k) RS code is r + 1, where r = n - k, and so Theorem 
9.11 implies the following. 

Theorem 9.12 Let C be an (n, k) RS code over afield F Then C is capable 
of correcting any pattern of eo erasures and el errors, if eo + 2eI ~ r, where 
r=n-~ D 

Now let's begin our discussion of the erasures-and-errors decoding algo­
rithm for RS codes. Suppose we are given a received vector R = 

(Ro, RI , ... , Rn-d, which is a noisy version of an unknown codeword C = 

(Co, CI , ... , Cn-d, from an (n, k) RS code with generator polynomial 
g(x) = (x - a)(x - a 2 ) ... (x - a r ), with r = n - k. We assume R has suf­
fered eo erasures and el errors, where eo + 2eI ~ r. The first step in the 
decoding algorithm is to store the locations of the erasures. This is done by 
defining the erasure set 10 as 

Io={i:Ro=*}, (9.73) 

and then computing the erasure-location polynomial Go(x): 

Go(x) = II (1 - aix). (9.74) 
iE10 
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(If there are no erasures, ao(x) is defined to be 1.) 
Once the erasure locations have been "stored" in ao(x), the algorithm 

replaces the *'s in R with O's, i.e., a new received vector R' = 

(Ro, RL ... , R~-d is defined, as follows: 

if Ri -=I *, 
if Ri = *. 

(9.75) 

The advantage of replacing the * 's with O's is that unlike *, 0 is an element of 
the field F, and so arithmetic operations can be performed on any component 
of R'. The disadvantage of doing this is that when viewed as a garbled version 
of C, R' will have suffered eo + e1 errors,7 which may exceed the code's 
errors-only correction capability. However, as we shall see, by using the "side 
information" provided by the erasure-locator polynomial ao(x), the errors in 
R' can all be corrected. 

With this preliminary "erasure management" completed, the decoding 
algorithm proceeds in a manner which is similar to the errors-only algorithm. 
In particular, the next step is to compute the syndrome polynomial 
Sex) = Sl + S2X + ... + Srxr-1, where 

n-1 
Sj = LRiaiJ, for j = 1, 2, ... , r. 

i=O 

If now we define the errors-and-erasures vector E' = (Eo, EL ... , E~-d as 
E' = R' - C, and the "twisted" errors-and-erasures vector Vby 

v = (Eo, Eta, ... , E~_lan-1), (9.76) 

then it follows by the results of Section 9.3 that Sex) = V(x)modx r, and the 
key equation (9.37) becomes 

a(x)S(x) == w(x) (modxr), (9.77) 

where a(x) is the locator polynomial, and w(x) is the evaluator polynomial, 
for the vector V. From now on, we'll call a(x) the errors-and-erasures-locator 
polynomial, and w(x) errors-and-erasures-evaluator polynomial. 

Let's focus for a moment on a(x), the errors-and-erasures-Iocator poly­
nomial. We have 

a(x) = II (1 - aix), (9.78) 
iEI 

where 1 is the errors-and-erasures set, i.e., 

1 = 10 U h (9.79) 
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where 10 is the erasure set defined in (9.73) and It is the error set defined as 
follows: 

II = {i : Ri -=I- * and Ri -=I- Ci}. 

It thus follows from (9.78) and (9.79) that 

(9.80) 

where ao(x) is as defined in (9.74) and 

al(x) = II(1- aix). (9.81) 
iEh 

Naturally we call al(x) the error-locator polynomial. 
Now we return to the key equation (9.77). In view of (9.80), we already 

know part of a(x), viz. ao(x), and so the decoding algorithm's next step is to 
compute the modified syndrome polynomial So (x), defined as follows: 

So(x) = ao(x)S(x)modx r . (9.82) 

Combining (9.77), (9.80), and (9.82), the key equation becomes 

(9.83) 

At this point, the decoder will know So (x), and wish to compute al(x) and 
w(x), using Euclid's algorithm. Is this possible? Yes, because we have 

degw(x) ~ eo + el - 1 

so that degal + degw ~ eo + 2el - 1 < r = deg x r , since we have assumed 
eo + 2el ~ r. Although it may no longer be true that gcd(a(x), w(x» = 1, it 
will be true that gcd(al(x), w(x» = 1 (see Prob. 9.45). It thus follows from 
Theorem 9.6 that the procedure Euclid(x r , So (x) , fl, v) will return al(x) 
and w(x), if fl and v are chosen properly. To chose fl and v, we reason as 
follows. Since eo + 2el ~ r, we have 

so that degal(x) ~ l(r - eo)/2J. Similarly, 
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lr - eoJ deg w(x) ::;; eo + el - 1 ::;; eo + -2- - 1 

=lr~eoJ-l 

::;; I r ~ eo l- 1 

It is an easy exercise to prove that l(r - eo)/2J + i(r + eo)/21 = r (see 
Prob. 9.43), and so it follows that if we define 

v = I r ~ eo l- 1, (9.84) 

then the procedure Euclid(x r , So(x), fi, v) is guaranteed to return a pair of 
polynomials (v(x), rex)) such that al(x) = AV(X), w(x) = Ar(x), where A is a 
nonzero scalar. To find A we recall that al(O) = 1 (see (9.81)), and so we have 

al(x) = v(x)/v(O), 

w(x) = r(x)/v(O). 

Now, having computed the erasure-locator polynomial ao(x) and the error­
locator polynomial al(x), the algorithm computes the erasure-and-error­
locator polynomial a(x) by polynomial multiplication-see (9.80). 

At this stage, the algorithm has both the locator polynomial a(x) and the 
evaluator polynomial w(x) for the errors-and-erasures vector E', and the 
decoding can be completed by either the "time-domain completion" or 
the "frequency-domain completion" described in Section 9.6. The errors-and­
erasures decoding algorithm is thus summarized in Figure 9.9. 

Example 9.10 We illustrate the erasures-and-errors RS decoding algorithm 
with the (7, 2) RS code over the field GF(8), which has generator polynomial 
g(x) = (x - a)(x - a2 )(x - a3 )(x - a4 )(x - a 5 ) = x 5 + a2x4 + a3x 3 + 
a6x2 + a4x + a. (We are assuming that a, a primitive root in GF(8), is a root 
of the GF(2)-primitive polynomial x3 + x + 1.) The code's redundancy is 
r = 5 and so by Theorem 9.11, it can correct any pattern of eo erasures and el 

errors, provided eo + 2el ::;; 5. Let us take the garbled codeword 
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/ *RS Errors -and - Erasures Decoding Algori truu* / 
{ 

} 

Input 10; eo = 1101; 
oo(x) = I1 iE/o(1 - aix); 
for (i E 10 ) 

Ri =0; 
forU= 1,2, ... , r) 

S. = ",~-1 D.aij· 
'} UI=O Hi , 

Sex) = Sl + S2X + ... + SrXr-1; 
SO(X) = OO(x)S(x)modxr; 
fl = l(r - eo)/2 J; V = i(r + eo)/21 - 1; 
Euclid(xr , So (x) , fl, v); 
01(X) = v(x)/v(O); 
w(x) = r(x)/v(O); 
o(x) = 00(X)Ol(X); 

(Time-domain completion or frequency-domain 
completion) 

Figure 9.9 Decoding RS (or BCH) codes when erasures are present. 

and try to decode it, using the algorithm in Figure 9.9. 
The first phase of the decoding algorithm is the "erasure management," 

which in this case amounts simply to observing that the erasure set is 
10 = {3}, so that eo = 1, the erasure-locator polynomial is 

oo(x) = 1 + a3x, 

and the modified received vector R' is 

The next step is to compute the syndrome values Sl, S2, S3, S4, Ss, using 
R'. We have 

so that a routine calculation gives 

Sl = 1, S2 = 1, S3 = as, S4 = a2 , Ss = a4 . 
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Thus the modified syndrome polynomial So(x) is 

Since eo = 1, r = 5, the parameters f1 and v are 

l5 - 1 J f1= -2- =2, 

IS + II v = 1-2- - 1 = 2. 

Thus we are required to invoke Euclid(x5 , So(x), 2, 2). Here is a summary 
of the work: 

Vi ri qi 

-1 0 x 5 

0 x4 + a4 x3 + a 2 x2 + ax + 1 
x+a4 a 4x3 + a 5x2 + a 4x + a 4 x+a4 

2 a 3x2 + a 4x + a 6 a 4x2 + a 5x + a 6 a 3x + a 5 

Thus Euclid(x5 , So(x), 2, 2) returns (V2(X), r2(x)) = (a3x2 + a 4x + a 6, 

a 4x2 + a 5x + a 6), so that 

and finally 

This completes the "erasure-specific" part of the decoding, i.e., the portion of 
the algorithm described in Figure 9.9. We will now finish the decoding, using 
both the time-domain and frequency-domain completions. 

For the time-domain completion, we note that a'(x) = x2 + a2, and 
compute the following table: 



276 BCH, Reed-Solomon, and related codes 

a(a-i) a'(a-i) w(a-i) Ei = w(a-i)/a'(a-i) 

° ° a 6 a 3 a 4 

a 5 

2 a 4 

3 ° a 4 a 5 a 
4 ° a 3 a 3 

5 a 5 

6 a 5 

Thus the errors-and-erasures vector is E' = [a4 , 0, 0, a, a 3 , 0, 0] (which 
means that there are two errors, in positions ° and 4, in addition to the erasure 
in position 3), and so the decoded codeword is C = R' + E', i.e., 

CA [0 3 6 5 4 2] = ,a, a , a, a , a ,a . 

For the frequency-domain completion, having already computed SI, S2, S3, 
S4, S5, we compute S6 and S7 (= So) via the recursion 

Sj = a2Sj_1 + a2Sj_2 + Sj-3 

(since a(x) = 1 + a2x + a2x2 + a3), and find that S6 = a2, and So = a5. 
Thus the complete syndrome vector S is 

S = [a5, 1, 1, a 5, a2, a4, a2]. 

we now compute the inverse DFT of S, i.e., 

Ej = a 5 + a-i + a-2i + a5- 3i + a2- 4i + a4- 5i + a2- 6i 

This gives 

just as in the time-domain completion, and so 

CA [0 3 6 5 4 2] = ,a, a , a, a , a , a 

as before. D 

Let's conclude this section with a brief discussion of how to decode BCH 
codes when erasures are present. The key difference between the (errors-only) 
decoding algorithm for BCH codes and RS codes is that BCH codes, once the 
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errors have been located, there is no need to evaluate them, since the only 
possible error value is 1. What this means is that when erasures are present, 
the algorithm in Figure 9.9 still holds (with 2t replacing r); the only way in 
which the decoding of BCH codes is simpler is in the implementation of the 
time-domain completion. (Compare Figures 9.3 and 9.4.) 

9.8 The (23, 12) Golay code 

In this section we will discuss an extremely beautiful but alas! nongeneraliz­
able code, the binary (23, 12) Golay code. It is arguably the single most 
important error-correcting code. (There is also an (11, 6) Golay code over 
GF(3); see Probs. 9.64-9.67.) 

We begin with a tantalizing number-theoretic fact. In the 23-dimensional 
vector space over GF(2), which we call V23 , a Hamming sphere of radius 3 
contains 

1 + (213) + (2;) + (2;) = 2048 vectors. 

But 2048 = 211 is an exact power of 2, and thus it is conceivable that we 
could pack V23 with 4096 = 212 spheres of radius 3, exactly, with no overlap. 
If we could perform this combinatorial miracle, the centers of the spheres 
would constitute a code with 212 codewords of length 23 (rate = 

12/23 = 0.52) capable of correcting any error pattern of weight ~ 3. In this 
section, not only will we prove that such a packing is possible; we will show 
that the centers of the spheres can be taken as the codewords in a (23, 12) 
binary cyclic code! 

In coding-theoretic terms, then, we need to construct a binary cyclic 
(23, 12) three-error-correcting code, i.e., one with dmin ~ 7. We base the 
construction on certain properties of the field GF(2 11 ). Since 
211 - 1 = 2047 = 23·89, GF(2 11 ) must contain a primitive 23rd root of unity, 
which we shall call {3. The minimal polynomial of {3 over GF(2) is 
g(x) = ITYEB(X - y), where B = {{32i : i = 0, 1,2, ... } is the set of con­
jugates of {3. A simple computation shows that B contains only 11 elements; 
indeed, 

g(x) = II (x - y), (9.85) 
yEB 

where 

B = {{3i : j = 1, 2, 4, 8, 16,9, 18, 13,3,6, 12}. 
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Similarly the minimal polynomial of {J-l = (J22 is 

g(x) = II (x - y) (9.86) 
yEB 

where 

jj = {{Jj : j = 22,21, 19, 15, 7, 14, 5, 10,20, 17, 11}. 

Since every 23rd root of unity except 1 is a zero of either g(x) or g(x), it 
follows that the factorization of x23 - 1 into irreducible factors over GF(2) is 

X23 - 1 = (x - l)g(x)g(x). 

In fact, it can be shown that8 

g(x) = x 11 + x 9 + x7 + x 6 + x 5 + X + 1, 

g(x) = x 11 +x10 +x6 +x5 +X4 +x2 + 1, 

(9.87) 

(9.88) 

but we will not need this explicit factorization in the rest of this section. We 
can now define the Golay code. 

Definition The (23, 12) Golay code is the binary cyclic code whose generator 
polynomial is g(x), as defined in (9.85) or (9.88). 

Now all (!) we have to do is show that the code's minimum weight is ~ 7. 
The first step in this direction is rather easy. 

Lemma 3 Each nonzero Golay codeword has weight ~ 5. 

Proof In view ofthe structure ofthe set R of zeros of g(x) (cf. Eq. (9.85)), we 
see that for every codeword C, 

It thus follows from the BCH argument (Theorem 9.3) that dmin ~ 5. D 

In view of Lemma 3, it remains to show that there can be no words of 
weight 5 or 6. The next lemma allows us to focus our attention on words of 
even weight. 

Lemma 4 If Ai denotes the number of Golay codewords of weight i, then, for ° ~ i ~ 23, 

(9.90) 
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Proof By (9.87), g(x)g(x) = (x23 - 1)/(x - 1) = 1 + x + x2 + ... + x22 , 
and so the constant vector K = (11111 ... 111) is in the code. By adding K 
to a word of weight i, we get a word of weight 23 - i, and conversely. Thus 
the correspondence C +--7 C + K is one-to-one between words of weights i 
and 23 - i. D 

The next lemma eliminates words of weight 2, 6, 10, 14, 18, and 22; by 
Lemma 4 this also eliminates words of weight 1, 5, 9, 13, 17, and 21, and 
thus proves that the Golay code has minimum distance ~ 7. 

Lemma 5 IjC is a Golay codeword of even weight W, then w == ° (mod 4). 

Proof Let the generating function for C be denoted by C(x), i.e., 

(9.91) 

where ° ::;; e1 < e2 < ... < ew ::;; 22. Since C belongs to the Golay code, 
C(/3) = 0, that is, 

C(x) == ° (mod g(x)). (9.92) 

Since C has even weight, C(1) = 0, that is 

C(x) == ° (modx - 1). (9.93) 

Now if we define C(x) by 

(9.94) 

with exponents taken modulo 23, it follows that C(/3-1) = C(/3) = 0, that is, 

C(x) == ° (mod g(x)). 

Combining (9.92), (9.93), (9.95) with (9.87), we have 

C(x)C(x) == ° (modx23 - 1). 

(9.95) 

(9.96) 

Now let us actually compute C(x)C(x)(modx23 - 1), using the defining equa­
tions (9.91) and (9.94): 
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w 

C(x)C\x) == L xerej 

i,j=l 

w 

(modx23 - 1) 

== w + L xerej (modx23 - 1) 
i,j=l 
i#} 

(modx23 - 1) (9.97) 

(the last congruence because w is even and all computations take place in 
GF(2». Thus 

22 

C(x)C(x) == L.ubXb (modx23 - 1), 
b=l 

where.ub is the number of ordered pairs (i, j) with ei - ej == b (mod23). By 
formula (9.96) each.ub is even: 

,lib == 0 (mod 2), b = 1,2, ... ,22. 

Now, if ei - ej == b, then also ej - ei == 23 - b (mod 23). Thus 

,lib = .u23-b. b = 1,2, ... ,11. 

(9.98) 

(9.99) 

Finally, since there are w(w - 1) terms in the sum on the right side of (9.97), 

22 

L.ub = w(w - 1). (9.100) 
b=l 

Combining (9.98), (9.99), and (9.100), we have 

22 

w(w - 1) = L.ub 
b=l 

== 0 (mod 4), 

i.e., w( w - 1) is a multiple of 4. But since w - 1 is odd, it follows that w itself 
is a multiple of 4, which completes the proof. D 

Combining Lemmas 3,4, and 5, we arrive at the following theorem. 
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Theorem 9.13 The number of codewords of weight i in the (23, 12) Golay 
code is 0 unless i = 0,7,8,11,12,15,16, or 23. Thus the spheres of radius 
3 around the codewords do indeed pack V23 perfectly. 

There is a simple but useful variant of the (23, 12) Golay code, that 
deserves mention here. If C = (Co, C1, ... , C22 ) is a Golay codeword, let us 
extend C to length 24 by appending an overall parity check, i.e., by defining a 
24th component C23 as follows: 

If every Golay codeword is extended in this way, the resulting code is a binary 
linear (but no longer cyclic) (24, 12) code, which is called the (24, 12) 
extended Golay code. It is a simple matter then to prove the following 
theorem. (See Problem 9.59.) 

Theorem 9.14 The number of codewords of weight i in the (24, 12) extended 
Golay code is ° unless i = 0,8, 12, 16, or 24. 

The (24, 12) extended Golay code enjoys two small advantages over the 
original (23, 12) Golay code, which are however enough to make the extended 
code preferable in most applications. First, since 24 is a multiple of eight, the 
(24, 12) code is naturally suited to byte-oriented implementations. Second, 
since the minimum distance of the extended code is eight, if it is used to 
correct all patterns of three or fewer errors, all error patterns of weight 4, and 
many error patterns of higher weight, will still be detectable, whereas the 
original (23, 12) has no such extra detection capability. (See Problems 9.59, 
9.62.) 

We conclude with some remarks about the implementation of the Golay 
codes. Since the (23, 12) code is cyclic, it is clear that we could design an 11-
sttage shift-register encoder for it (see Section 8.2, and do Problem 9.60). The 
design of an algebraic decoding algorithm is not so easy; we could easily 
modify the BCH decoding algorithm in Figures 9.1 and 9.2 to correct every 
pattern of two or fewer errors, but the code is "accidentally" capable of 
correcting three! Fortunately, however, the code is small enough so that the 
syndrome "table lookup" algorithm discussed in Section 7.2 is usually 
practical. (See Prob. 9.63.) 
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Problems 

9.1 We saw in Section 9.1 that the function rev) = V3 makes the matrix Hz ofEq. 
(9.2) into the parity-check matrix of a two-error-correcting code. Investigate 
whether or not the following candidate r's work: 
(a) reV) = TV, where Tis a linear transformation of V m. 

(b) rev) = ao + al V + az VZ, where V is regarded as an element of GF(2). 
(c) reV) = v-I, where V E GF(2m). 

9.2 Suppose F is a finite field with q elements. 
(a) If a is an arbitrary element of F, define the (q-l)st-degree polynomial 

fix) = (x - a)q-I - 1. Find the value of fa (X) for each of the q elements 
of F. 

(b) Using the results of part (a), or otherwise, show that every function 
f : F --+ F can be represented as a polynomial of degree at most q - 1. 

9.3 (This problem gives a generalization of the Vandermonde determinant theorem, 
which is needed in the proof of Theorem 9.1.) Let Pi (X) be a monic polynomial 
of degree i, for i = 0, 1, ... , n - 1, and let XI, Xz, ... , Xn be distinct indeter­
minantes. Show that 

PO(Xn) ) 
PI (xn) 

Pn-~(xn) 
n-I n 

= II II (Xj - Xi)· 
i=1 j=i+1 

[Hint: If Xi = Xj, the left side vanishes.] The Vandermonde determinant 
theorem is the special case Pi (X) = Xi. 

9.4 Here is a pseudocode listing for an algorithm for computing the dimension of 
the t-error-correcting BCH code oflength 2m - 1: 

s= {I, 3, ... , 2t-l}; 
k = 2m - 1; 
while (S is not empty) 
{ 

Uo = least element in S; 
U = Uo; 

do 
{ 

delete u from S; 
k=k-l; 
U = 2umod2m - 1; 

while (u =1= uo) 

(a) Show that when the algorithm terminates, the integer k is equal to the 
dimension ofthe t-error-correcting BCH code oflength 2m - 1. 
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(b) Use the algorithm to compute the dimension of the t-error-correcting BCH 
code oflength 63, for 1 ~ t ~ 31. 

9.5 (a) Prove that the dimension of the two-error-correcting BCH code of length 
n = 2m - 1 is n - 2m, for all m ;;. 3. 

(b) More generally show that for any fixed t ;;. 1, the dimension of the t-error­
correcting BCH code of length n = 2 m - 1 is n - mt for all sufficiently 
large m. 

(c) What is the smallest value of mo such that the three-error-correcting BCH 
code of length n = 2 m - 1 has dimension n - 3 m for all n ;;. mo? 

9.6 (a) For each t in the range 1 ~ t ~ 7, compute the dimension of the t-error­
correcting BCH code oflength 15. 

(b) For each of the codes in part (a), calculate the generator polynomial, 
assuming a primitive root a in GF(16) that satisfies the equation 
a 4 = a + 1. (Cf. Example 9.1.) 

9.7 In Example 9.1 we computed the generator polynomial for the three-error­
correcting BCH code oflength 15, under the assumption that the primitive root 
a of GF(16) satisfied a 4 = a + 1. If we had chosen a primitive root satisfying 
a 4 = a 3 + 1 instead, what would the generator polynomial have turned out to 
be? 

9.S Prove the inverse DFT formula, Eq. (9.12) 
9.9 Consider the field GF(7), as represented by the set of integers 

{O, 1, 2, 3, 4, 5, 6}, with all arithmetic done modulo 7. 
(a) Show that 3 is a primitive 6th root of unity in GF(7). 
(b) Using 3 as the needed primitive 6th root of unity, find the DFT of the 

vectors VI = (1, 2, 3, 4, 5, 6) and V2 = (1, 3, 2, 6, 4, 5). 
(c) Why do you suppose the DFTofV2 is so much "simpler" than that of VI ? 

9.10 Prove that the DFT of the phase-shifted vector VI' in equation (9.17) is given by 
the formula (9.18). 

9.11 (Generalized BCH codes). Let g(x) be a polynomial with coefficients in GF(q) 
which divides xn - 1. Further assume that a is an nth root of unity in some 
extension field of GF(q) and that 

g(a i ) = 0, for i = mo, mo + 1, ... , mo + d - 2 

for integers mo and d. Let C be the cyclic code with generator polynomial g(x). 
Show that the minimum distance of C is;;' d. [Hint: Use the BCH argument.] 

9.12 Is the converse of the "BCH argument" (Theorem 9.3) true? That is , if V is a 
vector of weight w, does it necessarily follow that the DFT V must have w - 1 
or more consecutive zero components? If your answer is yes, give a proof. If 
you answer is no, give an explicit counterexample. 

9.13 Prove that gcd(V(x), 1 - xn) = ITij"I(1 - aix), where Vex) is as defined in 
(9.14), and I is as defined in (9.19). 

9.14 Show that if any d consecutive components of V are known, the rest can be 
calculated, provided we also know ov(x) (cf. Corollary 9.2). 

9.15 The field GF(16), as represented in Table 9.1, contains a a primitive 5th root of 
unity, namely a3, which for the remainder of this problem we shall denote by fJ. 
Let V = (1, fJ4, fJ5, 0, fJ7), a vector of length 5 over GF(16). Using the 
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definitions in Section 9.3, compute Y, av, a~ for i = 1,2,4, and wv(x). (Cf. 
Example 9.2.) 

9.16 In Example 9.2, the components of Y satisfy the recursion Vj = a6 Vj_3• 

Explain "why" this should be so. [Hint: Examine (9.31) carefully.] 
9.17 If Sj represents the jth syndrome value in the decoding of a BCH code (cf. Eq. 

(9.34)), show that, for all j, S2j = S;. 
9.18 If f(x) = fo + fix + ... + fnxn is a polynomial over a field F, its fonnal 

derivative f'(x) is defined as follows. 

f'(x) = fl + 2/2x + ... + nfnxn-I. 

From this definition, without the use oflimits, deduce the following facts: 
(a) (f + g)' = f' + g'. 
(b) (fg)' = fg' + f' g. 
(c) (fm)' = mfm-If'. 

(d) If f(x) = I};=I (x - fJi), then 

r r 

f'(x) = L II(x - fJj)· 
i=1 j=1 

Hi 

(e) If f(x) is as given in part (d) and the fJi are distinct, then 

~ 1 f'(x) 
f=t x - fJi = f(x) . 

9.19 (a) Prove properties A-F of Euclid's algorithm given in Table 9.2. 
(b) Prove that rn(x), the last nonzero remainder in Euclid's algorithm, is a 

greatest common divisor of a(x) and b(x), and that Eq. (9.43) holds. 
9.20 Let a(x) = x 8 - 1, b(x) = x 6 - 1, polynomials over the field GF(2). 

(a) Apply Euclid's algorithm to the pair (a(x), b(x)), thus obtaining a table like 
that in Example 9.3. 

(b) For each pair (;t, v) with f-l;;-: 0, v;;-: 0, and f-l + v = 7, calculate 
Euclid(a, b, f-l, v). (Cf. Example 9.4.) 

9.21 (Pade approximants). Let A(x) = ao + ajX + a2x2 + ... be a power series over 
a field F. If f-l and v are nonnegative integers, a (;t, v) Pade approximation to 
A(x) is a rational function p(x)/ q(x) such that 

(a) q(x)A(x) == p(x) (modxl'+v+I), 

(b) deg q(x) ~ f-l, deg p(x) ~ v. 

Using Theorem 9.5, show that for each (;t, v) there is (apart from a scalar 
factor) a unique pair (Po(x), qo(x)) such that if (a) and (b) and hold, then 
p(x) = APo(X) and q(x) = Aqo(X) for a nonzero scalar A. The pair (po(x), qo(x)) 
is called the (f-l, v) Pade approximant to A(x). Referring to Table 9.3, compute 
the Pade approximants to A(x) = 1 + x + x2 + X4 + x 6 + ... over GF(2) with 
f-l+ v =7. 

9.22 With the same setup as Example 9.5, decode the following noisy codeword 
from the (15, 5) three-error-correcting BCH code: 
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R = [Ro, ... , R14 ] = [110101010010010]. 

9.23 Consider the three-error-correcting BCH code oflength 31, defined in terms of 
a primitive root a E GF(32) satisfying as + a 2 + 1 = O. 
(a) Compute the generator polynomial. 
(b) Decode the following received vector: [000000011110101111101110001 

0000]. 
(c) Decode the following received vector: [101100111110101001100010010 

1001]. 
9.24 Let a be a primitive nth root of unity in the field F, and let Pk be the set of 

polynomials of degree ~ k - lover F. For each P E Pk, define the vector 
C(P) = (P(I), pea), ... , P(a n- I ). 

(a) Show that the code consisting of all vectors C( P) is an MDS code, and find 
the corresponding n, k, and d. 

(b) Is the code cyclic? Explain. 
(c) What relationship, if any, does this code bear to the RS code as defined in 

(9.67)? 
9.25 Let F be any field which contains a primitive nth root of unity a. If r and i are 

fixed integers between 0 and n, the set of all vectors C = (Co, C1, ... , Cn-I) 
with components in F such that 

n-l 

L C;aij = 0, for j = i + 1, i + 2, ... , i + r, 
;=0 

is called an alternate Reed-Solomon code. 
(a) Show that the code so defined is an (n, n - r) cyclic code. Find the 

generator polynomial and dmin. 

(b) Explicitly compute the generator polynomial g(x) for the alternate RS code 
with F = GF(8), n = 7, r = 4, and i = 1. (Cf. Example 9.6.) 

(c) Show that there exist n fixed nonzero elements from F, say Yo, ... , Yn-b 

such that the alternate code just described can be obtained from the original 
RS code (defined in (9.67)) by mapping each original RS codeword 
(Co, ... , Cn-I) to the vector (Yo Co, ... , Y n-l Cn-I). 

9.26 Let a be an nth root of unity in a finite field F, and let C be the linear code of 
length n defined as follows: C = (Co, CI , ... , Cn-I) is a codeword if and only 
if 

n-I C. 
"--'-. == 0 (modxr), 
L..J x - a' 
,=0 

where x is an indeterminate. 
(a) Show that the code C is cyclic. 
(b) Find the dimension of the code, in terms of n and r. 
(c) Find the code's minimum distance. 
(d) What is the relationship (if any) betwen C and the (n, k) RS code over F 

with generator polynomial g(x) = (x - a) ... (x - a r )? 
9.27 Give a complete discussion of all MDS codes over GF(2). 
9.28 Show that over any field F, the following two codes are MDS codes. 
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(a) The (n, 1) repetition code. 
(b) The (n, n - 1) parity-check code. 

9.29 In Theorem 9.7, it is shown in a (n, k) Reed-Solomon code over a field F, the 
minimum weight codeword has weight n - k + 1. Question: If the field F has q 
elements, exactly how many words of weight n - k + 1 are there in the code? 
[Hint: Use Theorem 9.9.] 

9.30 Using Table 9.1 for guidance, compute the generator polynomial g(x) for a 
(15, 7) RS code over GF(16). (Cf. Example 9.6.) 

9.31 Consider the (7, 3) RS code of Example 9.6. 
(a) Find the unique codeword (Co, ... , C6) such that Co = 1 CI = 0, and 

Cz = O. (Cf. Example 9.7.) 
(b) Is there a codeword with Co = a3 , CI = a, Cz = 1, and C3 = O? 

9.32 Decode the following garbled codeword from the (7,3) RS code from Example 
9.8: 

R = [a3 1 a a Z a 3 a 1]. 

9.33 Do you think there is a (21, 9) binary linear code which is capable of correcting 
any pattern of 4 or fewer errors? 

Problems 9.34-9.39 are all related. They present an alternative approach to Reed­
Solomon codes. More important, however, they culminate with the construction of the 
famous Justesen codes (see Ref [15]). These codes are important because they 
(together with certain variants of them) are the only known explicity constructable 
family of linear codes which contain sequences of codes of lengths n;, dimensions k;, 
and minimum distances d; such that: 

lim n; = 00, 
i-HX) 

lim k;/ n; > 0, 
'-->00 

lim d;/n; > O. 
'-->00 

(See conclusions of Prob. 9.39. Also cf Prob. 7.21, the Gilbert bound, which shows 
that such sequences of codes must exist, but does not explain how to construct them.) 

9.34 (Cf. Theorem 9.10.) Denote by Pr the set of polynomials of degree ~ rover 
the finite field GF(qm) and let (ao, ai, ... , an-I) be a list of n > r distinct 
elements from GF(qm). Corresponding to each f(x) E Pr , let the vector 
(Co, CI, ... , Cn-I) E GF(qm)n be defined by C; = f(a;). Show that the set of 
vectors obtained from Pr in this way is a linear code over Fqm with length n, 
dimension r + 1, and minimum distance n - r. 

9.35 The setup being the same as in Prob. 9.34, corresponding to each f E Pr let 

C = (Co, Co, C], C;, ... , Cn-I, C~_I) E GF(qmin 

be defined by C; = f(a;), C; = a;j(a;). Show that the set of vectors thus 
obtained is a linear code over GF(qm) with length 2n and dimension r + 1, 
such that within each nonzero codeword there are at least n - r distinct pairs 
(C;, CD. 

9.36 Let cjJ : GF(qm) -+ GF(q)m be a one-to-one linear mapping from GF(qm) onto 
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GF(q)m. Take the code over GF(qm) defined in Prob. 9.35, and make it into a 
code over GF(q) by mapping the codeword C onto (¢(Co), ¢(Cb), ... , 
¢(Cn- I), ¢(C~-d). Show that the resulting GF(q) linear code has length 2mn 
and dimension m(r + 1), and that within each nonzero codeword, among the n 
subvectors (¢(C;), ¢(Ci)), there are at least n - r distinct ones. 

9.37 (This problem is not out of place, despite appearances.) Let {XI, ... , XM} be a 
set of M distinct vectors from Vn(F2), and let W; = WH(X;) denote the 
Hamming weight of X;. Let P = (WI + ... + wM)/nM. Prove that 

log M ~ nH2(p), 

where H2 is the binary entropy function. [Hint: Let X = (XI, X 2, ... , X n) be 
a random vector which is equally likely to assume any of the values X;, and let 
Pj denote the fraction of the M vectors that have a 1 in their jth coordinate. 
Now verify the following string of equalities and inequalities: 

n n 

log M = H(X) ~ L H(Xj) = L H(pj) ~ nH(p).] 
j=1 j=1 

(This result due to James Massey [38].) 
9.38 Returning to the codes defined in Prob. 9.35, specialize to q = 2, n = 2m , and 

(ao, al ... , an-I) any ordering of the elements of GF(2m). Let r/2m = p, and 
show that the resulting codes have 

(i) length = m2m+l, 

(ii) rate = Hp + 21m), 
(iii) d-:;;;: (1 - p)H;;1 [~+ IOg~(~-p)l. 

These codes are the Justesen codes mentioned above. [Hint: To prove (iii), 
use the results ofProb. 9.37.] 

9.39 Finally, show that for any 0 ~ R ~ ~, there is an infinite sequence of Justesen 
codes over GF(2) with lengths n;, dimensions k;, and minimum distances d; 
such that: 

lim n; = 00, 
i-HX) 

lim k;/ n; = R, 
'-->00 

~im supd;/n; ;;;: H;;\1/2). (1 - 2R) 
'-->00 

= 0.110028(1 - 2R). 

9.40 Show that d H, as defined in the proof of Theorem 9.11, is a bona fide metric 
(cf. Problem 7.4). 

9.41 For the (7,3) code of Example 9.9, find a vector Y E {O, 1, * r for which 
min; d H is as large as possible. 

9.42 For a given value of d, how many pairs of nonnegative integers (eo, el) are 
there such that eo + 2el ~ d - I? 

9.43 If m and n are positive integers such that m + n is even, show that 
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(See the remarks immediately preceeding Eqs. (9.84).) 
9.44 Consider the (7, 4) Hamming code of Example 7.3. The code has dmin = 3 and 

so by Theorem 9.11, it is capable of correcting any pattern of eo erasures and 
el errors, provided eo + 2el ~ 2. Bearing this in mind, decode (if possible) 
each ofthe words in parts (a), (b), and (c). 
(a) [1 1 1 0 0 * 0] 
(b) [0 * 1 1 1 0 1] 
(c) [0 1 * 1 0 * 1] 
(d) If R is a randomly chosen vector of length 7 containing exactly one erasure, 

what is the probability that it will be uniquely decoded by the MDD 
decoding algorithm introduced in the proof of Theorem 9.11 ? 

9.45 Show that if 01 (x) is the error-locator polynomial, and w(x) is the errors-and­
erasures evaluator polynomial for RS errors-and-erasures decoding (see equa­
tions (9.77) and (9.81)), then gcd(ol, w) = 1. 

9.46 Investigate the probability of decoder error for a Reed-Solomon decoder under 
the following circumstances. 
(a) r erasures and 1 error. 
(b) r - 1 erasures and 1 error. 
(c) r + 1 erasures, no errors. 

9.47 Consider the (15, 7) RS code over GF(16) (generated by a primitive root 
satisfying a4 = a + 1), and decode the following received word. 

9.48 Using the suggestions at the end of Section 9.7, decode the following noisy 
vector from the (15,5) BCH code with generator polynomial g(x) = 
x lO + x 8 + x 5 + x4 + x 2 + x 2 + 1 (cf. Example 9.1). 

R = [1 1 * 0 0 0 * 0 0 0 1 * 1 0 1]. 

(a) Use the time-domain completion. 
(b) Use the frequency-domain completion. 

9.49 Consider an (n, k) linear code with dmin = d. If there are no errors, Theorem 
9.11 guarantees that the code is capable of correcting any pattern of up to d - 1 
erasures. Show that this result cannot be improved, by showing that there is at 
least one set of d erasures that the code isn't capable of correcting. 

9.50 In Section 8.4, we considered codes capable of correcting single bursts of 
errors. It turns out that is is very much easier to correct single bursts of 
erasures. After doing this problem, you will agree that this is so. 
( a) If C is an (n, k) linear code which is capable of correcting any erasure burst 

of length b or less, show that n - k ;;;: b. (Cf. the Reiger bound, corollary 
to Theorem 8.10.) 

(b) Show that any (n, k) cyclic code is capable of correcting any erasure burst 
oflength n - k or less. 

(c) Consider the (7,3) cyclic code of Example 8.2. Correct the following 
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codewords, which have suffered erasure bursts of length 4: (lO * * * * 0), 
(* * * * lO 1), (* 101 * * *). 

9.51 When a linear code has suffered erasures but no errors, there is a very simple 
general technique for correcting the erasures, which we shall develop in this 
problem. The idea is to replace each of the erased symbols with a distinct 
indeterminate, and then to solve for the indeterminates, using the parity-check 
matrix. For example, consider the (7,4) binary Hamming code of Example 7.3. 
The code has dmin = 3 and so by Theorem 9.11, it is capable of correcting any 
pattern of two or fewer erasures, provided there are no errors. If say the 
received word is R = (1 * 1 * 1 0 1), we replace the two erased symbols with 
indeterminates x and y, thus obtaining R = (1 x 1 y 1 0 1). 
(a) Use the fact that every codeword in the (7, 4) Hamming code satisfies the 

equation HCT = 0, where H is the parity-check matrix given in Section 
7.4, to obtain three simultaneous linear equations in the indeterminates x 
and y, and solve these equations, thus correcting the erasures. 

(b) If there were three erased positions instead of only two, we could use the 
same technique to obtain three equations in the three indeterminates 
representing the erasures. We could then solve these equations for the 
indeterminates, thus correcting three erasures. Yet Theorem 9.11 only 
guarantees that the code is capable of correcting two erasures. What's 
wrong here? 

9.52 In this problem, we consider an alternative approach to correcting erasures and 
errors, which involves the idea of" guessing" the values ofthe erasures. 
(a) Assume first that the code is binary, i.e., the field F in Theorem 9.11 is 

GF(2). Suppose we have a code C with minimum distance d, and that we 
have received a noisy codeword containing eo erasures and el errors, with 
eo + 2el ~ d - 1. Suppose that we change all the erased positions to 0, 
and then try to decode the word, using an errors-only decoding algorithm 
capable of correcting any pattern of up to (d - 1)/2 errors. If the decoder 
succeeds, we stop. Otherwise, we try again, this time assuming that all the 
erased positions are 1. Show that this procedure, i.e., guessing that the 
erasures are all O's, and then guessing that they are all 1 's, will always 
succeed in correcting the errors and erasures. 

(b) Illustrate the decoding technique suggested in part (a) by decoding the 
word [1 * *0 * 01] from the (7,3) binary cyclic code. (Cf. Example 9.9.) 

(c) Does this "guessing" procedure work for nonbinary fields? In particular, 
how could you modify it to work over the ternary field GF(3)? 

9.53 Consider the (7, 3) binary cyclic code with generator polynomial g(x) = 
X4 + x 3 + x 2 + 1, as described, e.g., in Example 9.9. It has dmin = 4, and so by 
Theorem 9.lO, it can correct any pattern of up to 3 erasures (if no attempt is 
made to correct errors as well). It can also, however, correct some, though not 
all, patterns of four erasures. In this problem, you are aksed to investigate the 
(D = 35 possible erasure patterns of size four, and to determine which or them 
are correctable. In particular, please find the number of weight four erasure 
patterns that are correctable. 

9.54 This problem concerns the probability that a randomly selected vector from 
GF(q)n will be decoded by a decoder for a Reed-Solomon code. 
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(a) Derive the following formula for the fraction of the total "volume" of 
GF(q)n occupied by nonoverlapping Hamming spheres of radius t around 
the codewords in an (n, k) code over GF(q): 

qk2::=O(7)(q - l)i 
qn 

(b) Use the formula from part (a) to compute the limit, for a fixed value of t, as 
q -+ 00, of the probability that a randomly selected word of length q - 1 
will fall within Hamming distance t or less of some codeword in a t-error­
correcting RS code of length q - lover GF(q). (Assume that the code's 
redundancy is r = 2t.) 

9.55 Let C be an (n, k) binary cyclic code, with generator polynomial g(x) and 
parity-check polynomial hex). 
(a) Show that if h(l) =1= 0, then every codeword has even weight. 
(b) Show that if there is no pair (81, ( 2) ofroots of h(x) such that 8182 = 1, 

then every codeword's weight is divisible by foUf. [Hint: This is a general­
ization of the result in Lemma 5.] 

9.56 In the text we proved that the (23, 12) Golay code had dmin ;;. 7. Show that in 
fact, dmin = 7 for this code. Do this in two ways: 
(a) By examining the generator polynomial g(x). 
(b) By showing that any (23, 12) binary linear code must have dmin ~ 7. 

9.57 Show that there is no (90, 78) binary linear code with dmin = 5, i.e., a perfect 
two-error-correcting code of length 90, despite the fact that 
1 + (~O) + (~O) = 212. [Hint: Let r denote the number of 12-bit syndromes of 
odd weight corresponding to one-bit errors. Show that the number of odd­
weight syndromes corresponding to two-bit errors is r(90 - r), and attempt to 
determine r.] 

9.58 The (23, 12) binary Golay code defined in Section 9.8, when combined with 
syndrome table lookup decoding, has the property that every error pattern of 
weight ~ 3 will be corrected. 
(a) Describe in detail what the decoder will do if the error pattern has weight 4. 
(b) What if the error pattern has weight 5? 
(c) Generalize the result of parts (a) and (b). For each integer t in the range 

4 ~ t ~ 23, what will the decoder do, if the error pattern has weight t? 
9.59 Prove Theorem 9.14. 
9.60 This problem concerns the number of codewords of weight 8 in the (24, 12) 

extended Golay code. 
(a) Show that the number of codewords of weight 8 is not zero. Do this in two 

ways: (1) By examining the generator polynomial g(x), for the original 
(23, 12) Golay code; (2) By showing that any (24, 12) binary linear code 
must have dmin ~ 8. 

(b) Given 10 that the code contains exactly 759 words of weight 8, show that 
for any subset {ii, ... , is} of five elements from {O, 1, ... , 23} there is 
exactly one codeword of weight 8 which is 1 at these five coordinate 
positions. 
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9.61 This problem concerns the error-detecting capabilities of the extended (24, 12) 
Golay code. (In parts (a) and (b), we assume that the code is being used to 
correct all error patterns of weigh three or less.) 
(a) Show that the code can detect all error patterns of weight 4. 
(b) Give that the weight enumerator of the code is 

1 + 759x8 + 2576x l2 + 759x l6 + x24, 

for each e in the range 4 ~ e ~ 24, compute the number of error patterns 
of weight e that the code will detect. 

(c) Now assume the decoder only attempts to correct error patterns of weight 
two or less, and repeat part (b). 

(d) Now assume the decoder only attempts to correct error patterns of weight 
one or less, and repeat part (b). 

(e) Finally, assume the decoder is used in a detect-only mode, i.e., if the 
syndrome is zero, the received word is accepted as correct, but otherwise it 
is rejected. Repeat part (b). 

9.62 In this problem, we will briefly consider encoders for the (23, 12) and (24, 12) 
Golay codes. 
(a) Design a shift-register encoder for the (23, 12) Golay code. 
(b) By modifying your design in part (a), or otherwise, come up with a design 

for an encoder for the (24, 12) extended Golay code. 
9.63 Discuss the size and complexity of a syndrome table lookup decoder for the 

(24, 12) Golay code. 

In Probs. 9.64-9.67 we will investigate the ternary Golay code. Observe that in 
the vector space GF(3 ll ) a Hamming sphere of radius 2 contains 

1 + 2 ( \1 ) + 4 ( 121 ) = 243 = 35 

vectors. This suggests that it might be possible to perfectly pack GF(3 ll ) with 
729 = 36 spheres of radius 2. The ternary Golay code does this. It is an (11,6) 
linear code over GF(3) whose codewords, when taken as sphere centers, produce 
such a packing. The code is defined as follows. Since 35 - 1 = 11 . 22, it follows that 
GF(35) contains a primitive 11th root of unity, which we shall call fJ. Since over 
GF(3) the factorization of Xll - 1 is Xll - 1 = (x - l)g(x)g(x), where 
g(x) = x 5 + x4 - x3 + x2 - 18 and g(x) = x5 - x3 + x2 - x-I, we may assume 
that fJ is a zero of g(x). The (11, 6) ternary Golay code is then defined to be the 
cyclic code with generator polynomial g(x). To show that the spheres of radius 2 
around the 729 codewords are disjoint, we must show that the minimum Hamming 
distance between codewords is;;;: 5, that is, every nonzero codeword has weight;;;: 5. 
The following problems contain a proof of this fact. 10 

9.64 Show that the code's minimum weight is ;;;: 4. [Hint: Use the BCH argument, 
Theorem 9.3.] 

9.65 Show that if Co + C1 + ... + C IO = 0, the codeword C = (Co, C1, •.. , C IO) 

has Hamming weight divisible by 3. [Hint: See Lemma 4, Section 9.8.] 
9.66 If, on the other hand, Co + C1 + ... + C IO = a i- 0, show that (Co + a, 

C1 + a, ... , CIO + a) is a codeword and has weight divisible by 3. 
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9.67 Use the preceding results to show that the code contains no codewords of 
weight 4, 7, or 10. [Hint: If the weight is 4, by appropriate scalar multiplication 
the nonzero components can be transformed to either (1, 1, 1, 1) or 
(1,1,1, -1).] 

Notes 

(p. 230). The approach taken in this section is largely that of Berlekamp [14], 
Section 4. 

2 (p. 230). The codes that are now universally called BCH codes were discovered in 
1959 by the French mathematician A. Hocquenghem and independently in 1960 by 
R. C. Bose and D. K. Ray-Chaudhuri. However, Hocquenghem's work went unnoticed 
for several years and the new codes were called Bose-Chaudhuri codes (not Bose-Ray­
Chaudhuri!) for a while. When it was belatedly discovered that in fact Hocquenghem 
had anticipated Bose and Ray-Chaudhuri the codes were rechristened Bose-Chaudhuri­
Hocquenghem or BCH codes. It is important to remember that only the codes, not the 
decoding algorithms, were discovered by these early writers. For the history of the 
decoding algorithms see pp. 354-355. 

3 (p. 237). If the characteristic of F is finite, we assume that the characteristic does 
not divide n. 

4 (p. 244). By convention the degree of the zero polynomial is -00. This is done so 
that basic facts like deg(ab) = deg(a) + deg(b), deg(a + b) ~ max(deg(a), deg(b», 
etc., will hold even if one of a or b is the zero polynomial. 

5 (p. 247). This proof is due to 1. B. Shearer. 
6 (p. 254). In almost, but not all, applications, the field F will be GF(2m) for some 

m ;;. 1. However, the underlying theory goes through equally well for any field, finite or 
not, and we shall make no unnecessary restrictions in F. 

7 (p. 271). Unless, of course, some ofthe erased components of C were actually 0, in 
which cases C and R' would differ in fewer than eo + el positions. 

8 (p. 278, 291). These factorizations are difficult to come by without further study. 
We recommend that the interested reader consult Berlekamp [14], Chapter 6. 

9 (p. 281). See Problem 7.17(b). 
10 (p. 290, 291). The weight enumerators for the Golay codes are as follows 

(reference: MacWilliams and Sloane [19], Chapter 20): 

Golay (23, 12) Golay (24, 12) Golay (11, 6) 
Ai Ai Ai 

0 1 0 1 0 1 
7 253 8 759 5 132 
8 506 12 2576 6 132 

11 1288 16 759 8 330 
12 1288 24 1 9 110 
15 506 11 24 
16 253 
23 1 



10 
Convolutional codes 

10.1 Introduction 

In this chapter we study the class of convolutional! codes. Throughout we 
assume for simplicity that our codes are for use on a binary input channel, 
i.e., that the channel input alphabet can be identified with the finite field F 2 . 

(It is quite easy, however, to generalize everything to the case Ax ~ Fq , where 
q is a prime power.) 

Convolutional codes can be studied from many different points of view. In 
this introductory section we present three approaches, which we have called 
the polynomial matrix approach, the scalar matrix approach, and the shift­
register approach. (Three other approaches, the state-diagram approach, the 
trellis approach, and the tree approach, will be given later in the chapter.2 ) 

• The polynomial matrix approach. Recall from Chapter 7 that a binary 
(n, k) linear block3 code can be characterized by a k X n generator matrix 
G = (gij) over F2• An (n, k) convolutional code (CC) is also characterized by 
a k X n generator matrix G; the difference is that for a convolutional code the 
entries gij are polynomials over F2• For example, the matrix 

G = [x2 + 1, x2 + X + 1] 

is the generator matrix for a (2, 1) CC, which we label CC 1 for future 
reference. Similarly, 

G= [1 0 X+l] o 1 x 

is the generator matrix for a (3, 2) CC, which we call CC 2. 
We now define three important numbers that are associated with a CC: 

The memory: 

293 
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M = max [deg(gij)]. 
I,J 

(10.1) 

The constraint length:4 

K=M+l. (10.2) 

The rate: 

R = k/n. (10.3) 

Thus CC 1 has M = 2, K = 3, R = 1/2, and CC 2 has M = 1, K = 2, 
R = 2/3. The physical significance of these quantities will emerge as the 
theory develops. For now, simply observe that since the entries in the 
generator matrix of a block code are polynomials of degree 0 (i.e., scalrs), and 
(n, k) block code can be viewed as a CC with M = 0, K = 1, and R = k/n. 

In order to use the polynomial matrix G to encode scalar information, the 
information bits must be mapped into the coefficients of a k-tuple of 
polynomials 1= (Io(x), ... , h-I(X)). Then the "codeword" C = (Co(x), 
... , Cn-I(X)), which is an n-tuple of polynomials, is defined by 

C=I·G, (10.4) 

where the dot denotes vector-matrix multiplication. Thus in the polynomial 
matrix approach the CC with generator matrix G is the rowspace of G. 

Example 10.1 In CC 1, the polynomial information I = (x3 + X + 1) would 
be encoded via Eq. (10.4) into the polynomial codeword 
C = (x5 +X2 +X+ 1, x5 +X4 + 1). D 

Example 10.2 In CC 2, the polynomial information 1= (X2 + x, x3 + 1) 
would be encoded via Eq. (10.4) into the polynomial codeword C = 
(X2 + x, x3 + 1, X4 + x3). D 

We have not yet specified the exact correspondence between k- and n­

tuples of polynomials and bit patterns. Consideration of this correspondence 
leads naturally to the scalar matrix approach to CC's. 

eThe scalar matrix approach. The most natural bitwise (scalar) representa­
tion of a polynomial codeword C = (Co(x), ... , Cn-I(X)) is obtained by 
interleaving the polynomials' coefficients. Thus if the jth polynomial is 
CJCx) = CjO + Cjlx+ ... , the scalar representation ofC is 

C = (Coo, C lO , ... , Cn-l,o, COl, ... , Cn-l,l, ... ). (10.5) 

Recalling that the CC with generator matrix G is the rowspace of G, it is now 
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easy to construct a scalar version of G with the property that the scalar 
codewords defined by Eq. (10.5) form the rowspace ofthe scalar G. Let 

(10.6) 

be the expansion of G as a polynomial of degree M (cf. Eq. (10.1)), with 
coefficients Gv that are k X n scalar matrices. Then the scalar version of G 
that we want is described in Fig. 1O.l. 

Notice that is scalar generator matrix has an infinite number of rows and 
columns. This corresponds to the fact that the information and codeword 
polynomials can have arbitrarily large degree. 

Example 10.3 The polynomial generator matrix for CC 1, expanded as in Eq. 
(10.6), is 

G = [1, 1] + [0, l]x + [1, l]x2 . 

Hence by Fig. 10.1 the scalar generator matrix for CC 1 is 

G= 

o 
1 

1 
o 
1 

1 
o 
1 

1 
o 
1 

1 
o 

The scalar information corresponding to the polynomial information I = 

(x3 + X + 1) is (1101) (not (1011)) and the scalar codeword correspond-

G= 

Figure 10.1 The scalar generator matrix of a CC with polynomial generator matrix 
given by Eq. 10.6) (shaded area = all D's). 
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ing to the polynomial codeword C = (x5 + x 2 + X + 1, x 5 + x4 + 1) IS 

(111010000111)(cf. Example 10.1). D 

Example 10.4 The polynomial generator matrix for CC 2, expanded as in Eq. 
(10.6), is 

[ 1 0 1] [0 0 1] G = 0 1 0 + 0 0 1 x. 

Hence by Fig. 10.1 the scalar generator matrix for CC 2 is 

1 0 1 0 0 1 
0 1 0 0 0 1 

1 0 1 0 0 1 
0 1 0 0 0 1 

G= 1 0 1 0 0 I . 
0 1 0 0 0 1 

'" 
The scalar information corresponding to the polynomial information I = 

(x2 + x, x 3 + 1) is (01101001). The scalar codeword corresponding to the 
polynomial codeword C = (x2 + x, x 3 + 1, x4 + x 3 ) is (010100100011001) 
(cf. Example 10.2). D 

We mentioned above in principle the degrees of the information polyno­
mials (and so also the codeword polynomials) can be arbitrarily large, but of 
course in any practical application there will be a maximum allowable degree. 
This leads us to define the Lth truncation of a CC as follows. 

First we require that deg[Ii(x)] ~ L - 1, i = 0, 1, ... , k - 1. Then, by 
Eqs. (10.1) and (10.4), in the corresponding polynomial codeword C = 

(Co(x), ... , Cn-1(x)), each component has degree ~ M + L - 1. Thus the 
information 1= (Io(x), ... , h-l(X)) can be represented by kL bits, and the 
codeword C by n(M + L) bits. The encoding mapping from I to C can then 
be represented in scalar notation as C = I . GL , where the scalar matrix GL , 

which is a truncation of the matrix of G of Fig. 10.1, is depicted in Fig. 10.2. 
(The shaded areas denote blocks ofO's.) 

Thus the Lth truncation of an (n, k) CC can be viewed as an 
(n(M + L), kL) linear block code, and so in this sense a convolutional code is 
a special kind of block code. The rate ofthe truncated code is given by 
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• GO ...31: 

'0 
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-J 

~ 
Figure 10.2 The matrix GL . 

kL 
RL = -n(-M-+-L-) 

=R(l-~) 
M+L ' 

where R = kin is the rate of the untruncated CC (see Eq. (10.3)). In most 
practical situations L is taken to be much larger than M, in which case the 
rate RL will be very close to R. This is one reason R is called the rate of the 
code. (For another reason, see p. 298.) 

Example 10.5 If we take L = 6 in CC 1, we obtain a (16, 6) linear block 
code with generator matrix 

1 0 1 
1 0 1 1 

G6 = 
1 0 1 1 

D 
1 1 0 1 1 

0 1 1 1 
1 1 0 1 

Example 10.6 If we take L = 2 in CC 2, we obtain a (9, 4) linear code with 
generator matrix 

[
1 0 1 0 0 1 1 o 1 000 1 

G2 = 101001· 

o 1 000 1 

D 

• The shift-register approach. Suppose now we wished to design an encoder 
for CC 1, that is, a device which would accept a stream of information bits 
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1= (Io, II, ... ) as input and produce an encoded stream C = (Coo, 
C IO , COl, Cu , ... ) as output, where I and C are related by 

and 

Co(x) = Coo + COlx+ ... 

= (x2 + 1)(I0 + IIx+ ... ) 

= (x2 + l)1(x) 

Cl(x) = CIO + Cux + ... 

= (x2 +x + 1)(10 +1lx+···) 

= (x2 + X + l)1(x). 

Such an encoder must be capable of multiplying the input stream by the two 
polynomials x 2 + 1 and x 2 + x + 1. But we have already seen in Chapter 8 
(cf. Fig. 8.1) how to do this. The circuit 

if 
' output 

input ·1 
x x2 

will multiply by x2 + 1, and the circuit 

A'----' output 

input-----l>1 II 
will multiply by x2 + X + 1. Hence the circuit depicted in Fig. 10.3 will be an 
encoder for CC 1.5 From Fig. 10.3 we see that the input and output streams 
are related by 

COj = 1j 
Clj = 1j + 1j- l 

j = 0,1, ... (10.7) 

Thus the stream C i is obtained by convolving the input stream I with the 
appropriate polynomial. 1 

Notice from Fig. 10.3 that the jth output bits COj and Clj depend not only 
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on the jth input bit Ij but also on the preceding two bits Ij_1 and I j-2. The 
encoder must remember two input bits in addition to the current bit; this is 
why the code is said to have memory M = 2. Also, for every input bit there 
are two output bits; thus the code's rate is 1/2. Finally, note that the encoder 
of Fig. 10.3 has three flip-flops; this is why the code is said to have constraint 
length 3. 

The shift-register encoder for a general (n, k) convolutional code is a 
straightforward generalization of the one in Fig. 10.3. There will be k shift 
registers, one corresponding to each of the k input streams 10, II, ... , Ik-I. 
The ith shift register will convolve the ith input stream with each of the n 
polynomials giO(X), ... , gi,n-I(X). The jth output stream will then be formed 
by summing the jth output stream from each ofthe shift registers. 

Example 10.7 A shift-register encoder for CC 2 is illustrated in Fig. 10.4. D 

I--~ 

Figure 10.3 A shift-register encoder for CC 1. 

,.--------Co 

r----+---_ C1 

Figure lOA A shift-register encoder for CC 2. 
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From the shift-register viewpoint, a CC is the collection of all possible 
output streams from a particular encoder. At first glance this approach is not 
very appealing. And yet we will see in the next section that the shift-register 
approach leads directly to what is perhaps the most powerful known approach, 
the state-diagram approach. 

10.2 State diagrams, trellises, and Viterbi decoding 

This section is in two parts. In the first part we illustrate all the concepts for a 
particular convolutional code, CC 1. After we have completed this study of 
CC 1, we will discuss (see pp. 304-305) the generalization to other CC's. 

Let us define the state of the encoder of Fig. 10.3 at given instant as the 
contents of the rightmost two flip-flops in the shift-register, that is, as the pair 
(Ij-l, I j - 2 ). There are four possible states: 00, 01, 10, 11. At every tick of the 
clock the encoder accepts an input bit (Ij), in response moves to another state 
(Ij' I j - 1), and emits two output bits COj and C1j (see Eq. (10.7)). Thus the 
behavior of the encoder of Fig. 10.3 can be completely described by the state 
diagram of Fig. 10.5 in which the four boxes represent the four states; a 
transition from one state to another corresponding to an input of "0" is 
represented by a solid edge, a transition corresponding to "1" by a dashed 
edge, and the label on an edge represents the encoder's output as it moves 
from one state to another. For example, consider the edge going from state 
c(lO) to state d(ll). It represents the encoder's behavior when the shift­
register in Fig. 10.3 contains (Ij, I j - 1, I j - 2 ) = (110). The edge is dashed 

b 

I 

'-j 
(01) 

c 

Figure 10.5 State diagram for the encoder of Fig. 10.3. 



10.2 State diagrams, trellises, and Viterbi decoding 301 

because Ij = 1. Using Eq. (10.7), we calculate COj = 1, C1j = 0, and so the 
label on the edge is (10). 

With the help of the state diagram of Fig. 10.5, it is easy to calculate the 
output of the encoder of Fig. 10.3 corresponding to any given input sequence. 
We simply start in state a and walk through the state diagram, following a 
solid edge ifthe input is "0," a dashed edge if it is a "1," and output the label 
of each edge traversed. For example ifthe input stream is 110100, we follow 
the path acdbcba and output 111 0 10000 111. [Note. This is the same output 
sequence calculated in Example 10.3.] 

As we simulate the encoder's behavior by wandering through the state 
diagram, we may travel the same edge many times; this makes it difficult to 
keep track of where we have been, and it becomes desireable to modify the 
state diagram by including the dimension of time. Perhaps the best way to do 
this is to have a different copy of the state diagram for each tick, and to join 
them together into a trellis diagram as shown in Fig. 10.6, in which each 
column of four dots represents the four states a, b, c, d. There is one such 
column for each value of j = 0, 1, 2, .... The index j will be called the depth, 
and the depth j appearance of a state will be denoted by a subscript j. A depth 
j state is joined by an edge to a depth (j + 1) state iff there is an edge joining 
the two states in the state diagram. (An exception occurs for j = 0 and 1 
because at j = 0 the shift register of Fig. 10.3 contains [la, 0, 0] and so must 
be in state a =~.) The possible encoder outputs can be found by tracing the 
appropriate path through the trellis. For example, the output stream 
(111010000111. .. ) corresponding to the input stream 110100 ... can be found 
by tracing the path aocld2b3c4b5a6 ... in the trellis of Fig. 10.6. 

As we mentioned in Section 10.1, in any practical situation it wil be 
necessary to work with a truncated version of the code. Corresponding to the 

0 00 

b 

c • 
d • 

j=O 2 3 4 

Figure 10.6 The trellis diagram corresponding to the state diagram of Fig. 10.5. 
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L th truncation of the code, there is a truncated trellis, which yields a graphical 
representation of all possible encoder output streams when the input stream is 
L bits long. The L = 6 truncated trellis for CC 1 is illustrated in Fig. 10.7. 
(The reader may wonder why the 6 input bits la, h, ... , 15 give rise to an 8-
edge path through the trellis. This is due to the code's 2-bit memory. The 8 
edges in a path in Fig. 10.7 correspond to the encoder's output when the 
contents of the shift register of Fig. 10.3 are [10 ,0,0], [h, la, 0], ... , 
[15, h h], [0, 15, 14 ], [0, 0, 15]. This also explains why the final two edges 
in any path through the trellis of Fig. 10.7 are solid.) 

We will now explain how the trellis diagram can be used to decode a Cc. 
Suppose for example that the L = 6 truncation of CC 1 is being used on a 
BSC with raw bit error probability p <!, and that R = [1011001110111100] 
is received. (This sequence has been written over the trellis of Fig. 10.7 for 
reference.) We have already noted (cf. Example 10.5) that this code is a (16, 
6) linear block code; a maximum likelihood decoder must find that one of the 
64 codewords which is closest in Hamming distance to R (cf. Prob. 2.13 and 
Section 7.3). A brute-force approach to this problem would be to compare, bit 
by bit, each of the 64 codewords to R. However, there is a much simpler 
method which takes advantage of the fact that the 64 codewords correspond 
to the 64 paths from ao to as in the trellis of Fig. 10.7. 

Let us draw a new version of Fig. 10.7 in which each trellis edge is labeled 
with the Hamming distance between its Fig. 10.7 label and the corresponding 
two bits of R. For example, the h3 ----t C4 edge gets the label dH(OO, 11) = 2. 
The result is the trellis of Fig. 10.8. Ifwe think of the edge labels in Fig. 10.8 
as lengths, the total Hamming distance between R and a given codeword 
is just the total length of the trellis path corresponding to the codeword. 

R= [ 10 00 ] 

b 

c 

d 

j = 0 2 3 4 5 8 

Figure 10.7 The L = 6 truncated trellis for CC 1. (See Example 10.5.) 
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For example, the Hamming distance between R and the codeword 
(0000110100101011) corresponding to the path aOala2c3b4c5d6b7aS is 
1 + 2 + 2 + 1 + 1 + 1 + 1 + 2 = 11. Thus the problem of finding the code­
word closest to R becomes the problem of finding the shortest path from ao to 
as in the trellis of Fig. 10.8, and we now focus on this shortest-path problem. 

Suppose the shortest path P from ao to as passes through some intermedi­
ate vertex, labelled x in Fig. 10.9. Let us denote the segment of P joining ao 
to x by PI, and the segment joining x to as by P2. Clearly the path PI is the 
shortest path from ao to x, for if another path, say Q, were shorter, the path 
QP2 would be shorter than P = PI P2 , contradicting the minimality of P. This 
observation is the key to the Viterbi decoding algorithm, which works by 
constructing, for each j, a list of the shortest paths from ao to the vertices at 
depth j. The (j + 1 )st list is easily constructable from the jth list since if 
ao ... Sjtj+1 is a shortest path to tj+l, then ao ... Sj must be a shortest path to 
Sj, and so the shortest depth (j + 1) paths can be obtained by extending the 
shortest depth j paths by one edge. 

We are almost ready to state Viterbi's algorithm formally, but first we need 
some more notation. Denote by S the set of states {a, b, c, d}. Next if 
s, t E S and there is an edge going from S to t in the state diagram, we define 

b 

c 

d 

j= 8 

Figure 10.8 Another version of the trellis of Fig. 10.7. 

Figure 10.9 Paths between ao and as. 
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B(s, t) to be 0 or I according to whether the transition from s to t corresonds 
to an 0 or a I input. If there is no such edge, B(s, t) is not defined (See Fig. 
10.10). Also, for s, t E S, we define Ij-l,j(S, t) to be the label on the trellis 
edge joining Sj-l to 0. Ifthere is no such edge, we set lj-Ijs, t) = +00. For 
example, IO,I(a, c) = 1, 12,3(d, b) = 1, 17,8(a, c) = +00. 

We are prepared to state Viterbi's algorithm. It computes two things, 
metrics and survivors. The metric !lj(s), s E S, represents the length of the 
shortest path from ao to Sj; the survivor Bis) is a binary string of length j 
which represents a shortest path from ao to Sj. Thus B4(b) = 1010 means that 
the shortest path from ao to b4 is aoclb2c3b4. Viterbi's algorithm is given in 
Fig. 10.11. [Note. In step 2 the operation * denotes concatenation; e.g., 
1101 * 0 = 1l01O.] The reader should now have no difficulty verifying (by 
induction on j) that !lis) as computed by Viterbi's algorithm is in fact the 
length of a shortest path from ao to Sj, and that Bis) describes such a path. 

.. btc d· a 

t a 0 

b 0 s 

+ 
c 0 

d - 0 

Figure 10.10 The function B(s, t) for CC 1. 

I. Initially set /Lo(a)~O, and J.1.o(s) = + 00 for all s=l=a. Also, set Bo(a)=cp, 
andj= 1. 

2. For each sES, find a tES for which J.1.j_l(t)+~_I./t,S) is a minimum. 
Then set 

J.1.j(s )~J.1.j-l (t) + ~-I,j (t,s), 

Bj(s)~Bj_l (t)*B(t,s). 

3. If j = L + M, output the first L bits of B/ a) and stop; otherwise set 
j~j + I and go to Step 2. 

Figure 10.11 Viterbi's decoding algorithm. Notation: S is the set of states, a is the all­
zero state, Ij_1,j(t, s) is the label of the trellis edge joining tj-l to Sj, and B(t, s) is 0 or 

1 according to whether the transition from s to t corresponds to a 0 or 1 input. 



10.2 State diagrams, trellises, and Viterbi decoding 305 

We can describe the performance of Viterbi's algorithm on the trellis6 of 
Fig. 10.8 graphically, as in Fig. 10.12, where the metric Ii is) appears above 
the vertex Sj and the survivor Bis) is represented by the unique path from ao 

to Sj. For example, li4(a) = 2 and B4(a) = 0100. The shortest path from ao to 
as is seen to be aOalc2b3a4c5b6a7aS; it has length 4. The decoder's output is 
therefore 010010, and this is the maximum likelihood estimate of the 
information sequence 1= (Io, ... , 15) that gave rise to R. 

This completes our discussion of this particular code (CC 1) on this 
particular channel (a BSC). We now discuss generalizations. 

First we consider more general CC's. We restrict out attention to (n, 1) 
codes, leaving the case of larger values of k to Prob. 10.5. The encoder (see 
Fig. 10.3) will contain one shift register oflength K = M + 1; the state ofthe 
encoder is defined to be the length M vector consisting of the rightmost M 
flip-flops. Thus there will be 2M states, and in the state diagram there will be 
two edges leading into, and two leading out from, each state. For example, the 
state diagram for an (n, l)M = 3 CC would have the form shown in Fig. 
10.13.7 The edge labels are missing from Fig. 10.13. They would in general 
be length n binary vectors and would depend on the polynomials defining the 
code. As M becomes larger, the state diagram becomes harder to draw; but 
more important, as M approaches 10 or so, the structure of the state diagram 
becomes so complex that it is difficult to handle, even in a computer. 

The Viterbi algorithm of Fig. 10.11 remains valid without change in this 
more general situation (assuming the channel is a BSC with p < ~). The only 
problem is that the complexity of the algorithm is an exponentially increasing 
function of M (though it is only linear in L), and so it is only a practical 
method of decoding CC's with relatively small values of M. Indeed, with 

0 3 2 3 3 4 4 
0 Os 

b 

f 
" " " ,4 

d 'e 

J= 0 2 3 4 5 6 7 8 

Figure 10.12 Viterbi's algorithm, applied to the trellis of Fig. 10.8. 
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----.... ---....r----. 

--- -",-

Figure 10.13 State diagram for M = 3(K = 4)(n, 1) convolutional code. 

today's available digital logic M = 7 or 8 appears to be the limit even for 
codes with k = 1. 

Now we consider more general channels, and restrict ourselves to two input 
DMC's (but see Prob. 10.7). Recall from Prob. 2.l3 that on a general DMC a 
maximum likelihood decoder must locate a codeword C = (Cw, ... , Ci,n-l) 
for which the probability 

n-l 

P{RICi } = II p(RiICij) 
i=O 

is as large as possible, where R = (Ro, ... , Rn-l) is received and the p(ylx)'s 
are the channel's transition probabilities. Since the logarithm is a monotoni­
cally increasing function of its argument, the ML decoder may equivalently 
look for a codeword Ci for which 

n-l 

L(Ci , R) = L log p(Ril Cij) 
i=O 

(10.8) 

is as large as possible. What this means is that the Viterbi algorithm of Fig. 
10.11 works for an arbitrary DMC, except that the edge labels li-Ijs, t) must 
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be redefined. To give the appropriate definition, assume that the L th trunca­
tion of the code is being used and that R = (Ro, R I , ... , R L+M - I ) is the 
received codeword broken up into L + M n-bit vectors. If there is an edge 
going from state s to state t in the state diagram, denote by Cs,t the n-bit 
encoder output corresponding to this transition, that is, the label on the s ----7 t 
edge (see Fig. 10.5). Then define 

(10.9) 

where L is defined by Eq. (l0.8). If sand t are not connected, set Ij_I,j{s, t) 
= +00 as before. 

10.3 Path enumerators and error bounds 

We saw in Section 10.2 that there is a one-to-one correspondence between the 
possible output streams from a convolutional encoder and the paths through 
the state diagram beginning and ending in the all-zero state. In this section we 
apply combinatorial techniques to the problem of enumerating all such paths, 
and apply the results to obtain performance estimates for specific convolu­
tional codes. As usual, we will illustrate the concepts with CC 1, and discuss 
generalizations later. 

Consider again the state diagram of Fig. 10.5. Let us define the (Hamming) 
weight of a path through this graph as the number of 1 's on the labels of the 
edges comprising the path. (For example, the path acbaacddba has weight 
12.) We would perhaps like to count the number of paths from a to a of 
weight i for some fixed integer i, but this number will always be either 0 or 
infinite because of the loop of weight 0 at a. One way around this problem is 
to observe that every path from a to a can be uniquely decomposed into a 
sequence of paths from a to a with no intermediate returns to a. (For example, 
the path acbaacddba can be decomposed into the paths acba, aa, and 
acddba.) Let us call a path (other than the trivial path aa) beginning and 
ending at a with no intermediate returns a fundamental path, and for each i 
denote by Ai the number of fundamental paths of weight i. By trial and error 
one can calculate Ao = Al = A2 = A3 = A4 = 0, A5 = 1, etc. We shall now 
describe a powerful technique that will allow us to compute all the Ai'S 
simultaneously. 

Figure 10.14 depicts the state diagram of Fig. 10.5 in a modified form that 
will be convenient for the study of the A/s. Note that in Fig. 10.14 the initial 
state a has been split into two states ao and aI, and that the loop at a has been 
removed. This means that there is a one-to-one correspondence between the 
set of fundamental paths in the original state diagram and the set of all paths 
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b c 

)(. 

Figure 10.14 A modified state diagram for CC 1. 

joining ao to al in the modified state diagram of Fig. 10.14. The edges in Fig. 
10.14 are labeled with powers of the indeterminate x corresponding to the 
Hamming weight of the edge label in Fig. 10.5. For example, edge cb is 
labeled x in Fig. 10.14 because in Fig. 10.5 its label (01) has weight 1. This 
labeling is a convenient bookkeeping device for enumerating paths from ao to 
al by weight, for if we define the label of a path P to be the product of the 
labels of its edges, then clearly the exponent on the label of P will equal the 
weight of P. For example, the label of the path P = aocbcdbal is x 7 , and so 
the weight of P is 7. 

Recalling that our goal is the computation of the numbers Ai (where now Ai 
equals the number of paths from ao to al of weight i), we define the path 
weight enumerator8 for CC 1 as the generating function 

(10.10) 

In terms ofthe graph of Fig. 10.14, A(x) is the sum of the labels of all paths 
from ao to al. There is a standard combinatorial technique for computing this 
kind of generating function, which we have outlined in Appendix D. When 
this technique is applied to the graph of Fig. 10.14, the result is 

A(x) = x5/(1 - 2x) 

(10.11) 

and so there are Ai = 2 i - 5 fundamental paths of weight i in CC 1 for i ;;. 5. 
(See Eq. (D.3) in Appendix D.) 

For future use we will also need a more refined generating function, which 
enumerates the paths not only according to their weight, but also according to 
their length and the number of 1 's in the corresponding input sequence. To do 
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this we need a state diagram with more elaborate labels, as in Fig. 10.15, 
where the exponents of x describe the Hamming weight of the encoder output 
corresponding to the edge, and the exponents of z describe the Hamming 
weight ofthe corresponding input. The exponent of y is always 1, correspond­
ing to the fact that the length of each edge is 1. Once again we define the label 
of a path to be the product of the labels of its edges. For example, the path 
P = aocbcdbal has label x 7 y6z3. This means that the Hamming weight ofthe 
corresponding encoder output (110100101011) is 7, the path has length 6, and 
the input stream that gives rise to this path (101100) has Hamming weight 3. 
We now define the complete path enumerator A(x, y, z) to be the sum of the 
labels of all paths in Fig. 10.15 from ao to al: 

'""" i' k A(x, y, z) = ~ Ai,j,kX yl z , (10.12) 
i,j,k 

where Ai,j,k denotes the number of paths from ao to al with label xiyjzk. 
Again referring to Appendix D, we find that for CC 1 this turns out to be (see 
Eq. (D.4)) 

X 5y 3z 
A(x, y, z) = 1 _ xyz(1 + y) 

Of course, if we set y = z = 1, Eq. (10.13) reduces to Eq. (10.11). 

(10.13) 

We shall now see how path enumerators can be used to obtain bounds on 
the performance of convolutional codes. 

For a given convolutional code and a given channel we are naturally 
interested in the resulting "error probability." There are, however, several 
possible definitions of error probability, and each must be handled slightly 

b c 

xyz 

Figure 10.15 A more elaborately labeled version of Fig. 10.14. 
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differently. So before discussing techniques for bounding the error probability, 
we shall describe what we mean by an "error." 

Suppose we are using a particular (n, k) convolutional code on a particular 
discrete memoryless channel (but see Prob. 10.14), and that the truncation 
depth L is large. We assume that a maximum likelihood decoding algorithm 
(e.g., Viterbi) is being used, and that the all-zero codeword is transmitted.9 

This means that the path followed by the encoder is the horizontal path at the 
top of the trellis diagram. The decoder does not know which path the encoder 
has followed, but will make a guess based on the received (noisy) version of 
the encoder's path labels. Let us call the path actually taken by the encoder 
the correct path, and the path postulated by the decoder the decoder's path 
(see Fig. 10.16). The decoder's path can clearly be partitioned into a (possibly 
empty) set of correct path segments separated by a set of paths which lie 
entirely below the correct path except for their end points. These incorrect 
path segments we call error events (in Fig. 10.16 there are 5 error events). 
Note that each possible error event corresponds to a fundamental path in the 
encoder's state diagram. The various decoder error probabilities we shall now 
discuss are all probabilities related to error events. 

One obvious thing we could try is to compute the probability that there are 
no error events. But since we have assumed L to be very large, this probability 
will be near ° unless the channel is noiseless (see Prob. 10.12). A more 
interesting thing we might try is to estimate the first error probability PE,]' 

which is the probability that the first error event begins at depth 0, i.e., that 
the decoder's path has the shape shown in Fig. 10.17. Now let ° = (0,0, ... ) 
denote the correct (transmitted) path, xinc = (x], X2, ... ) any incorrect path 
beginning with the error event E, and y = (y], Y2, ... ) the received sequence, 
which is a noisy version of 0. Let 0/, x~nc, y/ denote the first In-bit segments 
of each of these sequences. A ML decoder will choose a path x through the 
trellis for which P(ylx) is as large as possible. This means that it cannot 
choose xinc unless P(Yllx~nc) ;;. P(YIIOI), since otherwise the path obtained 

o 4~~------------ ______________ ~~~L 

decoder's path 
Figure 10.16 Some trellis paths. 
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from x inc by replacing the error event E with 0, will be preferred to xinc. By 
reasoning identical with that given in the proof of Theorem 7.5 (cf. Eq. 
(7.13)) the probability that E will be preferred to 0, by a ML decoder is 
bounded by yWH(E), where y is given by Eq. (7.8) and WH(E) is the Hamming 
weight of E. Thus the first error probability PE,! is bounded by 

(10.14) 

the sununation in (10.14) being extended over all error events E. We have 
already observed, however, that the error events are identical to the funda­
mental paths through the state diagram; and A(x) (Eq. (10.10)) enumerates 
these paths by Hamming weight. Hence the bound (10.14) is equivalent to 

PE,! ~ A(y). (10.15) 

Although we defined PE,! as the probability that the decoder's path departs 
from the correct path at depth 0, it is clearly also the probability that the 
decoder is off the correct path at depth j, given that it is on the correct path at 
depth j - 1. This conditioning is somewhat unnatural, and so we now define 
the error event probability PE as the probability that the decoder is off the 
correct path at a given depth j. This is just the probability that there is an error 
event hanging below the correct path at depth j (see Fig. 10.18). The situation 
is much the same as it was before, except that now a given error event E of 

J 

Figure 10.18 Some depth} error events. 
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length I can appear in anyone of I positions. Hence the bound corresponding 
to (10.14) for PE is 

PE ::;; L length (E) . yWH(E) 

E 

- " 'A.. i - ~J l,j,kY, 
i,j,k 

(10.16) 

where the Ai,j,k are the coefficients of the complete path enumerator (Eq. 
(10.12)). But this sum can be obtained by partial differentiation of A(x, y, z): 

P ,,:::: 8A(x, y, z) I (10.17) 
E ~ 8 . 

Y x=y,y=z=l 

Let us observe finally that the decoder outputs the information bits 
corresponding to its postulated path, and that even if it is on the wrong path, 
some of the individual bits will "accidentally" be right. Thus the bit error 
probability Pe will in general be less than the error event probability. Using 
reasoning similar to that leading to Eqs. (10.15) and (10.17), we can obtain 
the following bound on Pe (see Prob. 10.13): 

Pe ;:::: 1 8A(x, y, z) I . 
~ (10.18) 

k 8z x=y,y=z=l 

Example 10.8 We illustrate these three bounds on CC 1, since we already 
know the path enumerators A(x) and A(x, y, z) for this code (Eqs. (10.11) and 
(10.13)). The results are (assuming 0 < Y < ~): 

5 

PE,l ::;; 1 ~ 2y = y5 + O(y6), 

P ,,:::: 3y5 - 3y6 _ 5 6 
E '-" (1 _ 2y)2 - 3y + O(y ), 

D 

Note that all three bounds in the above example are dominated for small y 
by order y5 terms. Examining the definitions of A(x) and A(x, y, z), we see 
this is so because 5 is the smallest weight of any fundamental path. In a 
general convolutional code the free distance df is defined to be the smallest 
weight of any fundamental path. It is not hard to show (see Prob. 10.15) for 
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example, PE,! = aydf + O(ydf +!), for a certain constant a. The free distance 
is usually considered to be the most important single measure of a convolu­
tional code's ability to combat noise, and much effort has been expended on 
the problem of finding convolutional codes with large free distances (see 
Section 12.3 and also Prob. 10.16). 

10.4 Sequential decodinglO 

(In this section we restrict ourselves to convolutional codes with k = 1, and 
leave consideration of the general case as Prob. 10.20.) 

We saw in Section 10.2 that Viterbi decoding of a convolutional codes is 
maximum likelihood, and so for any particular code it cannot be improved 
upon. We also saw (p. 304) that the complexity of Viterbi's algorithm is an 
exponential function of the code's memory M; unfortunately, the larger Mis, 
the better the code is likely to be. For example, consider the class of (2,1) 
convolutional codes. We saw in Section 10.3 that the performance of a 
convolutional code can be measured by its free distance df : the larger df , the 
better the code, in general. But in Prob. 10.16 it is shown, for example, that 
for a (2, 1) code df :s: M[1 + 0(1)], and so such a code with a free distance of 
say 30 would have such a large M that Viterbi decoding would be hopelessly 
complex. Thus we are motivated to find a decoding algorithm that will work 
on convolutional codes with very large values of M. There is a class of such 
algorithms, called sequential decoding algorithms. They are not quite as good 
as ML algorithms for a fixed code, but that defect is largely compensated for 
by the fact that they can be used to decode some codes with very large M. 

The key to understanding sequential decoding algorithms is the tree 
diagram. In a shift-register encoder for an (n, 1) convolutional code, one 
information bit entering the encoder causes n encoded bits to leave (cf. Fig. 
10.3)). Thus it is possible to view the encoding process conceptually as a walk 
(climb?) through a binary tree, as depicted in Fig. 10.19. 

The encoder begins at the START vertex, and after d inputs it will be at 
some vertex in the tree at depth d. If the next input is "0," it moves to depth 
d + 1 along the branch in the upward direction; if it is "1," in the downward 
direction. For example, if the input is 0100 ... , the encoder will follow the 
path indicated in Fig. 10.19. Although this has not been done in Fig. 10.19, in 
general each branch of the tree will be labeled with the n bits the encoder will 
output as it travels the branch. 

The tree in Fig. 10.19 apparently extends to infinite depth, but of course for 
any concrete realization of a code the tree will be finite. If the L th truncation 
ofthe code is being used, the tree will terminate at depth L + M; and beyond 
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Figure 10.19 A binary tree for an (n, 1) convolutional code. 

depth L - 1 there will be no bifurcation of the paths, since the last M inputs 
to the encoder will always be "0" (see discussion on p. 301). In Fig. 10.20 
we give the completely labeled tree corresponding to the L = 3 truncation of 
CC 1. 

From this new viewpoint each transmitted sequence corresponds to a path 
through the tree, beginning at the START vertex and ending at depth L + M. 
The received sequence will be a noisy version of this path, and the decoder's 
job will be to guess which path the encoder actually took. Since there will be 
a total of 2L possible paths, if L is large it will not in general be possible to 
compare the received message to each of these paths. The approach taken to 
this problem by sequential decoding algorithms is to explore a very small 
subset of the possible paths. If at a given stage a certain partially explored 
path looks promising, it is explored further; if it does not, it is abandoned and 
another path is tried. 

We shall now describe the two best known sequential decoding algorithms, 
the stack algorithm and Fano s algorithm. To illustrate the ideas, we begin 
with a "thought experiment." 
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Figure 10.20 The binary tree corresonding to the L = 3 truncation ofCC 1. 

Example 10.9 Imagine that we are using the tree in Fig. 10.20 to decode CC 1, 
and that y = (YI, Y2, ... , YlO) is the received sequence. Imagine further that 
we are using a sequential decoding algorithm that has (by unexplained means) 
already explored the four paths ending at vertices A, B, C, D. Note that 
whatever path the encoder actually took, it must have passed through one and 
only one of these four vertices. As a next step in our decoding algorithm we 
would like to extend the most promising of these four paths. But which one is 
most promising? To answer this question, we pause to consider briefly the 
problem of decoding a code whose codewords have different lengths. 

Let {Xo, Xl, ... , xM-d be a code with M different codewords, let Xi have 
length ni, that is, Xi = (Xii, Xa, ... , Xin,), and let n = max ni. Suppose this 
code is being used to transmit information over a DMC in the following way. 
Codeword Xi is transmitted with probability Pi, l:~ol Pi = 1. When the ni 
components of Xi have been transmitted, a "random tail" of n - ni channel 
input symbols is transmitted. These symbols are selected indepenently 
according to a fixed probability distribution P(x) on the channel input 
alphabet Ax. In this way the receiver will always receive an n-symbol 
sequence Y = (YI, Y2, ... , Yn), in spite of the fact that the codewords are of 
different lengths. 
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Under these assumptions, if y is received, the decoding error probability 
will be minimized if the decoder selects the codeword Xi for which the 
conditional probability P{Xi sently received} is as large as possible (cf. Prob. 
2.13a). But since y is fixed and P{ xilY} = P{ Xi, y} / P{y}, this is equivalent 
to maximizing P{Xi' y} = P{xi}P{ylxi}, which is given by the following 
formula: 

ni n 

P{Xi sent, y received} = Pi II p(Yjlxij) II p(Yj), (10.19) 
j=l j=ni+1 

where Pi = P{Xi sent}, p(Ylx) are the channel transition probabilities, and 
the probability distribution p(y) on the channel output alphabet Ay is the one 
induced by the probability distribution p(x) governing the random tail. Recall 
that the object is to find the i E {O, 1, ... , M - I} that maximizes (10.19); to 
do this we can divide by the positive constant n;=l p(Yj), take logarithms, 
and maximize the resulting expression, which is called a metric: 

( ) _ ~ [1 p(Yjlxij) 1 1 1 ] Ii Xi - L...J og - - og - . 
j=l p(Yj) ni Pi 

(10.20) 

In summary, if y is received, the best way for the decoder to guess which 
codeword was sent is to compute Ii(Xi) for each i = 0, 1, ... , M - 1; the 
codeword for which this metric is largest is the codeword most likely to have 
been sent. 

Now let us return to Example 10.9; recall that the problem was to decide 
which of the vertices A, B, C, D the encoder was most likely to have passed 
through, on the basis of the received vector y = (Yl, Y2, ... , YIO). If it passed 
through A, the first two transmitted symbols must have been 11; the a priori 
probability of this event is ~, assuming that "0" and "1" inputs are equally 
likely. Similarly, if it passed through B the first four transmitted symbols were 
0011, and this event has a priori probability :to Continuing in this way, we 
arrive at the following table: 

Vertex Codeword Probability 

A 11 1 
'2 

B 0011 1 
4 

C 000000 1 
"8 

D 000011 1 
"8 

The situation is practically the same as the one that led to Eq. (10.20): we are 
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asked to choose between codewords of different lengths and different a priori 
transmission probabilities on the basis of a noisy received sequence. The only 
way in which the model we used to derive (10.20) does not quite fit the 
present situation is in the selection of the "random tail": previously we 
assumed the tail symbols were selected independently according to a fixed 
probability distribution, but here the tail symbols correspond to the encoder's 
path after it passes the vertex being examined. Without actually exploring the 
tree further, however, it is best to assume that further symbols have been 
selected randomly. Since for any fixed convolutional code it is easy to show 
that the jth transmitted symbol is equally likely to be 0 or 1 (see Prob. 10.22), 
the appropriate choice for the distribution governing the random tail is 
p(O) = p(1) =!. 

Hence to choose between the four paths A, B, C, D we should compute the 
corresponding four metrics, using Eq. (10.20). And for this application there 
is an important simplification: the term ni]logpi] is always equal to !. This 
is of course no accident: for a general (n, 1) convolutional code a path of 
depth d ~ L - 1 into the code tree will yield a codeword of length nd with a 
priori transmission probability 2-d, and so the term ni]logpi] ofEq. (10.20) 
will be 1/ n, the rate R of the code (this term is also equal to R for a general 
(n, k) convolutional code; see Prob. 1O.20b). Hence the appropriate metric, 
called the Fano metric in honor of its discoverer, for evaluating paths through 
the code tree is 

!1F(Xi) = t [lOg P(1 17) -Rj. 
j=] P )j 

(10.21) 

In summary: given a set {xo, X], ... } of partial paths through the tree with 
the property that any path through the tree must be an extension of exactly 
one of them, the most likely path is the one for which the Fano metric !1F(Xi) 
is largest. [Note. In Eq. (10.21) we have assumed that the channel is a 
DMC-but see Prob. 1O.21-and that p(ylx) are the channel transition 
probabilities. Also, p(y) is the probability distribution on the channel output 
alphabet Ay induced by the distribution (!, !) on the channel input alphabet 
Ax = {O, I}. Thus p(y) = ![p(yIO) + p(Yll)] for all y E Ay.] D 

The above considerations lead us naturally to the simplest sequential 
decoding algorithm, the stack algorithm. The stack]] decoder works with a 
finite set S = {xo, X], ... } of paths through the tree, ordered by the Fano 
metric: !1F(XO) ~ !1F(X]) ~ .... The best path Xo is at the top ofthe stack, the 
next best is in the second position, and so on. Initially S contains only the 
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trivial path of length 0 that begins and ends at START; its metric is defined to 
be O. At each step the path Xo at the top ofthe stack is deleted and replaced by 
the possible extensions of xo, which are one branch longer. (If Xo extends to 
depth L or beyond, only one extension will be possible; see Fig. 10.20.) The 
metrics for these new paths are computed via Eq. (10.21), and the new paths 
are inserted into their proper place on the stack. Note that the calculation of 
the metric for a new path will only require the computation of the last n terms 
in the summation ofEq. (10.21), since the sum ofthe remaining terms equals 
,uF(XO), which is already known. The decoder's decision is simply the first full 
path (i.e., oflength L + M) to reach the top ofthe stack. 

Example 10.10 Consider the code tree of Fig. 10.21, which corresponds to a 
convolutional code with L = 2, M = 2. We have simplified things in this ex­
ample by giving the Fano metric of each path directly above the path's 
terminal vertex. Of course in practice the metrics would have to be computed 
using Eq. (10.21), the branch labels, and the received sequence 
Y = (Yl, Y2, ... ). For example, the path ABE has metric -2. The operation of 
the stack algorithm is described in the following table; the paths in each stack 
are represented by their terminal vertices, and the corresponding metrics are 
given in parentheses. 

STACK * 2 3 4 5 6 8 

A(O) 8(-1) D(-l) [(-2) C(-2) F(-11 

SI~ \ 

C(-2) [(-2) G(-3) 

con-
C(-2) H(-3) H(-3) )(-3) tents 

H(-3) 

For example, stack 6 is obtained from stack 5 by deleting C and replacing it 

-3 0 

H 
-3 0 

1 
o 
J K 

-\ 2 

G L 

Figure 10.21 An L = 2, M = 2 tree for sequential decoding. 
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with F and G. F goes to the top of the stack because its metric (-1) is larger 
than that of G, I, or H. The decoder's final decision is the vertex K; the 
corresponding information bits are 10. Note, however, that K is not the 
terminal vertex with the largest metric; that honor goes to L. The stack 
decoder is prevented from reaching L because of the very low metric of its 
predecessor G. For a simple characterization of the path chosen by the stack 
algorithm see Prob. 10.23. D 

The stack algorithm is quite an efficient way to find a good path through the 
tree, but it has one unpleasant feature: it requires a large and variable amount 
of storage, since at every stage the decoder must have a list of each of the 
paths visited so far. There is another sequential decoding algorithm, the Fano 
algorithm, that nearly always finds the same path through the tree using very 
little storage. 

Essentially what Fano's algorithm does is this. At every stage the decoder is 
located at some vertex in the tree. From this vertex the decoder looks forward 
(i.e., deeper) into the tree. If it sees a vertex it likes, it moves forward to that 
vertex. If not, it moves backward and then tries to move forward along another 
branch. It decides whether or not it likes a given vertex by comparing the 
metric f1 of that vertex (computed by Eq. (10.21)) to a running threshold T. 
The decoder stops as soon as it reaches a terminal vertex (i.e., one at depth 
L + M) and outputs the information sequence corresponding to the branch 
ending at the vertex. 

The details of Fano's algorithm are given in the flowchart of Fig. 10.22. 
Here are some explanatory notes for the flowchart. 

1. The decoder begins at the START vertex wth T = o. 
2. The number T (the threshold) changes throughout the algorithm by 
multiples of ~, a preselected constant. At all times T will be ~ the metric 
of the current vertex. 
3. F. means FORWARD (increasing depth) into the tree; B. means BACK­
WARD. To LOOK F. is to compute the metric f1 of a vertex one branch F. in 
the tree. To MOVE F. is to move the decoder to a vertex one branch F. 
LOOK B. and MOVE B. have corresponding meanings. If the algorithm 
LOOKS B. from the START vertex, we assume the metric f1 to be -00 

there. This is to prevent a backward move from START. 
4. V. stands for VERTEX. From a given v., the BEST V. is that vertex one 
branch deeper into the tree with the largest metric; the WORST V. is the 
one with the smallest metric. 
5. The threshold T is tight at a given vertex if increasing T by ~ would 
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LOOK F. 
TO BEST V. 
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NO 
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B. 

NO 

Figure 10.22 A flowchart description of Fano's sequential decoding algorithm. 

make it larger than the metric of that vertex. To tighten the threshold is to 
increase it in increments of d until it is tight. The WAS T TIGHT? query 
occurs only after MOVE F. It refers to the state of affairs just before the 
move. 
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6. The END? query asks whether or not the current vertex is a terminal 
vertex; if it is, the algorithm stops. 

Example 10.11 We illustrate Fano's algorithm on the tree of Fig. 10.21. (We 
set 8 = 1 for this example.) The following table summarizes the algorithm's 
behavior by listing each of the changes in either the vertex being visited or the 
threshold, together with the location in the flowchart (see labels 1,2,3,4,5 in 
Fig. 10.22) where the change occurred. 

Step Vertex T Location Step Vertex T Location 

A 0 1 11 E -2 2 
2 A -1 4 12 B -2 5 
3 B -1 2 13 A -2 5 
4 D -1 2 14 C -2 2 
5 B -1 5 15 F -2 2 
6 A -1 5 16 F -1 3 
7 A -2 4 17 J -1 2 
8 B -2 2 18 J 0 3 
9 D -2 2 19 K 0 2 

10 B -2 5 20 -STOP-

The reader is encouraged to work through each step of this table. We single 
out, however, three transitions as being especially interesting. 

6--+ 7: At step 6 the decoder is at vertex A with T = -1, having just moved 
backward from B. The answer to the query FROM WORST v.? is NO, since 
B is the BEST V. relative to A. We then LOOK F. TO NEXT BEST v., which 
is C, with fl = -2. We then take the NO branch from the fl ;=: T? query, and 
LOOK B.; this results in setting fl = -00 (see explanatory note 3 above). This 
means we take the NO branch from the next fl ;=: T? query, and this results in 
reducing T to -2; thus we have arrived at step 7 in the table. 

12--+13: At step 12 the decoder is at vertex B with T = -2, having just 
moved backward from E. The answer to the FROM WORST V.? query is 
YES, since E is the WORST V. relative to B. A backward look to A(fl = 0) 
results in a YES answer to the fl ;=: T? query, and so the decoder moves 
backward to A, thus arriving at step 13. 

15--+16: At step 15 the decoder is at vertex F, with T = -2, having just 
moved forward from C. Since F is not a terminal vertex, we take the NO 
branch from END? The answer to WAS T TIGHT? is YES, since the 
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threshold T = -2 was tight at the previous vertex C. Thus T is tightened up 
to T = -1, and we are at step 16. D 

Note that in Example 10.11 the Fano decoder arrived at the same answer 
(vertex K) as the stack algorithm did in Example 10.10. This is no accident; 
provided that certain details are arranged properly, the Fano and stack 
algorithms practically always yield the same result. For a proof of this fact see 
Probs.1O.25-1O.3l. 

Finally we remark that, although these sequential decoding algorithms 
perform almost as well as would Viterbi's algorithm on codes that have much 
more memory than can be accommodated by the Viterbi algorithm, the 
amount of computation required to complete a search through the code tree is 
highly variable, and this leads to certain problems; see Section 12.3 for 
details. 

Problems 

10.1 (This problem develops some advanced algebraic properties of convolutional 
codes and is related to the polynomial matrix approach. To do this problem it 
will be helpful to know something of the theory of modules over principal 
ideal rings; consult, e.g., Lang [9], Chapter xv, Section 2.) Let F be a field, 
and let F[x] denote the ring of polynomials in the indeterminate x over F. Let 
F[x]n denote the set of all n-tuples f = (f1(X), ... , In(x)) of polynomials 
from F[x]. A convolutional code C is defined to be a subset of F[x]n, which is 
(a) closed under componentwise addition and subtraction, and (b) closed 
under multiplication by elements of F[x]; that is, if f = (fl, ... , In) E C, 
then so is af = (a/!, ... ,aln) for all a E F[x]. A basis for C is a set 
{gl, ... , gk} <;;; F[x]n such that every fEe can be expressed uniquely as 
f = 2:~laigi for some al, ... , ak E F[x]. The number k is called the 
dimension (or rank) of the code. 
(a) Show that every convolutional code C has such a basis and that every 

basis for C has the same number of elements; also, find a basis for F[ x] n 

itself. 
(b) Show that the encoding described by Eq. (10.4) is one-to-one iff the rows 

gl, ... , gk of the matrix G form a basis for the code. Show that this is 
equivalent to saying that gl, ... ,gk are linearly independent, that is 
2:~1 aigi = 0 implies al = ... = ak = O. Show that the matrix 

does not meet this condition, and find a two-rowed generator matrix for 
the code that does. [Note. F = F2 in this example and all further 
examples in this problem.] 
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(c) Let C be a convolutional code of dimension k. Show that there exist a 
basis {gl, ... , gk} for C, a basis {fl, ... , fn} of F[x]n, and monic 
polynomials al,"" ak with ailai+l, i = 1,2, ... , k - 1, such that 
gi = aifi, i = 1,2, ... , k. The polynomials ai are unique and are called 
the invariant factors of the code. Find such bases for CC's 1 and 2 (p. 
292) and for the (2, 1) code with polynomial generator matrix 
G = (x + 1, x 2 + 1). 

(d) Define the dot product f· g = "£~=digi E F[x] between two elements of 
F[x]n, and show that f . g = 0 for all g E F[x]n ifff = O. 

(e) If {fl, ... , f n} is a basis for F[x]n, a dual basis is a basis {fi, ... , f!} 
such that fi . fj = 0 if i =1= j, = 1 if i = j. Show that a dual basis exists and 
is unique. 

(f) If C is a convolutional code, its dual code C.l is defined as 
C = {h E F[x]n: h . g = 0 for all gEe}. Notation being as in parts (c), 
(d), (e), show that {fk+I' ... , f!} forms a basis for C.l, and hence that C 
has dimension n - k. Find a basis for the dual codes of each of the three 
codes cited in part (c). 

(g) Let C be a convolutional code with k X n polynomial generator matrix G. 
C is said to be invertible if there exists a k X n polynomial matrix H such 
that GHT = h, the k X k identity matrix. Show that C is invertible iff the 
invariant factors ai, ... , ak (see part (c)) are all equal to 1. Find explicit 
inverses for CC's 1 and 2 ofthis chapter. 

(h) More generally, a matrix H is called a 'IjJ(x) inverse of G if GHT = 'ljJh. 
Show that G has a 'IjJ(x) inverse iff akl'IjJ. Find a 'IjJ(x) inverse for 
G = [x + 1, x 2 + 1], with 'IjJ(x) = x + 1. 

10.2 We mentioned on p. 293 that an (n, k) block code could be viewed as an 
(n, k) convolutional code with M = O. From this viewpoint what is the Lth 
truncation of a block code? 

10.3 It is possible that a given pair of states in the state diagram of a convolutional 
code will be joined by more than one edge. When will this occur? 

10.4 Consider a fixed (n, 1) convolutional code, truncated at length L. Show that 
the amount of work involved in decoding by the brute-force "compare the 
received sequence to each of the 2L possible codewords" method is about 
2L- K times as much as that involved in using the Viterbi algorithm. (Here 
K = the code's constraint length; see Eq. (10.2).) 

10.5 We described Viterbi's decoding algorithm in the text only for codes with 
k = 1. Generalize to general k. (Watch out for multiple edges between 
states-see Prob. 10.3; make sure your algorithm will work for block codes, 
since they are M = 0 convolutional codes.) 

10.6 Let C be the (3, 2)M = 1 convolutional code described by the generator 
matrix 

G= [1+xX 
l+x 

1 +x] o . 

(a) Design an encoding circuit (cf. Figs 10.3 and lOA). 
(b) Draw a state diagram (cf. Fig. 10.5). 
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(c) Assuming that the L = 6 truncation of the code is being used on a BSC, 
decode the received sequence 011 011 111 100 101 001 101, using 
Viterbi's algorithm. 

10.7 Consider using Viterbi's algorithm on a Gaussian channel (cf. Chapter 4). 
Show that an appropriate definition of the labellj_1,j(s, t) is 

Ij_1,j(s, t) = Ily - x11 2 , 

where x is the n-dimensional transmitted vector corresponding to the S -+ t 
transition in the state diagram, and y is the corresponding n-dimensional 
received vector. [Note. IIzl12 = ~:Iz; is the Euclidean norm of z = 
(ZI, ... , zn).] 

10.8 Referring to the state diagram of Fig. 10.5, let Bi denote the total number of 
paths of weight i from a to a that do not traverse the loop at a (but may have 
intermediate returns to a). Give a general formula for Bi. 

10.9 Consider the following labeled, directed graph: 

Compute the transmission between vertices a and b in terms of the edge labels 
A, B, C, D. (Consult Appendix D for definitions.) 

10.10 Compute the path enumerator A(x) and the complete path enumerator 
A(x, y, z) for CC 2. 

10.11 Let C be the (3, I)M = 2 convolutional code described by the generator 
matrix (x2 + 1, x2 + X + 1, x2 + X + 1). Compute A(x) and A(x, y, z) for C. 
Now suppose the code is to be used on the following binary erasure channel: 

0~'99 1 0 

.01 ? 
1 .99 I 

Give upper bounds on the first error probability PE,]' the error event 
probability PE, and the bit error probability Pe• 

10.12 Consider using a binary (n, k) convolutional code on a fixed two-input DMC 
which is not noiseless, that is, whose capacity is less than log 2. Let I1fl 
denote the probability that at least one error event will occur in the decoding 
of a codeword from the Lth truncation of the code. Show that 
limL ..... ooP~fl = 1 (see p. 309). 

10.13 Prove that the bound on Pe given in Eq. (10.18) is valid. [Advice: Do the case 
k = 1 first.] 

10.14 Extend the bounds of Section 10.3 (Eqs. (10.15), (10.17), (10.18» to cover a 
Gaussian channel. [Hint: The bounds will have the same form, but y will be 
equal to e-fJI2a2. See Prob. 7.20.] 
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10.15 Show that for a fixed convolutional code with free distance df, the error event 
probability satisfies PE = aydf + O(ydf+ I) for small y, and identify the 
constant a. Derive analogous results for PE •1 and Pe (cf. Example 10.8.) 

10.16 Apply Plotkin's bound (Prob. 7.24) to the Lth truncation of an (n, k) 
convolutional code to show that its free distance (see p. 311) df satisfies 

l 2kL-I J 
df~ ~in n(M+L)~ . 

L-I.2.... 2 1 

10.17 This problem deals with a certain algorithm on the state diagram of a 
convolutional code. The algorithm outputs a nonnegative integer; you are 
supposed to figure out what the integer represents. It is assumed that each 
edge of the state diagram is labeled with the number of l's ouptut by the 
encoder when the state transition corresponding to that edge is made. For 
example, for CC 1 the state diagram would look like this (cf. Fig. 10.5): 

2 

b c 

Some notational conventions: (1) the set of all states is denoted by V; (2) the 
label of an edge connecting state Vj to state Vj is l(vj, Vj); (3) the states 
reachable in one step from a state v are called the successors of v-for 
example, the successors of state d in the above state diagram are {d, b}; (4) 
the all-zero state is denoted by Vo. Now here is the algorithm (it involves an 
auxiliary function d(v), v E V, and a subset S of V): 
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Algorithm X 

1. Set d(v) = +00, all v E V; set Sf- 0, the empty set. 
2. For all successors of v of Vo except vo, set d(v) f- I(vo, v). 
3. Choose v E V - S with d(v) minimum. If v = vo, output d(vo) and stop. 
4. Add v to S, and set d(v') f- min(d(v'), d(v) + I(v, v'» for all 

successors v' of v which are not in S. Got to step 3. 

Now here are the problems: 
(a) What does algorithm X do? 
(b) Apply algorithm X to the convolutional codes with polynomial generator 

matrices 

l+x 
1 +x] o . 

The following two problems deal with a serious problem that can arise if the 
wrong kind of convolutional code is chosen, catastrophic error propagation. 
In Prob. 10.18 we present a concrete example of a code that suffers from this 
flaw, and in Prob. 10.19 we give several equivalent definitions of a cata­
strophic convolutional code. For simplicity, in both problems we assume that 
the code is truncated, that is, both the input and output sequences are infinite. 

10.18 Consider the (2, I)M = 2 convolutional code with polynomial generator 
matrix G = [x + 1, x2 + 1]. 
(a) Draw the state diagram. 
(b) Attempt to calculate the path enumerator A(x). Why does the attempt fail? 
(c) Assume the code is being used on a BSC with raw bit error probability 

0< p <~. Suppose that the input stream is 0000000 ... , which yields the 
transmitted stream 00 00 00 00 .... Suppose further that the received 
stream is 11 00 00 00 .... Use Viterbi's algorithm to decode. Are you 
disturbed by the results? (You should be.) 

(d) Let (h, h ... ) be the input stream, and (11, 12, ... ) the Viterbi decoder's 
estimate of the input stream. Again assuming that a BSC is being used, 
show that lim j--->oo P {i j = Ij } =~. [Hint: Use the results of part (c) and 
observe that two consecutive bit errors are certain to occur eventually.] 

10.19 In Prob. 10.18 we saw that for a certain code a finite number of channel errors 
could cause an infinite number of decoder errors. A code for which this can 
happen is called a catastrophic code. In this probelm we shall give several 
equivalent conditions for testing whether or not a given code is catastrophic. 
Thus let C be an (n, k) convolutional code with polynomial generator matrix 
G, and show that the following conditions are equivalent (also observe that 
the code ofProb. 10.18 satisfies each of them): 
(a) There exists an input stream containing an infinite number of l's such that 

the corresponding output stream has only a finite number of 1 's. 
(b) There exist k rational functions IJCx) = pJCx)/q;(x), j = 1,2, ... , k 

(none of the q/x),s being divisible by (x), such that the vector 
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C = (Cl(X), ... , Cn(X» = (II (X), ... , Ik(X»' G has polynomial compo­
nents. 

(c) There is a closed path in the state diagram (other than the little loop at the 
all-zero state) in which every edge has label 00 ... 0 (edge labels as in Fig. 
10.5). 

(d) Assuming the code is being used on a BSC with 0 < P <~, there exists a 
pattern of a finite number of channel errors that will cause an infinite 
number of decoder errors. [Hint: Let the channel error pattern be the 
vector C of part (b).] 

(d) The kth invariant factor ak of the code is not a power of x (cf. Prob. 
1O.1c). [Note: From the theory of modules over principal ideal domains, 
this is equivalent to asserting that the greatest common divisor of the 
k X k subdeterminants of G is not a power of x. In particular, if k = 1 as 
in Prob. 10.18, this condition is that the g.c.d. of the n polynomials in 
G = (gl (x), ... , gn(x» is not a power of x.] 

10.20 (a) How does the tree diagram for a general (n, k) convolutional code differ 
from the one for k = 1 (Fig. 10.19)? 

(b) Show that the term IjnilogljPi in Eq. (10.20) is equal to kjn for an 
(n, k) convolutional code (see discussion on p.316). 

10.21 How should the Fano metric (cf. Eq. (10.21» be defined for a Gaussian 
channel? 

10.22 Consider a fixed truncation of a fixed convolutional code C. If no column of 
the polynomial generator matrix G is identically 0, show that exactly half of 
the codewords (Xl, Xz, ... , Xn(M+L» have Xi = 0 and half have Xi = 1. 

10.23 In this problem we shall give a characterization of the path through the code 
tree that will be chosen by the stack algorithm (or rather a characterization of 
the paths that will not be chosen). Assume we have a tree such as the one 
depicted in Fig. 10.20, and that associated with each vertex v there is a metric 
fl(V). Assume further that the stack algorithm described on p. 316 is used to 
choose a path through the tree. Let P and p' be two paths through the tree and 
assume they diverge at depth d: 

START 

Show that, if min{fl(vd+l), ... , fl(V L+M)} > min{fl(vd+l), ... , fl(VL+M)}, 
then p' will not be chosen by the stack algorithm. (See Prob. 10.30 for a 
similar description ofthe path chosen by Fano's algorithm.) 

10.24 Assign new metrics to the tree of Fig. 10.21 in such a way that (a) the path of 
length 4 with the largest metric, (b) the path chosen by the stack algorithm, 
and (c) the path chosen by Fano's algorithm will all be different. 
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In the next 7 problems we will develop several of the most important properties of 
Fano's algorithm (Fig. 10.22). In particular, we shall obtain a description of the path 
chosen by Fano's algorithm (Prob. 10.30) which when combined with Prob. 10.23 will 
show that the stack algorithm and Fano's algorithm practically always choose the same 
path. Throughout, we assume that the decoder's behavior is described by a sequence of 
pairs (VI, TJ) (V2, T2), ... , where Vi is a vertex and Ti is the value of the threshold as 
Vi is being visited. The metric of a vertex V is denoted by IAv); we assume that the 
metrics have been rounded off so that they are all multiples of the quantity A. If two 
vertices V and Vi are on the same path through the tree, and the depth of Vi is greater 
than that of v, we say Vi is a successor of v, V is a predecessor of Vi. Also, Vi is an 
immediate successor if its depth is just one more than the depth of v. 

10.25 Suppose the Fano algorithm, somewhere in its operation, produces the 
sequence (v, T), (VI, TI ), ... , (Vn, Tn), where VI is a successor of V, Vn = V, 
but Vi i- V for i = 1,2, ... , n - 1. Show that Tn = T. 

10.26 Under the same assumptions as in Prob. 10.25, except that VI is a predecessor 
of v, show that Tn = T - A. 

10.27 Show that at the first arrival at any vertex (except START) the threshold will 
be tight before the next LOOK F., that is, the threshold T will be equal to the 
metric of the vertex. 

10.28 Show that after an unsuccessful forward look from a vertex V with threshold T 
(i.e., when the NO branch is taken from the upper /l ;;. T? query) every path 
forward from V must contain some vertex whose metric is < T. 

10.29 If the Fano algorithm is at (v, T), show that every path forward from every 
predecessor of V must contain a vertex with metric ~ T. As a corollary show 
that every immediate successor of V with metric > T must already have been 
visited. 

10.30 Refer to the sketch for Prob. 10.23. Show that, if min{/l(vd), /l(Vd+I), 
... , /l(VL+M)} >min{/l(vd), /l(Vd+J), ... , /l(VL+M)}, then the Fano algo­
rithm will not choose P'. 

10.31 The result ofProb. 10.30 shows that, given any two paths P and pi, the Fano 
algorithm will not choose one of them. It is conceivable, however, that the 
algorithm will fail to choose any path at all by getting stuck in a loop. Show 
that this cannot happen. [Hint: Use the results of Prob. 10.26.] 

10.32 Consider using CC 1 (see p. 292) on a binary erasure channel with erasure 
probability t: 

o~o 
iLl 

l-€ 

Decode the following received sequence: ??????11000000 ... (you may 
assume all subsequent received bits are 0), using (a) the Viterbi algorithm, (b) 
a sequential decoding algorithm (if you use Fano, take A = ~). What do you 
conclude about the relative performances of the two algorithms in the 
presence of a burst of errors? 
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Notes 

1 (pp. 293, 298). A word about the term convolutional is in order here. If {an} and 
{ bn} are two sequenes, their convolution is the sequence { cn}, defined by 

(i) Cn = L avbn- v . 
v 

Now if we define the generating functions a(x) = l:nanxn, b(x) = l:nbnxn, etc., Eq. 
(i) becomes 

(ii) c(x) = a(x)b(x). 

Thus multiplication of the generating functions corresponds to the convolution of the 
sequences. In the present application the data to be encoded are represented by 
generating functions, and the encoding process (see Eq. (l0.4» involves multiplying 
these generating functions by a fixed family of polynomials. 

2 (p. 293). There is at least one other important approach, the linear sequential 
circuit approach, which we shall not present (consult [15], pp. 205-232). 

3 (p. 293). We call the linear codes of Chapters 7-9 linear block codes to distinguish 
them from the linear convolutional codes of the present chapter. The terminology stems 
from the fact that block codes encode the data into independent blocks of length n, 
whereas in a convolutional code adjacent blocks of size n are interdependent. See Note 
2, Chapter 7. 

4 (p. 294). Other authors use different definitions of constraint length. Forney [15, 
pp. 213-232] defines the constraint length for the i-th input by Vi = max) [deg(gij)], 
and the overall constraint length by V = l:Vi. Massey [21] defines the constraint length 
to be (M + l)n. Our definition agrees with that ofViterbi and Omura [26]. 

5 (p. 298). Missing from Fig. 10.3, but an important component of a practical 
encoder, is a mulitplexing switch that would send alternate bits from Co and C j down 
the channel. 

6 (p. 305). The trellis diagram is conceptually convenient, but not strictly necessary 
for the implementation of a Viterbi encoder. The state diagram alone can easily serve as 
a dynamic model for the algorithm's behavior. 

7 (p. 305). The diagram is often called the de Bruijn graph in honor of N. G. de 
Bruijn, the contemporary Dutch mathematician who discovered many of its properties. 

8 (p. 308). Other writers call this generating function the code's transmission gain or 
transfer function. 

9 (p. 310). Since the code is linear, the various bounds on the error pro­
bability we shall compute are in fact independent of the assumed transmitted path. (See 
the last two sentences in the proof of Theorem 7.5, p. 155.) 

10 (p. 313). The material in this section is presented in the complete reverse of the 
historical order of discovery, which is as follows: Fano algorithm (1963), Stack 
algorithm (1969), analytic justification of the Fano metric (1972). The approach taken 
here is due to Massey [21]. 

11 (p. 317). Actually, the "stack" is better viewed as a "priority queue," a data 
structure defined in Chapter 4 of Aho, Hopcroft, and Ullman [1]. 



11 
Variable-length source coding! 

11.1 Introduction 

Consider a discrete memoryless source with source statistics p = (Po, PI, 
... , Pr-l), that is, a sequence UI , U2 , ... of independent, identically dis­
tributed random variables with common distribution P{ U = i} = Pi, 
i = 0, 1, ... , r - 1. According to the results of Chapter 3, it is in principle 
possible to represent this source faithfully using an average of 
H 2(p) = - 2:;~~ Pi IOg2Pi bits per source symbol.2 In this chapter we study 
an attractive constructive procedure for doing this, called variable-length 
source coding. 

To get the general idea (and the reader is warned that the following example 
is somewhat meretricious), consider the particular source p = (!, :t, i, i), 
whose entropy is H2(!,:t, i, i) = 1.75 bits. The source alphabet is Au = 

{O, 1,2, 3}; now let us encode the source sequence UI, U2, ... according to 
Table 11.1. For example, the source sequence 03220100... would be 
encoded into 011111011001000 .... Clearly the average number of bits 
required per source symbol using this code is ! . 1 +:t . 2 
+ i· 3 + i· 3 = 1.75, the source entropy. This fact in itself is not surprising, 
since we could, for example, get the average down to only one bit per symbol 
by encoding everything into O! The remarkable property enjoyed by the code 
of Table 11.1 is that it is uniquely decodable, that is, the source sequence can 
be reconstructed perfectly from the encoded stream. For example, the bit 
stream 10010 111000 10 11 0 . .. could have arisen only from the source 
sequence 101300012 .... (The fact that this particular code is uniquely 
decodable can be proved in several ways-for example by observing that no 
codeword is a prefix of any other codeword.) Hence the code of Table 11.1 
does in fact represent the source (!, :t, i, i) faithfully using only an average of 
1.75 bits per symbol. 

330 
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Table 11.1 A variable-length code for the 
ell 1) source 2' 4' 8' 8 . 

Source Symbol Probability Codeword 

0 1 0 2 
1 10 4 

2 1 110 8 
3 1 111 8 

In the rest of this chapter we generalize the above example to arbitrary 
DMS's which are to be represented faithfully over arbitrary, not just binary, 
alphabets. In Section 11.2 we study the purely combinatorial problem of 
unique decodability. In Section 11.3 we match codes to sources. In Section 
11.4 we present Huffman's famous algorithm for constructing optimal vari­
able-length codes for a given source. 

11.2 Uniquely decodable variable-length codes 

Let S be a finite set containing s elements; unless otherwise specified, S = 

{a, 1, ... , s - I}. A string of length k over S is an ordered sequence SlS2 

... Sk of k elements from S. The empty string, denoted by 0, is the string 
containing no symbols. If a = SlS2 ... Sk and T = t1 t2 ... tl are strings, their 
concatenation a * T is the string SlS2 ... Skt1 t2 ... tl. If a = a1 * a2 * a3, a1 
is called a prefix, a2 a substring, and a3 a suffix of a. Thus the empty string 
o is a prefix, suffix, and substring of every string. The length of a string a 

is denoted by la I. It follows that la * TI = la I + ITI for any pair of strings a 
and T. 

A (variable-length) code3 over S is a finite set of strings over S. The strings 
comprising a code C are called the codewords of C. Let C1 and C2 be two 
codes. Their product, denoted C 1 * C2, consists of all strings of the form a 1 * 
a2, a1 E C1, a2 E C2. The product of a code with itself k times will be 
denoted by Ck, that is, Ck = C * C * ... * C (k factors). 

The code C is called uniquely decodable (UD) if each string in each Ck 

arises in only one way as a concatenation of codewords. This means that if say 
T1 * T2 * ... * Tk = a1 * a2* ... *ak and each of the T'S and a's is a code-
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word, then il = 01, i2 = 02, ... , ik = Ok. Thus every string in Ck can be 
uniquely decoded into a concatenation of codewords. (For an equivalent 
definition of UD, see Prob. 11.1) 

Example 11.1 Let s = 2, and consider the codes C1 = {a, 10, 110, Ill} and 
c2 = {a, 10, 100, lOl}. c 1 is UD (in fact it is even a prefix code; see the 
definition immediately below), but C2 is not UD. For example, in 
C2 10 * 101 * ° = 101 * ° * 10, so the string 101010 cannot be uniquely 
decoded with respect to C2 . D 

There is a special class of UD codes, called prefix codes,4 which will be 
sufficient for our purposes. A code C is called a prefix code if no codeword is 
a prefix of any other. Prefix codes are necessarily UD (see Prob. 11.3), but the 
converse is not true. For example, {O, Ol} is UD in spite of the fact that ° is a 
prefix of 01. The code C1 of Example 11.1 is a prefix code, but C2 , not being 
UD, cannot be. 

The problem to be posed and solved in this section is this: given a list 
(no, nl, ... , n r -l) of r nonnegative integers, does there exist a UD code 
{Oo, 01, ... , or-d over S with 10il = ni, i = 0,1, ... , r - I? The answer 
to this question turns out to be Yes, iff 

r-l 

'""' -ni,< 1 L.Js '-". (11.1) 
i=O 

This important inequality is called the Kraft-McMillan (KM) inequality. In 
Theorem 11.1 we shall show that if the KM inequality is not satisfied, no such 
code can exist. In Theorem 11.2 we shall show conversely that if KM is 
satisfied, not only a UD code but even a prefix code exists with lengths 
no, nl, ... , n r -l. It is because of these two results that nonprefix UD codes 
are rarely considered; prefix codes are quite easy to implement (see Prob. 
11.3), and if a UD code exists with a certain set of lengths, a prefix code will 
also exist. 

Theorem 11.1 (McMillan). If C = {oo, 01, ... , a r-d is a UD code over 
S = {a, 1, ... , s -I} and ifni = 10il, then L~~ls-ni ~ 1. 

Proof Let k be a positive integer. Then since C is UD, 

K -1 
l,kS , 
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where nmin is the smallest ni, nmax is the largest, and Kt,k is the number of 
strings a it * a i2 * ... * a ik from Ck of length I. Since the set S has s 
elements, we know that Kt,k :s: st. Hence the final sum above is :s: k· nmax , 
that is, 

(
r-l ) k 
Ls-ni :s: k· nmax , 
1=0 

for all k. Taking kth roots of both sides of this inequality and passing to the 
limit as k ----; 00, we obtain (11.1). D 

Example 11.2 Take s = 3. Then no UD code with lengths (1,2,2,2, 
2, 2, 3, 3, 3, 3) could exist since 2:3- ni = 28/27. This fact would not be easy 
to prove directly. D 

Theorem 11.2 (Kraft). Jf2:~~~s-ni :s: 1, there exists a prefix (afortiori UD) 

code with lengths ni' 

Proof Let us reorder the n/s so that no :s: nl :s: ... :s: n r -l. Define integers 
. 0 lIb 0 ",j-l n'-n' fi . >- 1 S' Wj, } = , , ... , r -, y Wo = , Wj = ui=OS 1 ' or } ~. Ince 

2:~~~ s-ni :s: 1, it follows that Wj :s: snj - 1 for all j. Now define the string a j 
to be the s-ary representation of the integer Wj, with enough initial O's added 
to make a j have length nj. We claim that {ao, aI, ... , a r-d is a prefix code. 
For if a j were a prefix of a k for some j < k it would follow that 

Table 11.2 An application of Theorem 
11.2. 

j nj Wj OJ 

0 1 0 0 
1 1 1 1 
2 2 6 20 
3 2 7 21 
4 3 24 220 
5 3 25 221 
6 4 78 2220 
7 4 79 2221 
8 4 80 2222 
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Wi = l Wk/ snk-nj J. But / nk-n' _ ",k-l n·-ni _ + ",k-l n·-ni >-Wk S 1 - ui=O S 1 - Wi ui=i s 1 ~ 

wi + 1, a contradiction. D 

Example 11.3 Take s = 3 with lengths (1, 1,2,2,3,3,4,4,4). Then 
L:3 - ni = 1. The construction of Theorem 11.2 can be arranged as in Table 
11.2. Notice that, if we try to apply this construction to the list in Example 
11.2, we get W9 = 27 = 1000, but n9 = 3-so the construction fails simply 
because there is no string of length 3 that represents 27! (For a more 
transparent form of the construction of Theorem 11.2, see Probs. 11.6 and 
11.7.) D 

11.3 Matching codes to sources 

Having now learned something about the purely combinatorial properties of 
UD codes, we are prepared to match codes to sources for efficient commu­
nication. 

Recall (p. 329) that a given DMS with source alphabet A = 

{O, 1, ... , r - I} is completely specified by the probability vector p = 

(Po, PI, ... , Pr-l). An s-ary code for the source p is defined to be a mapping 
of A onto a code {ao, aI, ... , ar-d over S = {O, 1, ... , s - I}. The idea is 
that if we wish to communicate the output of the source p over a noiseless 
channel with channel input alphabet S, we map the source symbol i into the 
codeword ai and transmit ai. If for example we use this strategy to transmit k 
source symbols, say iI, i2, ... , ik, the receiver will obtain the string a = ail * 
ai2 * ... * aik· If we want the receiver to be able to recover iI, ... , ik from 
a, we must assume that the code is UD. 

The average length of the code {ao, aI, ... , a r-d with respect to the 
source p = (Po, ... , Pr-d is defined to be n = L:;~~Pilail. Its practical 
significance is that the number of s-ary symbols (i.e., symbols from S) 
required to encode the first k source symbols is likely to be about k· n for 
large k. Thus n is a measure of the average loading on the channel imposed 
by the use of the code. Theorem 11.3 (which actually follows from results in 
Part one) gives an interesting lower bound on n. We assume that ni denotes 
the length of the ith codeword in C, that is, ni = lail. 

Theorem 11.3 If the code C is UD, its average length must exceed the s-ary 
entropy of the source, that is, 

r-l 
n;:: Hip) = - L Pi logsPi· 

i=O 
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Hs(p) - n = L Pi logs --: - L Pi ni 
i=O PI i=O 

r-] S-ni 

= LPilogS-. 
i=O PI 

r-] 

~ logs LS-ni, 
i=O 
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the last step by Jensen's inequality (see Appendix B). But by Theorem 11.1 
L~~ls-nk ~ 1, and so Hs(p) - n ~ 0. D 

Let us now denote the smallest possible average length for a UD s-ary code 
for p by nsCp). Theorem 11.3 asserts that nsCp) ;:: HsCp). In fact, an examina­
tion of the proof shows that nsCp) = HsCp) iff each Pi is a negative integral 
power of s (Prob. 11.8). This result explains why the source (~, i, !, !) 
discussed in Section 11.1 has such a nice binary code. In general, of course, 
we cannot expect to be so lucky, and it is natural to wonder about the actual 
value of ns(p). The exact calculation must be left to Section 11.4, but the 
following estimate is quite useful. 

Theorem 11.4 

[Note. The lower bound of Theorem 11.3 is repeated here for aesthetic 
reasons.] 

Proof Define ni = 110gsPi]1, i = 0, 1, ... , r - 1. Then S-ni ~ Pi, and so 
L~~l S-ni ~ 1. Hence by Theorem 11.2 there exists a UD code with lengths 
no, n], ... , nr-]. The average length of such a code is L~~lpini' but since 
ni < 10gsPi] + 1, this sum is < L~~lpi(lOgsPi] + 1) = Hs(p) + 1. D 

Example 11.4 Let p = (.1, .4, .5), s = 2. Then Hs(p) = 1.361. The n/s 
suggested in the proof of Theorem 11.4 are (4, 2, 1), resulting in an average 
length of 1.7. However, the lengths (2,2, 1) also satisfy L2-nk ~ 1, and so in 
fact nsCp) ~ 1.5. The point is that the upper bound of Theorem 11.4 is usually 
not sharp (but see Prob. 11.9); its merit lies in its great generality. As 
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mentioned previously, a way to construct optimal UD codes for a given source 
will be given in Section 11.4. D 

At this point we have a problem. On one hand the results of Chapter 3 tell 
us that it should be possible to encode the source p faithfully using, on the 
average, only Hs(p) s-ary symbols per source symbol. On the other hand, we 
have just seen that it is not possible to do this with a UD s-ary code for p, 
since ns(p) is usually strictly larger than Hs(p). 

The solution to this problem is to consider codes for the extended sources 
pm, m = 1,2, .... The source pm is defined to be the source with source 
alphabet Am (recall that A is the source alphabet for p), in which the source 
symbol (UI, U2, ... , um) is assigned the probability P{UI = UI, ... , Um = 

um} = PU1PU2 ••• Pu m • In effect, when we consider the source pm, we are 
blocking the source sequence UI , U2 , ... into consecutive blocks of m 
symbols from A, and regarding each such block as a single symbol from the 
alphabet Am. Now a UD code for pm with average length nm will require an 
average of nm s-ary symbols to represent one symbol from Am. One symbol 
from Am represents m symbols from the original source, and so this code 
faithfully represents the original source p, using only nm/ m s-ary symbols per 
source symbol. The following theorem shows that by taking m large enough 
and using this technique, we can make the average number of symbols needed 
to represent p faithfully as close to Hs(p) as desired. 

Theorem 11.5 

Proof It is easy to see that Hs(pm) = mHs(p) (Prob. 11.12). Hence by 
Theorem 11.4 mHs(p) ~ ns(pm) < mHs(p) + 1. Theorem 11.5 follows by 
dividing by m and taking limits. D 

Theorem 11.5 is satisfying theoretically, since it tells us that the source p can 
indeed be represented faithfully using (perhaps slightly more than) Hs(p) s-ary 
symbols per source symbol. It leaves something to be desired from a construc­
tive viewpoint, however, since it relies on the weak construction of Theorem 
11.4. In the next section we shall remedy this situation by presenting a technique 
which will enable us to construct the best possible codes for the sources pm. 
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11.4 The construction of optimal un codes (Huffman's algorithm) 

According to Theorem 11.4, nip) lies somewhere between Hs(p) and 
Hip) + 1, and this estimate is adequate for some purposes (e.g., the proof of 
Theorem 11.5). But it is natural to wonder about the exact value of ns(p) for a 
fixed s and p. In this section we present an alogrithm due to David Huffman 
that shows not only how to compute ns(p), but also how to construct a UD 
(indeed a prefix) code with average length ns(p). 

Before giving a formal description of Huffman's algorithm, we shall work 
an example. Throughout this section we refer to a UD s-ary code for p whose 
average length is ns(p) as an optimal code for p. 

Example 11.5 Let s = 4, P = (.24, .21, .17, .13, .10, .07, .04, .03, .01). The 
first step in Huffinan's algorithm is to replace the probability vector p with a 
simpler one p', which is obtained from p by combining the three smallest 
probabilities in p. Thus p' = (.24, .21, .17, .13, .10, .08, .07) after the com­
ponents are rearranged into decreasing order. Since p' is still complicated, we 
reduce p' still further by combining the four smallest probabilities in p' and 
obtain p" = (.38, .24, .21, .17). Figure 11.1 gives a schematic diagram of 
these reductions. The reason why we combined three probabilities when going 
from p to p' and four when going from p' to p" will appear as the theory 
develops; for the moment just accept it. 

It is of course clear how to construct an optimal code for p": the code 
C" = {O, 1,2, 3} achieves n4(p") = 1. Starting from this trivial code, we 
now can work backward and construct optimal codes C' and C for p' and p 
by "expanding" the code C" in a simple way. 

First we construct an optimal code for p'. Notice that three of the 
probabilities (viz., .24, .21, .17) were not changed in the reduction from p' to 
p". The rule in this case is that in the expansion of C" into C' the 

p p' p" 

.24 .24 /.38 

.21 .21 .24 

:!~ :g} :g 
.10 .10 

:~}/:~~ 
.03 
.01 

Figure 11.1 The successive reductions of p. 
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corresponding codewords do not change, either. However, probability .38 in 
p" expands into four probabilities (.13, .10, .08, .07) in p'. Here the rule is 
that the codeword (0) for .38 in C" expands into four codewords 
(00, 01, 02, 03) in C' (see Fig. 11.2). The resulting code, according to 
Theorem 11.7 below, is optimal for p'. 

The construction of C from C' proceeds similarly: every codeword but 02 
corresponds directly to a single probability in p, so the corresponding code­
words do not change. However, 02 expands into 020, 021, 022 (again see 
Fig. 11.2). Thus allegedly C = {I, 2, 3, 00, 01, 03, 020, 021, 022} is an 
optimal code for p, and n4(p) = 1 . (.24 + .21 + .17) + 2(.13 +.10 + .07) 
+ 3(.04 + .03 + .01) = 1.46. D 

The preceding example is typical of the general Huffman algorithm: p is 
successively reduced to p', p", etc., until a final reduction pC;) with exactly s 
probabilities is reached. The obvious optimal code {O, 1, ... , s - I} for p(j) 

is then "expanded" in the above way until an optimal code for p is obtained. 
The only mysterious feature of the algorithm is the computation of the number 
of probabilities that must be combined in the reduction of p to p'. If we 
denote this number by s', it turns out that s' is determined uniquely by the 
following two conditions: 

s' E {2, 3, ... , s}, 

s' == r (mods - 1). 

(11.2) 

(11.3) 

For example (cf. Example 11.5), of s = 4, r = 9, we get s' = 3. If s = 2, then 
s' = 2 for all r ;:: 2, and so this complication is absent for binary codes.5 If 
s = 3, then s' = 2 if r is even and s' = 3 if r is odd. Note that the number of 
probabilities in p' is r' = r - s' + 1, which by Eq. (11.3) is congruent to 1 

C C' C" 
1 
2 
3 

01 01 

03/02 

021 
020} 03 

022 

Figure 11.2 The synthesis of an optimal code for p. (Cf. Fig. 11.1.) 
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(mod s - 1). Hence after the first reduction s' will always be equal to s, and 
so it is necessary to compute s' using Eqs. (11.2) and (11.3) only once, no 
matter how many reductions of p are required. 

Now we have described Huffman's algorithm; our remaining task-which 
is surprisingly tricky-is to show that it works, i.e. that it produces an s-ary 
prefix code for p whose average length is as small as possible. The following 
theorem is crucial; it guarantees that there is always an optimal prefix code 
for p in which the last s' words are of the same length, and agree except for 
their last component. 

To fix our ideas, let us now assume that the probabilities Po, PI, ... , Pr-l 
are arranged in decreasing order: Po ;=: PI ;=: .. . ;=: Pr-l. We consider prefix 
codes for p over the alphabet {O, 1, ... , s - I} whose words are denoted by 
aD, aI, ... , a r-l, with lengths ni = lad, i = 0, 1, ... , r - 1. 

Theorem 11.6 If r ;=: 2, there exists an optimal s-ary prefix code for p with 
the following two properties: 

(a) no::;; nl ::;; ... ::;; nr-l. 
(b) The last s' (see Eqs. (11.2) and (11.3)) codewords are identical except 

for their last component, that is, there exists a string a of length 
n r-l - 1 such that: 

a r- s' = a * 0, 

ar-s'+l = a * 1, 

a r-l = a * (s' - 1). 

Proof For a given code {aD, aI, ... , a r-d for p, it is clear that if i < j and 
lail> lajl, interchanging ai and aj cannot increase the average length 
l:pilail. Hence there exist optimal s-ary codes for p such that (a) holds. In 
the rest of the proof, "optimal" code will mean a code of minimal average 
length that also satisfies (a). 

Now p may have several essentially different optimal codes (see Example 
11.6). Among all such codes, let us select one for which l:ni is as small as 
possible. By Theorem 11.1 we know that 

r-l 
snr- 1 - L snr-1-n, = d ;=: 0. (11.4) 

i=O 
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If ~ ;:: s - 1, the lengths (no, nl, ... , nr-2, nr-I - 1) would satisfy the KM 
inequality, and so by Theorem 11.2 there would exist a prefix code with these 
lengths. This new code must also be optimal (and of course Pr-I = 0), but 
this would contradict the assumption that L ni is minimal. We conclude that ° ~ ~ ~ s - 2, or, what is the same thing, 

s - ~ E {2, 3, ... , s}. (11.5) 

Next, let r' denote the number of words of length nr-I in the code. If 
r' = 1, we could shorten the unique longest codeword by deleting its last 
component without violating the prefix condition, again a contradiction. 
Hence 

r' ;:: 2. (11.6) 

If we examme Eq. (11.4) modulo s, we get ~ == -r' (mods), that is, 
r' == s - ~ (mod s). But from Eqs. (11.5) and (11.6) it follows that 

r' = ks + (s -~) for some k;:: 0. (11.7) 

Ifwe examine Eq. (11.4) modulo s - 1, we get 1 - r == ~ (mods - 1), that 
is s - ~ == r (mod s - 1). It follows from this congruence and (11.5) that 
s - ~ = s', where s' was defined by Eqs. (11.2) and (11.3). Thus from (11.7) 
we conclude that r' ;:: s', that is, there are at least s' longest codewords. 

Next observe that if a' = a * a is one of these r' codewords of length 
nr-I, where a is a string of length nr-I - 1 and a E {O, 1, ... , s - I}, we 
can add each of the strings a * 0, a * 1, ... , a * (s - 1) not already present 
to the code without violating the prefix condition. Thus by replacing code­
words oflength nr-I not ofthe form a * a with ones that are, we arrive at an 
optimal code which has a * 0, a * 1, ... , a * (s' - 1) among its codewords 
oflength nr-I. Finally, be rearranging the longest codewords if necessary, we 
may assume that conclusion (b) holds. D 

Before stating our main result, we need a definition. If Po;:: PI 
;:: ... ;:: Pr-I and r ;:: s, the s-ary Huffman reduction ofp is defined by 

p' = (Po, PI, ... , Pr-s'-I, Pr-s' + ... + Pr-I)' 

In words, p' is obtained from p by combining the smallest s' probabilities in 
p, where s' is defined by Eqs. (11.2) and (11.3). The following theorem shows 
how an optimal code for p may be constructed from one for p'. Since p' has 
fewer symbols than p, it yields a recursive procedure for constructing optimal 
codes forp. 
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Theorem 11.7 If C' = {To, T1, ... , Tr- s'-l, T} is an optimal code for p', 
then 

C = {To, ... , Tr- s'-l, T* 0, T* 1, ... , T* (s' -I)} (11.8) 

is an optimal code for p. Hence also 

ns(p) = ns(p') + Pr-s' + ... + Pr-1· (11.9) 

Proof We begin by proving (11.9). Let (no, n1, ... , nr- s'-l, n) denote the 
lengths of the codewords in C'. By definition Po no + ... + Pr-s'-lnr-s'-l + 
pn = ns(p'), where p = Pr-s' + ... + Pr-1. If C is used as a code for p, its 
average length is nsCp') + P; hence 

(11.10) 

To prove the opposite inequality let {a 0, aI, ... , a r-1} be an optimal code 
for p that enjoys properties (a) and (b) of Theorem 11.6. The code 
{ao, ... , a r-s'-l, a}, used for p', has average length ns(p) - p, that is, 

(11.11) 

Combining Eqs. (11.1 0) and (11.11), we obtain (11.9). Hence the code C 
defined by (11.8) must be optimal, since its length is ns(p') + p = ns(p). D 

As promised, Theorem 11.7 yields a recursive alogrithm for constructing 
optimal s-ary prefix codes of any source p = (Po, PI, ... , Pr-1). We can 
proceed inductively as follows. If r:S: s, the code {O, 1, ... , r - I} is 
optimal for p, and nsCp) = 1. If r> s, we assume inductively that we can 
construct an optimal code for any source with fewer that r symbols. Then we 
reduce p to p', which is a source with r - s' symbols, inductively construct 
an optimal code for p', and expand it to an optimal code for p in the manner 
suggested by Theorem 11.7. As mentioned above, one comforting feature of 
this algorithm is that the annoying quantity s' need be computed only for the 
first reduction, p ----t p'; in all future reductions it is equal to s. It is easy to 
show that the total number of source reductions required is i(r - s)/(s - l)l; 
after this many reductions the source will have exactly s symbols and 
{O, 1, ... , s - I} will be an optimal code (see Prob. 11.15). 

Example 11.6 Let s = 2, r = 4, and p = (t, t, ~, ~). The first reduction of 
the source is (t, t, t); the second is (~, t), for which {O, I} is an optimal code. 
The following sketch illustrates Huffman's construction: 
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p' p" 

Alternatively, we could synthesize the code in the manner indicated below: 

p p' p" 

t(l) . teO) 
t(OO~t(l) 
t(Ol)~ 

Thus n2 (t, t, ~, ~) = 2, although the ambiguity in the ordering of p' affords 
two essentially distinct optimal prefix codes for p (see Prob. 11.21). [Note. 
The binary source entropy is H2(P) = 1.92 bits.] 

Example 11.7 Let s = 2, r = 2, P = (.9, .1). here H2(P) = .469, while Huff­
man's algorithm yields the following values: 

n2(p) = 1.00, 

!n2(p2) = .645, 

tn3(p3) = .533, 

!n4(p4) = .493. 

(These calculations should be verified by the reader; see Prob. 11.19.) The 
point here is that the convergence of m-1 ns(pm) to Hs(p) (see Theorem 11.5) 
is usually quite rapid (but see Prob. 11.20). D 

Problems 

11.1 The following definition of a uniquely decodable code is sometimes given: 
The code Cis UD if T] * ... * Tk = a] * ... * a I (the T'S and a's all being 
codewords) implies k = land Ti = ai for i = 1,2, ... , k. Show that this 
definition is equivalent to the one given in the text (see p. 330). 

11.2 Let us call a UD code C full if it is impossible to adjoin a new codeword to C 
without violating the UD condition. A string a is called indecipherable with 
respect to C if a is not a substring of any finite concatenation of codewords of 
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C. If C = {ao, aI, ... , a r-d, show that the following three conditions are 
equivalent: 
(a) C is full. 
(b) There exist no indecipherable strings with respect to C. 
(c) l:;,:~s-I(J,I = 1. 

11.3 Prove that a prefix code C is necessarily UD, and design an efficient algorithm 
for decoding C, that is, for factoring a finite concatenation of codewords from 
C into its component codewords. 

11.4 Show that the product of prefix codes is again a prefix code. Is the product of 
an arbitrary pair ofUD codes necessarily UD? (See definition, p. 330.) 

11.5 In this problem you are to try to construct UD codes over S = {O, 1,2, 3} 
with prescribed codeword lengths. In the following table ki denotes the 
number of words oflength i in the putative code: 

ki 

Case 1 Case 2 Case 3 Case 4 

3 2 1 0 
2 3 7 7 7 
3 3 3 3 3 
4 3 3 7 11 
5 4 5 4 3 
6 0 0 0 4 

In each of the four cases, construct the code or explain why such a code 
cannot exist. 

11.6 A string a over S = {O, 1, ... , s - l} is said to be lexicographically less than 
another string r (written a < . r) if a and r can be written as a = PI * i * P2, 
r = PI * j * P3, with i, j E Sand i < j. Show that lexicographic ordering is a 
total ordering, that is, for any pair (a, r) with a =1= r, either a < . r or 
r < . a. 

11.7 (Continuation). Consider the following alternate fomulation of the construc­
tion in Theorem 11.2: Choose ao = 00 ... 0 of length no, and inductively 
choose a k+ I to be lexicographically least string of length n k+ I that has no 
prefixes in the set { a 0, a I, ... , a k}. Show that this construction always yields 
the same code as the one given in Theorem 11.2. 

11.8 Show that nip) = Hip) iff there exist positive integers (no, nl, ... , nr-I) 
such that Pi = s-n" i = 0, 1, ... , r - 1. 

11.9 Fix the integer s, and show that the set {x: x = nip) - Hip) for some p} is 
dense in [0, 1]. In other words, for each t E [0, 1] and s > 0, show that there 
exists a p such that 1 ns(p) - Hs(p) - tl < s. 

11.10 The variable-length coding schemes of this chapter do not, as they stand, fit 
the model of Fig. 5.1, in which a fixed number k of source symbols is mapped 
onto a fixed number n of channel input symbols. This problem is designed to 
show how a variable-length code can be modified to fit that model. Throughout 
the source p = (Po, PI, ... , Pr-I) will be fixed, and the channel will be a 
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noiseless DMC with input and output alphabets both equal to S = 
{O, 1, ... , s - I} and transition probabilities given by 

{ I if y = x, 
p(ylx) = ° if y =f. x. 

Suppose we have found an optimal s-ary prefix code C with average length 
ns(p), and let nand k be fixed integers. Now consider the following strategy 
for mapping k source symbols UI , Uz, ... , Uk into n symbols from S. First, 
map each source symbol into the corresponding codeword from C, and form 
the concatenation 0 of these codewords. The length of 0 as a string over S is 
a random variable, but we modify 0 so that it has length n as follows. If the 
length of 0 exceeds n, we delete the last 101 - n symbols; if it is less that n, 
we adjoin n - 1010's. In this way every k-tuple of source symbols is mapped 
into an n-tuple of channel input symbols. Denote this n-tuple by 0'. 

When the decoder receives 0', he decomposes it uniquely (see Prob. 11.3) 
into a string of the form 0 I * 0 z, * ... * 0 I * T, where the 0 i are all code­
words and T is either the prefix of some codeword or a string of O's. If I ;;. k, 
well and good: the decoder has received all of the k source symbols perfectly. 
If, however, I < k, some of the source symbols did not arrive, that is, they 
were erased by the system. Denote by PE the probability that at least one of 
the k symbols in the source block is erased. Let s > ° be arbitrary. 
(a) Show that for any v > nip) there exists a scheme of the above sort with 

njk ~ v and PE < s. 
(b) Using the results of part (a) and Theorem 11.5, show that for any 

r < l Hs(p ) J -I and s > 0, there exists an (n, k) coding scheme of the 
type depicted in Fig. 5.1, with k j n ;;. rand P {Vi =f. U;} < s. 

11.11 Let U = (UI, Uz, ... , Uk) be a random vector, and let niU) = nip), where 
p is the probability distribution of U. Now suppose (UI , Uz, ... ) is a finite 
Markov chain (see Prob. 1.20). Show that limk-->oo(1 j k)ni UI , ... , Uk) is 
equal to the s-ary entropy of the chain. 

11.12 Prove that Hs(pm) = mHs(p) (see Theorem 11.5). 
11.13 Define n~prefIx)(p) as the least possible average length for an s-ary prefix code 

for p. Show that n~prefIx)(p) = nip). 
11.14 Does Theorem 11.6 remain true if the restriction r ;;. 2 is removed? 
11.15 Show that, if r;;' s, after I(r - s)j(s - l)l s-ary reductions of p = (Po, 

PI, ... , Pr-I), the resulting source has exactly s symbols. 
11.16 One popular way of avoiding the problem that in the first Huffman reduction 

of a source p the number of symbols combined may be less than s is to adjoin 
s - s' extra "dummy" symbols to the source alphabet, each occurring with 
probability 0. If this is done, then every reduction, even the first, involves a 
collapsing of exactly s probabilities. (For example, in Example 11.5 
s - s' = 1, and the source would become p = (.24, .21, .17, .13, .10, 
.07, .04, .03, .01, .00).) If one tries to prove that Huffman's construction 
works by using this artifice, however, a problem develops: an optimal code for 
(p, 0, ... , 0), when restricted to p itself, may no longer be optimal! Give an 
example of this pathological behavior. 
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11.17 Show that, for fixed s, the amount of computation required by Huffman's 
algorithm to find an optimal s-ary code for p = (po, ... , Pr-I) is O(r2 ). How 
does the implied constant depend on s? 

11.18 (Continuation). Suppose you are interested only in the vaule of nsCp) and not 
in finding an optimal code. Using Eq. (11.9), design an alogrithm for 
computing ns(p). Can you make its running time 0(r2)? 

11.19 Verify the details of Example 11.7. 
11.20 In the light of Theorem 11.5, answer the following: 

(a) Is it possible for ns(p) < ~nsCp2)? 
(b) Is it possible for ~ns(p2) < tns(p3)? 

11.21 In Example 11.6 we noted that p = (t, t, !, !) has two optimal binary prefix 
codes, namely, {OO, 01, 10, 11} and {O, 10, 110, Ill}. Show that the set of 
all probability vectors (PI, Pl, P3, P4) with PI ;;. Pl ;;. P3 ;;. P4 for which 
these same two codes are optimal is the convex hull of three fixed probability 
vectors; and find these three vectors. 

11.22 Consider a game of "twenty questions" in which you are required to 
determine, after asking a certain number of questions that can be answered 
"yes" or "no," the outcome of one roll of a pair of dice. (The outcome is 
therefore one of the integers 2, 3, ... , 12.) What is the minimum number of 
questions you need to ask, on the average? [Hint: if you asked "Is it 2?" "Is it 
3?" etc., you would average a little under six questions. It is possible to do 
better, however.] 

11.23 The object of this problem is for you to learn how to design an optimal binary 
prefix code for the symmetric r-ary source Pr = (1/ r, 1/ r, ... , 1/ r). 
(a) Construct such a code for P2, P3, P4, P5. 
(b) In general, what are the possible lengths of the words in an optimal binary 

prefix code for Pr? 
(c) Compute n2(Pr), in general. 

Notes 

(p. 330). It is unorthodox for the subject matter of this chapter to be presented so 
late in a text on information theory, since it is not particularly deep and really does not 
depend on any of the preceding material. However, we have chosen to place it here 
because it represents a constructive approach to the source coding problem, just as the 
material in Chapters 7-10 represents a constructive approach to the channel coding 
problem. 

2 (p. 330). Although it is not necessary for an understanding of the material of this 
chapter, we pause to put our problem into the language of Chapter 3. We are dealing 
with a DMS relative to the Hamming distortion, that is, the source and destination 
alphabets are both equal to {O, 1, ... , s - I} and the distortion measure is 

{ 0 if u = v, 
d(u, v) = 1 if u # v. 

We are interested only in zero distortion, that is, we want to reproduce the source 
perfectly (technically we allow an error probability of s for small s) at the destination. 
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Since in this case the rate-distortion function R( 0) evaluated at the desired distortion 
(0 = 0) is the source entropy H2(P) (cf. Fig. 3.3), it follows (nonconstructively!) from 
the source coding Theorem 3.4 that it is possible to represent the source faithfully at the 
destination using only H2 (p) bits per source symbol. 

3 (p. 331). Note that this kind of code is quite different from the block codes of 
Chapters 7-9, and the convolutional codes of Chapter 10. However, a variable-length 
code can be transformed, in a certain sense, into a block code (see Prob. 11.10). 

4 (p. 332). There is a close connection between s-ary prefix codes and s-ary trees, 
which is emphasised in most texts, and we should mention it at least briefly. To 
illustrate the idea, consider the prefix code {O, 10, 110, 111}. The corresponding 
binary tree is depicted as follows: 

ROOT 

In general, each codeword represents a "leaf" on the tree, and the codeword's bit 
pattern describes the unique path from the root to the leaf-a leftward branch is 
denoted by a "0." and a rightward one by a "1." For details, consult Knuth [7], Vol. 1, 
Section 2.3. 

5 (p. 338). Indeed, the entire proof that Huffman's algorithm works is comparatively 
trivial in the binary case. Most texts (e.g., Abramson [12], Gallager [17]) prove only the 
s = 2 case and leave the (nontrivial!) generalization as a problem. (See also Prob. 
11.16.) 



12 
Survey of advanced topics for Part two 

12.1 Introduction 

This chapter serves the same function for Part two as Chapter 6 served for 
Part one, that is, it summarizes some of the most important results in coding 
theory which have not been treated in Chapters 7-11. In Sections 12.2, 12.3, 
and 12.4 we treat channel coding (block codes, convolutional codes, and a 
comparison of the two). Finally in Section 12.5 we discuss source coding. 

12.2 Block codes 

The theory of block codes is older and richer than the theory of convolutional 
codes, and so this section is much longer than Section 12.3. (This imbalance 
does not apply to practical applications, however; see Section 12.4.) In order 
to give this section some semblance of organization, we shall classify the 
results to be cited according to Berlekamp's [15] list of the three major 
problems of coding theory: 

1. How good are the best codes? 
2. How can we design good codes? 
3. How can we decode such codes? 

• How good are the best codes? One ofthe earliest problems which arose 
in coding theory was that of finding perfect codes. If we view a code oflength 
n over the finite field Fq as a subset {Xl, X2, ... , XM} of the vector space 
Vn(Fq), the code is said to be perfect (or close packed) if for some integer e, 
the Hamming spheres of radius e around the M codewords completely fill 
Vn(Fq) without overlap. By 1950 several kinds of perfect codes were known: 

347 
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n q 

2e+ 1 2 
(qm _ l)/(q - 1) (arbitrary 

prime 

23 
11 

power) 
2 
3 

e Remarks 

(arbitrary) Repetition codes; see Prob. 7.18 
1 Hamming codes; see Section 7.4, 

Prob.7.l9 

3 Binary Golay code; see Section 9.8 
2 Ternary Golay code; see Probs. 

9.30-9.33 

Perfect codes (perhaps with the exception of the repetition codes) are 
beautiful combinatorial objects with remarkable error-correcting powers, and 
researchers naturally yearned to extend the above table. However, after a long 
series of extremely difficult investigations ending in the early 1970's the truth 
came out: there are no perfect codes except those with the parameters listed 
above. The full story can be read in MacWilliams and Sloane [19], Chapter 6. 
There do exist perfect codes with the same parameters as the Hamming codes 
which are not equivalent to them; the other three kinds, however, are unique. 
The question of the existence of perfect codes over alphabets with q symbols, 
where q is not a prime power, is at this writing not completely settled. It 
seems unlikely, however, that any exist. 

Disappointed by the nonexistence of other perfect codes, researchers 
widened their search to codes that are almost as good: nearly perfect and 
uniformly packed codes. Over finite fields, such codes are now all classified 
for e ~ 4; for e ::;; 3 only partial results are known; see van Tilborg [46]. 

The existence ofthe (23, 12) perfect Golay code tells us that the maximum 
number of vectors from V23 (F2) which can be chosen so that each pair of 
vectors is separated by a Hamming distance ~ 7 is exactly 4096 = 212. It is 
natural to ask what this maximum number is when 23 is replaced by nand 7 
is replaced by d, and so we define 

A( n, d) = The largest integer M such that there exist M codewords 
{Xl, ... , XM} from Vn(F2) such that dH(xi, Xj) ~ d if i -# j. 
Alternatively, (12.1) 

A(n, d) = The largest number of codewords possible in a code of length n 
and minimum distance d. 
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The study of the numbers A(n, d) is regarded by many as the central 
problem of coding theory. Although A(n, d) is rarely known exactly unless n 
and d are relatively small, or 2d ;;. n, a great deal of first-rate research has 
gone into the problem of finding good upper and lower bounds for A(n, d). In 
the next few pages we will summarize some of this research, but for the whole 
story the reader is referred to MacWilliams and Sloane [19], Chapter 17. 

For relatively small values of nand d, essentially the only known way of 
obtaining lower bounds of the form A(n, d) ;;. M is to explicitly exhibit M 
vectors from Vn(F2) satisfying the conditions cited in (12.1). We discuss such 
code constructions below (see p. 349 ff.). 

On the other hand, in order to obtain an upper bound of the form 
A(n, d)<M, it is necessary to show that every subset {XI, ... , XM} of 
Vn(F2 ) contains at least one pair (i, j) such that dH(Xi, Xj) < d. There are a 
great many possible ways of doing this, but currently the most powerful 
technique appears to be the linear programming approach, which we now 
describe. 

If C = {XI, ... , XM} is a binary code of length n, that is, a subset of 
Vn(F2 ), for each i = 0, 1, ... , n and X E C, let Ai(x) be the number of 
codewords in C at distance i from x. The distance distribution of C is defined 
to be the (n + I)-tuple (Ao, AI, ... , An) of nonnegative real numbers, where 

1 
Ai = M L Ai(x). 

XEC 

Certain elementary properties of the Ai are immediate: 

Ao + Al + ... + An = M. 

Ao = 1. 

And ifthe code has minimum distance d, it also follows that 

Al = A2 = ... = Ad-I = 0. 

(12.2) 

(12.3) 

(12.4) 

The key to the linear programming approach is the Delsarte-MacWilliams 
(DM) inequalities: If Pj(i) denotes the coefficient of zj in the polynomial 
(1 - z)i(1 + z)n-i, then the A/s must satisfy 

n 

L AiPj(i) ;;. 0, j = 0,1, ... , n. (12.5) 
i=O 

(For a proof of this result, see Prob. 7.28.) These facts suggest the following 
idea. Let ALP(n, d) denote the maximum possible value of the function 
f(Ao, ... , An) = Ao + ... + An of n + 1 nonnegative real numbers, subject 
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to the linear constraints (12.3)-(12.5). Then clearly A(n, d) :s: ALP(n, d); this 
is called the linear programming bound. 

At present, the best known upper bounds on A(n, d) for almost every pair 
(n, d) come from the linear programming bound or a modification of it. For 
example, the bound on A(13, 6) obtained by combining the DM inequalities 
(12.5) with the ad hoc inequality AIO + 4A12 :s: 4 (which is easy to obtain 
combinatorially) is A(13, 6) :s: 32. For several years before the discovery of 
the LP approach, A(13, 6) was the simplest unknown value of A(n, d), and 
researchers had struggled with it, using heroically complicated combinatorial 
arguments, but 32 :s: A(13, 6) :s: 35 was the best they could do. Of course the 
old lower bound-which arises because there is a known code, the Nadler 
code, with n = 13, d = 6, M = 32---combined with the new upper bound, 
settles the matter: A(13, 6) = 32. 

Perhaps the best known version of the A(n, d) problem is the asymptotic 
problem: If (dnr::=l is a sequence of integers with dn/ n ----t 0, 0 :s: 0 :s: 1, how 
does A(n, dn) behave as n ----t oo? More formally, since the rate of a code of 
length n with M codewords is 1/ n log2 M, we define 

- -1 
R(o) = sup lim - log2 A(n, dn ), (12.6) 

n-HXJ n 

E.(o) = inf lim.!. log2 A(n, dn ), 
n-->oo n 

(12.7) 

where the "sup" in (12.6) and the "inf" in (12.7) are both taken over all 
sequences (dn)'::=l satisfying dn/n ----t o. It is annoying that both an upper and 
a lower value of R( 0) must be defined; everybody believes (but nobody has 
proved) that R(o) = E.(o) for all o. For simplicity in what follows, however, 
we shall refer only to R( 0), it being understood that an upper bound on R( 0) 
is an upper bound on R( 0), and lower bound is a lower bound on E.( 0). 

It is known, and relatively easy to prove, that R(O) = 1 and R( 0) = 0 for 
~ :s: 0 :s: 1, but R( 0) is unknown for 0 < 0 <~. The best known lower bound 
for R( 0) in this range is 

R(o) ~ 1 - H2(0), (12.8) 

a result proved by Gilbert in 1952. (This bound is an asymptotic form of the 
bound obtained in Prob. 7.21.) No one has succeeded in raising Gilbert's lower 
bound, but there has been a whole series of steadily decreasing upper bounds 
on R(o). The current record-holder, obtained by McEliece, Rodemich, 
Rumsey, and Welch using the linear programming approach, is 

(12.9) 
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where g(x) = H2[(1 - .J1=X)/2]. A plot of these two bounds is given in 
Fig. 12.1. It is widely conjectured that R(O) = 1 - H 2(O), but the only real 
supporting evidence is the fact that over the years the upper bound has been 
decreasing while the lower bound has remained fixed! 

• How can we design good codes? In the preceding few pages we have 
discussed some important nonconstructive results in coding theory. Much 
research has also been devoted to the problem of explicitly constructing 
powerful codes; and although nobody has yet explicitly constructed a 
sequence of codes achieving what the channel coding theorem promises (cf. 
remarks on p. 129), some remarkable results have nevertheless been achieved. 

The most important class of codes yet discovered is undoubtedly the class 
of BCH codes described in Chapter 9. BCH codes are important not only 
because they are inherently powerful codes, but also because they possess a 
simple and efficient decoding algorithm. For most of the codes we shall 
describe, however, no good decoding algorithm is yet known. We shall 
describe some ofthe research that has been devoted to the design of decoding 
algorithms in the next subsection (see p. 353 ff.). 
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Figure 12.1 The best known upper and lower bounds on R( 0). 
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Probably the most impressive results in constructive coding theory deal 
with the class of cyclic codes. An (n, k) linear code Cover Fq is said to be 
cyclic if, whenever c = (co, Cl, ... , Cn-l) is in C, then so is the cyclic shift 
c' = (C n-l, co, Cl, ... , Cn-2). For any values of q and n ~ 3 there are always 
at least four cyclic codes of length n: 

• The zero codeword 0 = (0, 0, 0, ... , 0) alone. 
• The set of constant codewords a = (a, a, ... , a). 
• The codewords satisfying 'L,7:01 Ci = 0. 
• The entire space Vn(Fq). 

These four cyclic codes have dimensions 0, 1, n - 1, and n, and for some 
pairs (q, n) there are no others (e.g., q = 2, n = 11; q = 3, n = 7). However, 
there are many extremely interesting cyclic codes. For example, the following 
codes from Chapter 9 are cyclic: BCH codes, Reed-Solomon codes, and the 
two Golay codes. In this subsection we shall describe several other cyclic 
codes, but we need a brief preliminary discussion. 

Associated with each (n, k) cyclic code over Fq is a generator polynomial 
g(x) , which has coefficients in Fq, degree n - k, and which divides xn - 1. 
The vector c = (co, ... , Cn-l) E Vn(Fq) belongs to the code iff the poly-
nomial Co + CIX + ... + Cn_lXn-1 is a multiple of g(x). The complementary 
polynomial hex) = (xn - 1)/ g(x) is called the parity-check polynomial. Since 
g(x) divides xn - 1, every zero of g(x) must also be a zero of xn - 1. If nand 
q are relatively prime (and cyclic codes for which this is not the case are 
usually uninteresting), the zeros of xn - 1 are {I, fJ, ... , fJ n- 1}, where fJ is a 
primitive nth root of unity over Fq; thus the zeros of g(x) are of the form 
{fJa : a E A}, where A ~ {O, 1, ... , n - I}. Since the coefficients of g(x) 
are in Fq, it follows from Galois theory that A must be q-closed, that is, if 
a E A, then also qa (modn) EA. If now A ~ {O, 1, ... , n - I} is arbitrary, 
we define its q-closure A to be the smallest q-closed subset containing A. 
Using this notation, we now factor the generator and parity-check matrices of 
an arbitrary (n, k) cyclic code over Fq : 

g(x) = II (x - fJ a ), 

aEA 

hex) = II (x - fJb). 
bEE 

Nearly every important result about cyclic codes can be stated in terms of the 
sets A, A, B, and B. For example, the BCH Theorem 9.3 can be stated as 
follows: If n = 2m - 1, q = 2 and A = {I, 3, ... , 2t - I}, then the code's 
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minimum distance dmin satisfies dmin ;;. 2t + 1. We now list some of the most 
important results known about cyclic codes (all stated for q = 2, even though 
generalizations to larger q are usually known). 

• If n=2m-l and B={1,3, ... ,2t-l}, then dmin;;.2m-l­
(t - 1)2m/2 (see van Lint [18], Theorem 6.3.6). 

• If n is a prime congruent to -1 (mod 4), and A = {quadratic residues 
(mod n)}, then k = (n + 1)/2 and 

{ Vn 
dmin ;;' 1+~ 

if n == 1 (mod8), 

if n == -1 (mod 8). 

These are the quadratic residue codes; see MacWilliams and Sloane [19], 
Chapter 16. 

• If there is no j-tuple bl , b2 , ... , bj E Ii such that bl + ... + bj == 0 
(mod n), then every codeword has weight divisible by 2j . (A disguised 
version of the special case j = 2 of this theorem appears in Lemma 5, 
p. 278. For proof and extensive generalization, consult Delsarte and 
McEliece [34].) 

• If B = {I}, the codes are called irreducible cyclic codes (because the 
check polynomial hex) is irreducible) or minimal cyclic codes (because 
they contain no nontrivial cyclic subcodes). There is an elaborate theory 
for them; see MacWilliams and Sloane [19], Chapter 8, or McEliece 
[39]. 

• If n = 2m - 1, B = {O ~ b < 2m - 1 : b can be written as a sum of ~ d 
powers of 2}, the resulting code is essentially equivalent to the Reed­
Muller code RM(m, d) ofProb. 7.30. See MacWilliams and Sloane [19], 
Chapter 13, or Delsarte and McEliece [34], Section 5. 

The foregoing sample should convince you that the theory of cyclic codes 
is very rich, but it is also somewhat disappointing, because the best codes are 
rarely cyclic. By that we mean roughly that for a randomly chosen pair (n, d) 
it is quite unlikely that there will exist a cyclic code with A(n, d) codewords 
(see definition (12.1». In fact, the best codes are often not even linear, and 
there is beginning to be quite a respectable collection of good nonlinear 
codes. Some examples (again, all codes have q = 2) follow: 

• The best codes with n ~ 2d are practically all nonlinear and are related 
to Hadamard matrices. See MacWilliams and Sloane [19], Chapter 2. 
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• The Kerdock nonlinear codes have parameters n = 2 2m , M = 24m code­
words, dmin = 2 2m- 1 - 2(2m-2)/2, m ;=: 2. The simplest example (m = 2) 
is a code oflength 16 with 256 codewords and dmin = 6. The best linear 
code with n = 16, d = 6 has only 128 codewords. See MacWilliams and 
Sloane [19], Chapter 15. 

• The Preparata codes have parameters n = 2 2m , M = 222m-4m, dmin 
= 6, m ;=: 2. They appear to be dual to the Kerdock codes; see MacWil­
liams and Sloane [19], Chapter 15. 

Finally, we note that MacWilliams and Sloane [19], Appendix A, give a 
table of the best known codes for d:s: 29 and n :s: 512. Many of the codes 
listed there are clever ad hoc constructions that we cannot describe here. 

• How can we decode such codes? The problem of finding the largest 
possible code with a given n and d is important and challenging. But to 
actually put such a code, or indeed any code, to use on a noisy channel it is 
necessary to have a practical decoding algorithm. If the number of codewords 
is small enough so that it is feasible to compare each of them to the received 
word, there is no problem. If the code is an (n, k) linear code and qn-k is 
small enough so that the syndrome table approach of Sections 7.2 and 7.5 is 
possible, again no problem. However, in most practical situations it is unlikely 
that a code small enough to allow one of these primitive decoding algorithms 
will be powerful enough to do the job. For this reason considerable effort has 
been devoted to finding good decoding algorithms for large and powerful 
codes. In this subsection we shall describe some of these algorithms. 

First and most important is the BCH-RS decoding algorithm that we 
described in detail in Chapter 9. Since this is such an important result, we 
pause here to pay tribute to its discoverers. 

In 1959 and 1960 came the original papers by Hocquenghem ([15], pp. 72-
74) and Bose and Ray-Chaudhuri ([15], pp. 75-78). It is important to note 
that these early papers concerned themselves only with the construction of the 
codes, not the decoding. In 1960 Peterson ([15], pp. 109-120) published a 
reasonably simple decoding algorithm which involved the solution of simul­
taneous linear equations over certain finite fields. One year later Gorenstein 
and Zierler ([15], pp. 87-89) generalized all the previous work to nonbinary 
codes and found that their generalization included the codes discovered by 
Reed and Solomon ([15], pp. 70-71) in 1960 before the Bose and Ray­
Chaudhuri paper had been published! A real breakthrough in the decoding of 
BCH codes came in 1968, when Berlekamp ([15], pp. 145-148) (see also 
Chapter 7 in [14]) published his beautiful iterative decoding algorithm. A 
systems engineer who wishes to minimize absolutely the complexity of a 
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BCH decoder is still well advised to use Berlekamp's procedure. But certain 
important conceptual advances were yet to come. 

In 1970 Goppa ([15], pp. 102-106) discovered a family of codes that bear 
his name and are a beautiful natural generalization of BCH codes. He 
showed that there are long Goppa codes that are asymptotically good in the 
sense that they lie above the Gilbert lower bound of Fig. 12.1. (This 
contrasts with the fact that BCH codes, in spite of their usefulness, are 
asymptotically "bad" in the sense that in any sequence of BCH codes with 
rates ;=: R > 0 the ratio dmin/ n must approach 0; see Berlekamp [31].) 
Goppa also gave a decoding procedure for his codes that was analogous to 
the old Peterson-Gorenstein-Zierler algorithm; he did not, however, gener­
alize Berlekamp's iterative algorithm. In 1975 Sugiyama, Kasahara, Hirasa­
wa, and Namekawa [45] discovered the beautiful fact, which we discussed at 
length in Chapter 9, that one can use Euclid's algorithm to decode BCH and 
Reed-Solomon codes. Actually, when applied to BCH codes Euclid's algo­
rithm is inferior by a small constant factor to Berlekamp's. It is much easier 
to understand, however, and sheds considerable light on Berlekamp's algo­
rithm. In fact, with hindsight it is now possible to view Berlekamp's 
algorithm as an improved version of Euclid's! Finally, in 1975, a circle that 
nobody knew was being formed was completed when Delsarte [33] and 
others showed that Goppa's codes can be obtained by modifying the ancient 
Reed-Solomon codes! 

Although the algebraic decoding of BCH - RS codes is the most important 
result in the area, several other quite useful decoding methods are also 
available. We shall now describe some of them. 

The earliest nontrivial decoding algorithm discovered was threshold decod­
ing, which is a kind of generalization of the "majority vote" decoding 
mentioned in the Introduction, discovered by Reed in 1954 for decoding 
Reed-Muller codes (cf. Prob. 7.30. Muller invented the codes, and Reed the 
decoding algorithm, reported in separate 1954 papers.) We illustrate Reed's 
idea by considering the (7, 3) binary linear code with parity-check matrix 

[
1 1 0 1 0 0 01 
101 0 1 0 0 

H= 0 1 1 0 0 1 0 . 

1 1 1 000 1 

(This code is the dual of the (7, 4) Hamming code of the Introduction.) It is 
easy to verify that each codeword C = (Co, C1, ... , C6) in this code satisfies 
the following three parity-check equations: 
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Co = C l + C3 , 

Co = C2 + C4 , 

Co = Cs + C6 · 

Now assume that the codeword C is transmitted over a BSC with raw bit error 
probability p and is received as R = (Ro, ... , Rt,) = C + E, where E = 

(Eo, ... , E6 ) is the error pattern. Then the decoder knows, from the above 
parity-check equations, that 

Co = Rl +R3 

=R2+~ 

= Rs + Rt, 

=Ro 

if El + E3 = 0, 

if E2 + E4 = 0, 

if Es + E6 = 0, 

if Eo = 0. 

Hence if the channel has made at most one error, it can affect at most one of 
the above estimates of Co, and so Co can be obtained by taking a majority 
vote of these four estimates. If two channel errors occur and there is a 2-2 tie 
in the vote, the tie should be broken in favor of the estimate Ro, since 
{Eo = o} is more probable than {Ei + Ej = o} ifO < p <~. 

Reed obtained a generalization of the above technique applicable to the 
entire class of Reed-Muller codes. Later authors have discovered many 
classes of codes-whose constructions often depend on the existence of 
certain finite geometries-that permit threshold decoding. The reader inter­
ested in pursuing this topic should begin with Chapter 13 of MacWilliams and 
Sloane [19], or with Massey [20]. 

The final decoding algorithm we wish to mention is a very restricted one, 
since it applies only to first-order Reed-Muller codes, which are essentially 
the duals of the Hamming codes. The first few of these have length and 
dimensions (8, 4), (16, 5), (32, 6), ... , and in general for each m there is a 
(2 m, m + 1) code. There is a decoding algorithm for these codes which is 
based on the fast Fourier transform (FFT) over the elementary Abelian group 
of order 2m; see MacWilliams and Sloane [19], Chapter 14. The unique 
feature of this algorithm is that it is easily adapted to a Gaussian channel, 
without the need for binary output quantization. By this we mean the 
following. Any binary vector x = (Xl, ... , xn) E Vn(F2 ) can be transmitted 
over a Gaussian channel with average power constraint E(X2) ~ f3 by 
mapping x's zero coordinates into +Vf3 and x's one coordinates into -Vf3. If 
say, x is from a BCH code and one wishes to use the decoding algorithm of 
Chapter 9 on the received vector y, one will have to begin by transforming the 
coordinates of y-which are real numbers-into O's and 1 's, by mapping 
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positive coordinates into 0 and negative ones into 1. This is what we mean by 
binary output quantization. Unfortunately, this first step decreases the chan­
nel's capacity (by about 2dB; see Prob. 4.15), and for this reason codes with 
an inherently binary decoding algorithm are practically useless on noisy 
Gaussian channels. 

However, as we have mentioned, FFT decoding of first-order Reed-Muller 
codes is not inherently binary, and so these codes are attractive for use on 
Gaussian channels. The deep-space communication channel is well modeled 
as a Gaussian channel; so it is not surprising that from 1969 to 1976 all of 
NASA's Mariner class deep-space probes were equipped with a (32,6) Reed­
Muller code. (Other deep-space probes have been equipped with convolu­
tional codes; see Section 12.4.) 

12.3 Convolutional codes 

The theory of convolutional codes is much less well developed than the theory 
of block codes, partially because the subject is much younger, but mainly 
because it is intrinsically more difficult. For example, in 1970 Forney ([15], 
pp. 213-232) wrote a seminal paper that proved results for convolutional 
codes analogous to the simple results in Section 7.1 for block codes! This is 
not to say that convolutional coding theory has not produced important 
research. It does explain, however, why this section is much shorter than the 
preceding one. (Also, convolutional codes are often superior to block codes in 
practical situations; see Section 12.4.) 

The free distance of a convolutional code (see p. 311) serves the same role 
as does the minimum distance of a block code: among codes of a fixed rate, 
the one with the biggest free distance is likely to be best. Much effort has 
been spent on the problem of finding convolutional codes with the largest 
possible free distances. Although no family of convolutional codes compar­
able to, say, the BCH block codes has yet been found, there exist extensive 
catalogues of specific good codes. For example, Larsen [37] gives a table of 
good (2, 1), (3, 1), and (4, 1) convolutional codes with memory M ~ 13; 
lohannesson [36] lists good (2, 1) codes up to M = 35. It is characteristic of 
the subject that these tables should be restricted to (n, k) = (2, 1), (3, 1), 
(4, 1), especially (2, 1). The extra degree of freedom present in convolutional 
codes, namely, the memory M, makes the study of (2, 1) convolutional codes 
an extremely rich subject unto itself, whereas (2, 1) block codes are of course 
trivial. And although the possiblity of studying convolutional codes with fixed 
M and varying (n, k) suggests itself, nobody has yet pursued it very far. 
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The channel coding Theorem 2.4 was proved using block codes. It is 
natural to wonder whether it can be proved using convolutional codes. The 
answer so far is Not Quite. It can be proved using tree codes (codes obtained 
by assigning labels to a tree structure like the one in Fig. 10.20) or trellis 
codes (codes obtained by assigning labels to a trellis structure like the one in 
Fig. 10.7) or certain restricted subclasses ofthem. Such codes can be obtained 
from shift registers (see Figs. 10.3 and 10.4) in which the connections are 
allowed to vary with time; for this reason they are sometimes called time­
varying convolutional codes, and ordinary convolutional codes are called 
fixed convolutional codes. The reader interested in studying coding theorems 
for time-varying convolutional codes should consult Massey [21] or Viterbi 
and Omura [26], Chapter 5. 

Sequential decoding was the earliest known decoding algorithm for con­
volutional codes, and the analysis of sequential decoding has led to some of 
the deepest results in convolutional coding theory. We pointed out in Section 
10.4 that a sequential decoding algorithm will practically always choose the 
same path through the code's tree as a maximum likelihood decoder. 
Unfortunately, the number of computations required to make its decision is a 
random variable which depends on the severity of the noise. Indeed, if C 
denotes the number of paths that the sequential decoder must investigate 
before it decodes the first L information bits, it is known that 

P{C>x} ~ Lx-a, 

where a is a positive constant that depends on the channel and the code 
rate, but not on x. It turns out that if the code's rate is too close to channel 
capacity, the value of a lies between 1 and 2. This in turn implies that, 
although the random variable C has finite mean, its variance is infinite, and 
this has unpleasant practical implications. For remember that while the 
decoder is trying to find its way through the tree, more symbols are being 
received. These symbols waiting to be decoded must be stored in a buffer 
of finite length. If the decoder requires too many computations, this buffer 
will overflow and information will be lost. If the variance of C is infinite, 
this buffer will be overflowing all the time and sequential decoding is 
useless. 

The rate at which this unpleasant phenomenon occurs is called the 
computational cutoff rate; it is just the rate &:1 we have already encountered in 
Probs. 2.21-2.26 and 4.3-4.9; &:1 is also sometimes denoted by the symbol 
Rcomp. Even at rates below &:1, however, this buffer overflow problem often 
determines the code's performance. For example, by using a (2, 1) convolu­
tional code with very large memory and free distance on a wideband Gaussian 
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channel, one can easily make the bit error probability extremely small, but it 
is very difficult to decrease the erasure probability (i.e., the probability of 
there not being time to decode a given bit) below say 10-3. The full story of 
sequential decoding computation distribution is told by Viterbi and Omura 
[26], Chapter 6. 

In addition to Viterbi decoding and sequential decoding, there is a third 
important type of decoding for convolutional codes, called threshold decod­
ing. It is analogous to the threshold decoding for block codes which we 
described in Section 12.2. It was developed in 1963 by Massey [20]; it is 
discussed by Gallager [17], Section 6.8; and a very clever application of 
threshold decoding to a concatenated convolutional coding system has 
recently been given by Wu [48]. 

Finally, we mention that in 1976 Schalkwijk and Vinck [44] invented a 
decoding algorithm that is an analogue for convolutional codes of syndrome 
decoding (see Section 7.2) for block codes. It also has much in common with 
Viterbi's decoding algorithm. 

12.4 A comparison of block and convolutional codes 

In this section we make a brief attempt to compare the relative merits of block 
and convolutional codes in practical applications. 

It is fairly clear that the deepest and most impressive theoretical result in 
coding theory (block or convolutional) is the algebraic decoding of BCH - RS 
codes, which we described in Chapter 9. It is important to bear in mind, 
however, that these codes were designed for a very special class of channels, 
the q-ary symmetric channels (in particular the binary symmetric channel in 
the case of BCH codes), and that the decoding algorithms are not easily (if at 
all) adaptable to other channels. 

On the other hand, the two most important decoding algorithms for 
convolutional codes, Viterbi and sequential decoding, although perhaps not as 
mathematically profound, are extremely robust and can rather easily be 
adapted to a very wide class of channels. And since a relatively small fraction 
of the communication channels that arise in practice are well modeled by a 
qSC, it is not surprising that a relatively large fraction of practical applications 
of coding theory involve convolutional and not block codes. We now illustrate 
this point with two specific examples. 

Consider first a binary symmetric channel with raw bit error probability p, 
0< p <!. In Figure 12.2 we give a graph of the performance of two practical 
coding systems for this channel, a (127, 64) 1O-error-correcting BCH code 
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Figure 12.2 Comparison of a block and convolutional code on a BSC. 

with the decoding algorithm described in Fig 9.1, and a (2, I)M = 6 convolu­
tional code with generator matrix G = (x6 + X4 + x 3 + X + 1, 
x 6 + x 5 + x4 + x 3 + 1). For values of p greater than about p = .03 the 
convolutional code is slightly better, but for all smaller p the BCH code is 
better; for example, at p = .001 the BCH code is superior by more than two 
orders of magnitude. The essential reason the BCH code is superior is that its 
minimum distance (21) is much larger than the convolutional code's free 
distance (10). It would be quite difficult to implement a rate 1/2 convolutional 
code with performance markedly superior to that shown in Fig. 12.2, since the 
only way to get better performance is to use a code with more memory; but 
for the Viterbi algorithm increasing M beyond 7 or 8 is extremely difficult, 
and if sequential decoding is used on a code with large M, the erasure 
probability (i.e., the probability that the algorithm will fail to make a decision 
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because of the computational problems described in Section 12.3) will 
dominate the code's performance. On the other hand, it would not be difficult 
to go to a BCH code of rate approximately 1/2 and length 255 or 511 and get 
performance markedly superior to that in Fig. 12.2 at a modest cost in 
increased complexity. We conclude then that for a binary symmetric channel, 
unless the channel is extremely noisy, a block code, in particular a BCH code, 
will probably be preferable to a convolutional code. 

As a second example, consider the wideband Gaussian channel described in 
Chapter 4 (p. 95). In Fig. 12.3 we give performance curves for the same two 
codes as before; the quantity Eb is the ratio P / R, where P is the transmitter 
power (in watts) and R is the source rate (in bits per second). Thus Eb has 
dimensions joules per bit; it is usually called the energy per bit, and Eb/ No is 
called the bit signal-to-noise ratio. The notation "dB" means that what is 
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Figure 12.3 Comparison of block and convolutional codes on wideband Gaussian 
channel. 
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plotted is not Eb/ No directly, but 10 10glO Eb/ No. This normalization is the 
standard one for this channel; see, for example, Heller and Jacobs [35]. 

In Fig. 12.3 the BCH code not only has lost its superiority; it is now 
markedly inferior to the convolutional code. This is so because, in order to 
apply the algebraic decoding algorithm of Chapter 9 to the BCH code, it is 
necessary to use binary output quantization (cf. p. 335), whereas the Viterbi 
algorithm can be adapted to accept unquantized real numbers as inputs with 
relative ease (cf. Section 10.2). The penalty imposed by binary output 
quantization is simply too large to be compensated for by the fact that the 
BCH code is inherently more powerful than the convolutional code. 

The important thing to know about these two examples is that the wide band 
Gaussian channel arises in a wide variety of practical communication situa­
tions, whereas a BSC hardly ever occurs in its pure form. So it should not be 
surprising that convolutional codes have been used in a majority of practical 
applications of error-correcting codes. 

(An interesting example of practical applications: the communications link 
between a space vehicle and the earth is usually quite well modeled as a 
wideband Gaussian channel, and several sophisticated coding schemes have 
been used in deep-space applications since the late 1960's. In NASA's 
Mariner-class spacecraft from 1969 to 1976 a (32, 6) first-order Reed-Muller 
code with FFT decoding was used (see p. 356), but in 1977 this system was 
scrapped in favor of the (2, l)M = 6 convolutional code described in this 
section. Other space missions (e.g., NASA's Pioneer missions and West 
Germany's Helios) have used sequential decoding on long (M;:: 24) (2, 1) 
convolutional codes.) 

Let us also mention that in 1976 several of us at NASA's Jet Propulsion 
Laboratory devised a decoding algorithm for a powerful block code, the (48, 
24) quadratic residue code, that does not require binary output quantization. 
The performance of this code has been plotted as the dashed curve in Fig. 
12.3. Although its performance is not superior to that of the convolutional 
code, it suggests the following speculation: since the (127, 64) BCH code is a 
better code than the (48, 24) code (dmin = 21 vs. dmin = 12), if a good 
nonbinary decoding algorithm could be found for the BCH code it might well 
turn out to be significantly superior to the convolutional code. 

Finally, we note that the performance of the convolutional code in Fig. 12.3 
is the state of the art only for values of Pe of about 10-3 or more. For 
extremely small values of Pe , the best known practical system is a concatena­
tion scheme (see Sections 6.2 and 9.6), in which the inner code is a 
convolutional code and the outer one is a Reed-Solomon (block) code 
(reference: Odenwalder [41]). 
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12.5 Source codes 

Shannon's source coding Theorem 3.4 suffers from the same major flaw as his 
channel coding theorem: it is nonconstructive (see introductory remarks to 
Chapter 7). It is therefore natural to suppose that researchers may have 
developed a constructive theory for source coding analogous to the construc­
tive theory for channel coding presented in Chapters 7-10. At present, 
however, no such theory exists. There are scattered results (e.g., the zero­
distortion techniques in Chapter 10, and those to be described later in this 
section), but no unified theory. The reasons for this lack appear to be as 
follows: (a) source coding is apparently inherently much harder than channel 
coding; (b) the acceptable distortions in practice are so small that relatively 
little can be gained; (c) many or most sources that arise in practice are 
extremely difficult to model mathematically, as are the corresponding meas­
ures of distortion. The classic example of the last phenomenon is the case of 
visual data, for example, photographs of distant planets. 

We now describe some of the more important results that have been 
obtained in constructive source coding. 

We begin with the memoryless Gaussian source with mean-squared error 
fidelity criterion (cf. Section 4.2). It is important to have explicit source 
coding techniques for this source both because it arises frequently in practice 
and because perfect transmission is impossible, since R(O) = 00 (cf. Fig. 4.2). 
Fortunately, there exists a very simple technique, called quantization, which is 
applicable here. 

A quantization scheme is one that maps the source symbol u into feu), 
where f is a monotonic step function assuming only finitely many values. 
Thus there are real numbers Ll < ... < Ln (called quantization levels) and 
Tl < ... < Tn- 1 (called quantization thresholds) such that feu) = Lk iff 
Tk-l < u ~ Tk, where To = -00 and Tn = +00. This mapping transforms 
the continuous memoryless source U (a mean 0, variance 0 2 Gaussian 
random variable) into a discrete memoryless source feU) that assumes the 
value Lk with probability Pk = P{Tk-l < U ~ Tk}. The average distortion 
that results from representing U by feU) is of course 0 = E[U - f(U)]2. 
Furthermore, as we learned in Chapter 11, the average number of bits required 
to represent a symbol from the source feU) is H[f(U)]. Thus (referring to 
Fig. 4.2) the point R = H[f(U)], 0 = E[U - f(U)]2 is achievable by this 
quantization scheme. Surprisingly, Max and others have shown by numerical 
techniques that, if the levels and thresholds are properly chosen it is possible 
in this way to achieve performance that is quite close (within one bit) to the 
R(O) curve. (Max's paper is on pp. 267-276 in [25]. Berger [l3], Section 5.1, 
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provides a more detailed summary of quantization techniques, including a 
discussion of their applicability to Gaussian sources with memory. See also 
papers 19-25 in [16].) 

In order to describe some of the more sophisticated source coding techni­
ques that are known, we pause to discuss the strong similarity between source 
coding and channel decoding. For clarity, we shall restrict ourselves to the 
binary symmetric source relative to the Hamming distortion (see pp. 82-83). 

Recall that a source code of length k and rate Rs is a subset 
Cs = {VI, V2, ... , vMs} ~ Vk(F2 ) = Vk with k- I log2 Ms = Rs. Its distor­
tion is given by 

where for each n E Vk the encoding function fin) is defined to be the source 
codeword from Cs closest to n with respect to the Hamming distance dR (cf. 
Eq. (3.18)). 

Now recall that a channel code of length n with rate Rc is a subset 
Cc = {Xl, X2, ... , XMJ ~ Vn with Rc = n- I log2 Mc. Only the codewords Xi 

are transmitted, but because of channel noise Xi can be received as any 
y E Vn. The decoding function fc must then map Vn into the code Cc; ideally 
fc maps the received y onto the codeword closest to y with respect to the 
Hamming distance dR. 

In both cases the function f maps a vector from the whole space onto the 
closest codeword. This suggests that, given a good channel code and decoding 
algorithm, the same code can be used as a source code, where now the 
channel decoding algorithm is used as a source encoding algorithm. (Inciden­
tally, the channel encoding algorithm should be used as the source decoding 
algorithm. Do you see why?) This idea is in fact a good one, but it is loaded 
with pitfalls, as we shall now explain. 

We have already seen examples of running a channel code backward to get 
a source code in the Introduction: there we ran the repetition codes backward, 
and more important, we ran the (7, 4) Hamming code backward to get 
R = 0.5714 and a = 0.1250. The value of R(o) = 1 - H2(O) for a = 0.1250 
is 0.4564, so the Hamming code performs tolerably well as a source code. 
Similarly, if the perfect (23, 12) Golay code (with syndrome table lookup 
decoding) is used as a source code, R = 0.5217 and 0=0.1240 (vs. 
R(0.1240) = 0.4592.) There is no problem so far. 

It is natural, given the results of Chapter 9, to want to use BCH codes as 
source codes, but here serious problems do arise because the decoding 
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algorithms of Chapter 9 are incomplete algorithms. By this we mean that 
these algorithms perform properly only if the received vector y lies fairly 
close to a codeword; for other vectors the performance is dismal. For example, 
consider the (31, 16) three-error-correcting BCH code. Its decoding algorithm 
(see Fig. 9.1) will succeed if the received vector lies within Hamming distance 
3 of some codeword. But the total number of vectors in V31 this close to a 
codeword is only 

216 . (1 +31 + W) + G1)) = 3.3 X 108 , 

or about 15% of the 231 = 2.1 X 109 vectors in V31 . For channel coding this 
presents no problem, since the code will normally be used only on a channel 
for which more than three errors is an extrememly improbable event. But for 
source coding, in which each of the vectors in V31 is equally likely to be 
emitted, it is a disaster; for 85% of the time the decoder/encoder will bomb 
out! (The usual failure mode will be that the error-locator polynomial a(x) 
will have degree 3 but will have fewer than 3 zeroes in the field F32.) 

The above considerations have led researchers to try to design practical 
decoding algorithms for BCH codes that will produce the nearest codeword, 
no matter what the decoder input is. For single-error-correcting BCH codes 
there is no problem: the decoding algorithm is already complete. Berlekamp 
[14], Chapter 16, has given a complete algorithm for the two-error-correcting 
case. And, finally, Vanderhorst and Berger [47] have studied the three-error­
correcting case. 

Although we have illustrated the concept of employing a channel code as a 
source code using block codes, one could just as well use convolutional codes, 
and indeed several researchers have done so. For example, Berger [13], 
Chapter 6, discusses certain modifications of sequential decoding that give 
good results. A more recent paper of Anderson [28] gives an adaptation of the 
stack algorithm to source coding. The anthology [16] edited by Davisson and 
Gray contains several more papers in the same area, including an interesting 
application to speech compression. 
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Probability theory 

We emphasize at once that our object here is not to teach the reader 
probability theory. For that purpose we recommend either the short book by 
Lamperti [8] or the two-volume study by Feller [4]. Our object is really just to 
settle on standard notation, certain conventions, and so on, and to state the 
weak law of large numbers, which is the basic tool used in the proof of the 
coding theorems of Chapters 2 and 3. 

The basic concept is that of a probability space (Q, 8, P), where Q is a 
nonempty set called the sample space, 8 is a Borel field of subsets of Q, and 
P is a nonnegative function defined for all A E 8 with the property that 
P{Q} = 1 and 

provided each An E 8, and the An's are disjoint. P is called the probability 
measure. For example, if Q = {WI, W2, ... } is finite or countable, 8 is the 
collection of all subsets of Q, (PI, pz, ... ) is a sequence of nonnegative 
numbers whose sum is 1, then the definition P{A} = l:{Pn: Wn E A} makes 
(Q, 8, P) a probability space; it is called a discrete probability space. 

A random variable X is a function mapping Q into some set R, called the 
range of X. (We shall denote random variables by upper case letters from near 
the end of the alphabet.) Normally we assume R is a subset of the real 
numbers but sometimes R will be another kind of set. For example, if R is a 
subset of n-dimensional Euclidean space, X will be called a random vector 
and be printed in boldface: X. The components of X will be denoted by 
Xl, X 2, ••• , Xn; thus a random vector X = (Xl, ... , Xn) can be viewed as a 
list of (one-dimensional) random variables. 

Two random variables X and Y defined on the same probability space are 
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said to be equal almost everywhere if the set {w: X ( w) -I- Y ( w)} has P­
measure O. In symbols, 

X = Y a.e. iff PiX -I- y} = o. 

If X is a random variable with range R equal to the real line, its expectation, 
or average, is defined by 

in words, E(X) is the Lebesgue integral ofthe function X with respect to the 
measure P. 

There is another, equivalent definition of expectation that is often more 
convenient for computation. The measure P defined in Q induces a prob­
ability measure Px on R via the definition Px(S) = P{w: X(w) E S} for any 
Borel set of reals. This measure is called the distribution of X, and the 
function S 

Fx(x) = P{w: X(w) ~ x} 

is called the distribution function of X The expectation of X is equally given 
by 

E(X) = f xdPx = foo x dFx (x) , 
R -00 

(A.I) 

in the sense of Lebesgue-Stieltjes. We pause to comment on two special 
cases of (AI). 

First, if Q is discrete, and if for each x E R we define p(x) = 

Px({x}) = P{w: X(w) = x}, definition (AI) becomes 

E(X) = L p(x) . x, 
x 

where the range of summation is purposely left unspecified; it can be over any 
discrete subset S of rea Is such that PiX E S} = 1. More generally, if f is any 
real-valued function defined on S, f(X) is a new random variable, and its 
expectation is given by 

E[f(X)] = L p(x)f(x). (A2) 
x 

Sums of this kind appear throughout Part one of this book, and often f(x) will 
assume the improper values ±oo, or will be undefined for certain values of x. 
However, it will always turn out that f(x) will misbehave only on a set of 



368 Appendix A 

measure 0, that is, only for values of x with p(x) = 0, and the corresponding 
contribution to the sum will always be assumed to be 0. 

Second, if the random variable X has a density, that is, if the distribution 
function can be expressed as Fx(x) = roo p(u) du for some nonnegative 
function p, then the expectation of X can be computed from the formula 

E(X) = J~oo u . p(u) duo 

Similarly, E[f(X)] = f f(u)p(u) duo 
We come now to the important concept of independence. 

(A.3) 

Let (Q, B, P) be a probability space, and let AI, A2, ... , An be sets from 
B. The "events" AI, A2, ... , An are said to be independent if for every subset 
of them, Ail' ... , Aim' we have 

More important, a collection XI, ... , Xn of random variables all defined on 
the same sample space is said to be independent if the events Ai = 

{w: Xi(W) E Si} are independent for any choice of S], S2, ... , Sn E B. This 
is not an easy condition to verify directly, so we give an alternate for­
mulation in the case of only two random variables. 

If X and Y are any pair of real random variables defined on the same 
sample space, independent or not, the mapping w ----t (X(w), Y(w)) induces a 
measure Pxy on the field of two-dimensional Borel sets. This is called the 
joint distribution of X and Y, and the function 

Fxy(x, y) = P{w: X(w) ~ x, Y(w) ~ y} 

is called their joint distribution function. To say that X and Yare independent 
is to say that the measure Pxy is a product measure, that is, that for any pair S 
and T of one-dimensional Borel sets Pxy(S X T) = Px(S)Py(T), where Px 
and P y are the one-dimensional measures induced by X and Y. Equivalently, 
X and Yare independent iff 

where Fx and F y are the distribution functions of X and Y. 
In the discrete case, if we define for each x, y in (range of X, range of Y) 

p(x, y) = P{w: X(w) = x, Y(w) = y}, X and Yare independent iff jJ(x, y) 
= p(x)p(y), where p(x) = P{X(w) = x}, p(y) = P{Y(w) = y}. (Note the 
deliberate use of ambiguous notation: the same symbol pO is used for two 
completely different discrete distribution functions; they can be distinguished 
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only by the fact that elements in the range of X are denoted by x's, elements 
in the range of Y by y's.) 

In the continuous case, if X and Y both have densities p(x) and q(y), X and 
Yare independent iff 

Fxy(x, y) = [00[00 p(s)q(t) ds dt, 

that is, X and Y have a joint density p(x, y) = p(x)q(y). 
We can now state the weak law of large numbers, which is vital in the 

proofs of the coding theorems. 
ffeak Law of Large Numbers. For each n, let Xl, X 2 , ... , Xn be indepen­

dent random variables, each with finite expectation ,u-indeed, each with the 
same distribution function. Then for each c > 0, 
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Convex functions and Jensen's inequality 

References: Fleming [6], pp. 13-28 and 53-66; Feller [4], vol. II, pp. 153-
155. 

A subset K ~ En (Euclidean n-space) is called convex if the line segment 
joining any two points of K is contained in K: 

Convex Not Convex 

The line segment joining Xl and X2 is formally defined as {x: x = 

txl + (1 - t)X2, t E [0, In. 
Although the definition of a convex set is given in terms of pairs of points, 

it can also be given in terms of convex combinations of any finite number of 
points, as follows. A point x is said to be a convex combination of Xl, 

X2, ... , Xm if there exist nonnegative scalars aI, a2, ... , am with L:ai = 1, 
and L:aixi = x. The set of all convex combinations of Xl , X2, ... , Xm is called 
the convex hull (Fig. B.I) of Xl, X2, ... , Xm. It is easy to show that a set K is 
convex iff every convex combination of points in K is also in K. 

1<2 

1<1~ .•......... · .•.. · 

V 
1<3 

Figure B.1 Convex hulls in two dimensions. 
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Now let J be a real-valued function, and let K be a convex subset of the 
domain of J. Then J is said to be convex U ("convex cup") if, for every 
Xl, X2 E Kand t E [0,1], 

J(txl + (1 - t)X2) ~ if(xJ) + (1 - t)J(X2). (B.I) 

Furthermore, if strict inequality holds in (B.I) whenever Xl -=I=- X2 and 
0< t < 1, J is said to be strictly convex U. Examples in one dimension are 
as follows: 

convex U strictly convex U not convex U 

Geometrically, the definition says that J is convex U iff all its chords lie above 
or on the graph of J. 

Similarly, a function is called convex n ("convex cap"), * or strictly convex 
n, if - J is convex U, or strictly convex U, that is, if the inequality in (B. 1 ) is 
reversed: 

J(txl + (1 - t)X2) ;:: if(Xl) + (1 - t)J(X2). (B.I') 

convex n strictly convex n not convex n 

It is a remarkable fact that convex functions are continuous, in this sense: If 
K is an open convex set and if J is convex (n or U) on K, then J is 
continuous on K. However, if K is not open, J may be discontinuous at 
boundary points of K: let K = [0, 1], J(x) = X for ° < X ~ 1, J(O) = 1. 
(See Fig. B.2). 

If J is sufficiently smooth, we can test J for convexity by calculus. For 
example, in one dimension let J be a function that has a derivative f'(x) for 

* Sometimes concave is used instead of convex n, and convex mean convex U. 
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o 
Figure B.2 f is convex U (not convex n) on [0, 1] but discontinuous at x = 0. 

every point x E K. Then f is convex U iff f' is nondecreasing on K, and is 
strictly convex U iff f' is increasing on K. Hence, if f" exists, f is convex U 
iff f"(x) ;=: 0 in K; and if f"(x) > 0 except for a finite number of points, f is 
strictly convex U. The situation is similar for convex n functions. (In higher 
dimensions there is a test for convexity that depends on the matrix [Dijf] of 
mixed second partial derivatives; see Fleming [6], §2-4, for details.) 

Also, if f is differentiable on K, f is convex U iff f(x) ;=: fey) + 
V fey) . (x - y) for all x, y E K, and strictly convex U iff strict inequality 
holds whenever x -=I=- y. 

We come finally to Jensen s inequality, which deals with convex functions 
of only one variable. Let K be an interval in El, and let F(x) be a probability 
distribution concentrated on K. Let X be the associated random variable, that 
is, P{X ~ x} = F(x). If the expectation E(X) exists, and if f(x) is a convex 
U function, Jensen's inequality says that 

E(f(X)) ;=: f(E(X)). (B.2) 

Furthermore, if f is strictly convex, inequality (B.2) is strict unless X is 
concentrated at a single point xo, that is, P{X = xo} = 1. Geometrically, 
Jensen's inequality (Fig. B.3) says that if a mass distribution is placed on the 
graph of f, the resulting center of mass will lie above (or on) the graph of f. 
Naturally, iff is instead convex n, the inequality reverses: 

E(f(X)) ~ f(E(X)). (B.3) 

We conclude this appendix with two examples, in which the f(x) is the 

(E(X) 

If-o'~-- K ---..I 
Figure B.3 Jensen's inequality for a discrete distribution. 
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convex n function log x (base unspecified). In the first example X is discrete, 
and in the second X has a density. 

Example B.t Let Q = {WI, W2, ... } be a discrete set of real numbers, and 
let P(Wi) be a nonnegative function such that L,iP(Wi) = 1. Then Q becomes 
in the obvious way (cf. Appendix A) a discrete sample space. Let q(Wi) be 
any other nonnegative function defined on Q, and define the random variable 
Xby 

X(W) = q(w) . 
pew) 

(The values assumed by X at points where p( w) = 0 are unimportant; we may 
as well assume X(w) = 0 there.) Then by Jensen's inequality (B.3) E(logX) 
::;; log E(X). But 

" q(Wi) E(logX) = L.,..p(wi)log -( .)' 
i pw, 

and 

E(X) = L q(Wi)' 
i:p(w;)-I-0 

(see the discussion following Eq. (A.2).) Thus, if a denotes the above sum for 
E(X), we get 

Furthermore, since log x is strictly convex, equality holds iff X = /3, a.e. for 
some constant /3; but since L,P(Wi) = I this constant must be a, and so 
equality holds iff q(Wi) = ap(wi) for all i such that P(Wi) -# O. Clearly the 
underlying set Q plays no part in this, and so we can state the following 
theorem. 

Theorem B.t Let I be a discrete set of integers, and let Pi, i E I, be a set of 
positive (NB) real numbers such that L,iEI Pi = 1. If qi is any other set of 
nonnegative (NB) real numbers with L,iElqi = a, then 

1 1 
LPilog -::;; LPilog -+loga, 
iEI Pi iEI qi 

(B.4) 

with equality iff q i = a Pi for all i. D 
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Example B.2 Let Q equal the real line, and let p(x) be a density function, 
that is, a nonnegative function such that I~oo p(x) dx = 1; p(x) induces in the 
obvious way a probability measure on Q (cf. Appendix A). Let q(x) be any 
other nonnegative function defined on Q, and define the random variable 
X(x) = q(x)/ p(x). Again applying Jensen's inequality, this time using Eq. 
(A.3) to compute the expectations, we get 

foo p(x) log q«X)) dx ::;; log f q(x) dx, 
-00 p X I 

where I = {x : p(x) > O}. Arguing as in Example B.1, we can state another 
theorem. 

Theorem B.2 Let I be a measurable subset of the real line, and let p(x) be a 
positive (NB) function defined in 1, with II p(x) dx = 1. If q(x) is a nonnega­
tive (NB) function defined on 1, with II q(x) dx = a, then 

L p(x) log P;X) dx ::;; L p(x) log q;X) dx + log a, (B.5) 

with equality iff q(x) = ap(x) a.e. D 

Note: The sum appearing on the left ofEq. (BA) is called the entropy of the 
probability distribution (PI, P2, ... ); the integral on the left side of (B.5) is 
the differential entropy of the random variable whose density is p(x). The 
study of entropy and differential entropy is central to information theory, and 
arguments similar to the above two are ubiquitous in Part one of this book. 
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Finite fields 

In this appendix we shall state for reference purposes the main facts about 
finite fields, which are needed in Chapters 8 and 9. We recommend as 
references Berlekamp [14], Chapters 2, 3, 4, 6, and Niederreiter [11]. 

C.I Construction 

The basic building blocks are the prime fields Fp , where p is a prime number. 
Fp is the field whose elements are {O, 1, ... , p - I}, and arithmetic is per­
formed modulo p. 

The m-dimensional vector space Vm(Fp) over Fp is the set of m-tuples a = 

(ao, aI, ... , am-I), with addition defined componentwise. Vm(Fp) can be 
made into a field by defining a multiplication in the following way. Let 
f(x) = fo + fIX + ... + fmxm be an mth degree polynomial irreducible over 
Fp. Such polynomials exist for all m and p; indeed there are exactly 

1 
Im(P) = - L.Ji(d)pm/d 

m dim 

monic irreducible polynomials of degree mover Fp , where Ii is Mobius' mu 
function and the summation is extended over all (positive) divisors of m. 
Extensive tables of irreducible polynomials have been computed, e.g. [22], 
[23]. Now in Vm(Fp), define the product of a = (ao, aI, ... , am-I) and b = 

(bo, b l , ... , bm- I) to be c = (co, CI, ... , Cm-I), where c is uniquely deter­
mined by the equation 

(ao + aIX + ... + am_Ixm-I)(bo + bix + ... + bm_Ixm- l ) 

(modf(x)). 

The multiplication defined in this way, combined with the componentwise 
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addition, makes Vm(Fp) into a field with pm elements. According to the above 
construction, there are as many ways to define this multiplication as there are 
degree m irreducible polynomials; but it turns out that all these fields are 
isomorphic, and so the field is usually called the field with pm elements, and 
denoted by GF(pm) (GF = Galois fields in honor of their discoverer) or by 
Fpm. 

The above construction shows how to construct a field with pm elements 
for all p, m. Conversely it is known that any field with a finite number of 
elements must be of this kind, so, for example, there is no field with six 
elements. The prime p is called the characteristic of the field. 

More generally, if Fq is a finite field with q elements (and now q need not 
be a prime; it can be a prime power), the vector space Vm(Fq) can be made 
into a larger finite field by the use of an mth degree polynomial that is 
irreducible over Fq. By taking q = pd and m = nj d, this shows that Fpd can 
be viewed as a subfield of Fpn if d divides n. Conversely, if d does not divide 
n, Fpd is not a subfield of Fpn. 

C.2 Multiplicative structure 

Let Fq be a finite field with q = pm elements. The nonzero elements of Fq 
form a commutative group F: of order q - 1, which is in fact a cyclic group. 
It follows then that F: contains elements of order d iff d is a divisor of q - 1, 
and in fact there are exactly ¢( d) elements of order d, if d divides q - 1 
(¢ = Euler's phi function). An element ofmulitplicative order q - 1, that is, a 
generator of the group F: is called a primitive root. 

It thus follows that every element in F: satisfies aq- 1 = 1, and so every 
element in Fq satisfies aq = a. If Fq is viewed as a subfield of Fqm for some 
m, then this equation characterizes Fq , that is, 

aq = a iff a E Fq . 

C.3 Conjugation and minimal polynomials 

If Fqm is regarded as an mth degree extension of Fq, the mapping a ----t aq is 
called conjugation. Conjugation is linear, that is, 

(a + {3)q = aq + {3q. 

The conjugates of a are the distinct elements in the sequence a, aq a q2 , .... 

Thus, if k is the least integer such that aqk = a. the conjugates of a are 
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{a, a q , ... , a qk- J
}. Here k is called the degree of a; it follows that k is a 

divisor of m, and that a E Fqk but no smaller field. 
The minimal polynomial of a is defined to be the monic polynomial I(x) of 

least degree with coefficients in Fq such that I(a) = O. Over Fq, I(x) is 
irreducible, but in the larger field Fqm, I(x) factors linearly: 

k-J 

I(x) = (x - a)(x - a q ) ... (x - a q ). 

Thus the degree of I(x) is the same as the degree of a. 
If a is a primitive root in Fqm the minimal polynomial of a is called a 

primitive polynomial over Fq. It is often convenient to reverse this process and 
use a primitive polynomial to construct the field. For example, by consulting 
tables (e.g., [22] or [23]) we find that I(x) = X4 + X + 1 is a primitive (and 
hence also irreducible) polynomial over F2 . Thus I(x) is the minimal poly­
nomial of a primitive root in F16, which we denote by a. Then F16 consists of 
the elements {O, 1, a, a2 , ••• , a 14 }, and each power a i can be represented as 
a polynomial of degree :s: 3 in a by repeated use of the equation a 4 = a + 1. 
In this way we can compute the following table: 

a i 

0 
1 a 
2 a 2 

3 a 3 

4 a+l 
5 a 2 +a 
6 a 3 +a2 

7 a 3 + a+l 
8 a 2 +1 
9 a 3 +a 

10 a 2 + a + 1 
11 a 3 + a 2 + a 
12 a 3 + a 2 + a + 1 
13 a 3 +a2 +1 
14 a 3 +1 

This kind of table is convenient for making calculations. For example, if F 16 

is represented by the vectors from V4(F2 ), to multiply 1101 by 0111 we do the 
following: 
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1101 = a3 + a2 + 1 = al3, 

Hence (1101) . (0111) = (0101) if FI6 is realized in this way. 

C.4 Factorization of xn - lover Fq 

If Fq has characteristic p and n = pi no for some i;;. 1, then xn - 1 
= (xnO - l)Pi in Fq . Hence we assume nand p are relatively prime. If this is 
so, there will be at least integer m such that qm == 1 (mod n), that is, such that 
n divides qm - 1. Hence the field Fqm, but no smaller field, will contain a 
primitive nth root of unity, which we denote by fJ. In the field Fqm, 

n-I 
xn - 1 = II (x - fJi), 

i=O 

but in the smaller field Fq, xn - 1 is the product of the (distinct) minimal 
polynomials of the powers of fJ. We illustrate with an example (cf. p. 276). 

Let q = 2, n = 23. Since 211 == 1 (mod23), F211 contains a primitive 23rd 
root of unity. The minimal polynomial of fJo = 1 is clearly x - 1. The minimal 
polynomial of fJ is 

10 

g(x) = II (x - fJ2i ), 
i=O 

since fJ211 = fJ, and so (using fJ23 = 1), 

g(x) = (x - fJ)(x - fJ2)(x - fJ4)(x - fJ8)(x - fJI6)(x - fJ9)(x - fJ18) 

. (x - fJl3)(x - fJ3)(x - fJ6)(x - fJI2). 

Similarly, the minimal polynomial of fJ5 is 

g(x) = (x - fJ5)(x - fJIO)(X - fJ20)(X - fJI7)(x - fJll )(x - fJ22)(X - fJ21) 

. (x - fJI9)(x - fJI5)(x - fJ7)(x - fJI4). 

Since every power of fJ is now accounted for, the complete factorization of 
x23 - 1 into irreducible factors over F2 is 

(X23 - 1) = (x - l)g(x)g(x). 
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By factoring x23 - lover F2 directly, it can be shown that we may take 

g(x) = Xli +x9 +x7 +x6 +x5 +x+ 1, 

g(x) = xli + x 10 + x6 + x5 + x4 + x2 + l. 
(See [22] or [23].) 
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Path enumeration in directed graphs 

(For more detailed treatments of this subject, consult Aho, Hopcroft, and 
Ullman [1], Chapter 5, or Mason and Zimmerman [10], Chapter 4.) 

Let G = (V, E) be a directed graph, where V = {VI, V2, ... } is a finite set 
of vertices and E is a subset of ordered pairs from V, called edges. G can be 
represented pictorially by a set of points in the plane corresponding to the 
elements of V; if (Vi, Vj) E E, a directed line is drawn from Vi to Vj. For 
example, in Fig. D.l we have drawn the graph G, where V = 

{ao, aI, b, c, d} and E = {(ao, c), (b, al), (b, c), (c, b), (c, d), (d, b), 
(d, dn. [Note. The graph in Fig. D.l is identical to the graph in Fig. 10.14.] 

A path in such a graph is a sequence of edges of the form (vo, VI), 

(VI, V2), ... , (Vn-I, Vn). Such a path is said to be a path oflength n from Vo 

to Vn, and is usually represented by the string VOVI ... vn. For example, in the 
graph of Fig. D.l P = aocbcddbal is a path oflength 7 from ao to al. 

Suppose now that each edge in G is assigned a label. For definiteness we 
will assume that the labels are real numbers between 0 and 1. However, the 

b c 

Figure D.l The graph G. 

380 
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discussion that follows remains valid when the labels come from much more 
general algebraic domains. (See [1], Section 5.6.) In Fig. D.1 the seven edges 
have been labeled A, B, ... , G. Let us define the label of a path to the 
product of the labels of the component edges. The path P cited above has 
label ABCDEFG, for example. The problem we wish to consider is to 
compute the sum of the labels of all paths joining a specified pair of vertices 
in G. This quantity we shall call the transmission between the two vertices. 

Before tackling the graph of Fig. D.1, let us consider a somewhat simpler 
graph, depicted in fig. D.2, where V = {Vi, Vj, Vs}, and E = {(Vi, Vj), 

(Vi, Vs), (Vs, Vs), (Vs, Vj)}. In this graph there are infintely many paths be­
tween Vi and Vj, namely (ViVj), (ViVsVj), (ViVsVsVj), (ViVsVsVsVj), etc. The 
sum of the labels of all paths between Vi and V j is clearly 

Lij + LisLsj + LisLssLsj + LisL;sLsj + ... 

= D. + LisLsj 
lJ 1 - Lss· 

Hence the transmission between Vi and V j in Fig. D.2 is given by 

LisLsj 
T(Vi' Vj) = Lij + -1--. 

- Lss 

In other words, the transmission between Vi and V j in Fig. Dol is the same as 
the transmission between Vi and V j in Fig. D.3, the graph G' of Fig. D.3 
having been obtained from the graph G of Fig. D.2 by deleting the vertex Vs 

and replacing the label Lij according to the rule 

Lss 

Lij 

Figure D.2 Another graph. 

v· 
J 
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Lij 

Figure D.3 The graph of G'. 

D. - D. + LisLsj 
lj - lj 1 - Lss' (D.l) 

What this means is that it is possible to compute the transmission between a 
given pair of vertices in a complicated graph by removing intermediate 
vertices from the graph, one by one, and redefining the edge labels by means 
of Eq. (D. 1 ). One will eventually reach a graph with only two vertices, at 
which point the transmission between these vertices can be read directly from 
the graph (see Prob. 10.9). 

Let us use this technique to compute the transmission between ao and al in 
the graph of Fig. D.l. We first remove vertex d; the resulting graph appears in 
Fig. D.4. 

Next we remove vertex c. The result is shown in Fig. D.S. The graph of Fig. 
D.S has the form of Fig. D.2, and so we can compute the transmission between 
ao and al directly from Eq. (D.l). The result is 

T(a a) _ AB( C - CG + EF) 
0, 1 - 1 - G - CD + CDG - DEF 

(D.2) 

In Chapter 10 we needed two special cases ofEq. (D.2), in which the labels 
are given by the following table (see Figs. 10.14 and 10.15). 

b.-----__ --------__ ec 

o 
Figure DA The graph of Fig. D.I after vertex d is removed. 
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01 00 

CD-CDG+DEF 
I-G 

Figure D.5 The graph of Fig. D.4 after vertex c is removed. 

Label Case 1 Case 2 

A x2 x2 yz 
B x2 x2 y 
C X xy 
D 1 yz 
E x xyz 
F x xy 
G x xyz 

Substituting these values into Eq. (D.2), we obtain 

x5 

A(x) = 1 - 2x' 

x 5y 3z 
A(x, y, z) = 1 _ xyz(l + y) 

(cf. Eqs. (10.11) and (10.13». 

(D.3) 

(D.4) 
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basic (7, 4), 4-8, 12 (probs. 0.6, 0.7, 0.8, 
0.9),141,148,158,161 (prob. 7.17), 
364 

cyclic, 195 ff. 
general definition, 148 ff. 
extended, 161 (Prob. 7.17), 164 (Prob. 

7.30) 
expurgated, 161 (Prob. 7.17) 
nonbinary, 161 (Prob. 7.19), 348 
weight enumerator of, 163 (Prob. 7.24) 

IBM, 213 
interleaved, 164 (Prob. 7.32), 207 ff. 
Justesen, 286-287 (Probs. 9.34-9.39) 
Kerdock,354 
linear (Chapter 7 is devoted to linear codes) 

channel coding theorem can be proved 
for, 129 

convolutional codes as generalization of, 
293 

defined, 140 
generator or parity-check matrix, 143 

(Thm 7.1) 
source coding theorem can be proved for, 

135 
Nadler, 350 
nearly perfect, 348 
nonlinear, 353 ff. 
perfect, 93 (Prob. 3.13), 149,347 ff. 
prefix, 332 
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preparata, 354 
quadratic residue, 353, 362 
Reed-Muller, 164 (Prob. 7.30), 353 
Reed-Solomon (Chapter 9 is devoted to RS 

codes) 
repetition, 2, 3, II, 12 (prob. 0.2),161 (prob. 

7.18) 
single-error correcting, 148 
single-error correcting, double-error 

correcting, 152 (Ex. 7.4) 
source, general definition of, 84 
source, noiseless, 132, 330 ff. 
systematic, 142 
tree, 135, 358 

See also Codes, convolutional 
uniformly packed, 348 
variable length (Chapter II is devoted to 

variable-length codes) 
average length of, 334 
defined, 331 
Huffman algorithm for constructing, 336 ff. 
matched to a DMS, 334 
optimality defined, 337 

Coding theorems, 
channel, 

for BSC, 8-11 
convernesto, 115, 130 
for general DMC, 62 (Thm 2.4),74 

(Note 10) 
Ro, for DMC, 72-73 (probs. 2.21-2.26) 
general, 113, 123 
for Gaussian channel, 99 (Thm 4.2) 
Ro, for Gaussian channel, 106-107 (probs. 

4.3-4.9) 
practical, 129 

source, 
converne to, 135-136 
for DMS, 86 (Thm 3.4) 
for Gaussian source, 104 (Thm 4.5) 
general statement, 114 
for multiple users, 132-136 

source-channel, 115 (Thm 5.1) 
Coin-flipping code. See Code, coin-flipping 
Complete path enumerator, 309 
Compression ratio, 85 
Computational cutoff rate, 358 
Concatenation of strings, 331 

See also Code, concatenated 
Concave function, 371 n. 
Conjugation in a finite field, 376 
Constraint length, of a convolutional code, 294, 

299,329 (Note 4) 
Converses to coding theorems. See Coding 

theorems 
Convex function, 371 
Convex set, 370 
Convolutional code. See Code, convolutional 

Convolution of two sequences, 329 (Note I) 
Coset leader, 145 
Coset of a linear code, 144 
Cost, average, of a general communication 

system, 115 
Cost function, for DMC, 50 
Covariance, not a good measure of 

independence, 28, 45 (Prob. 1.1 0) 
Critical rate (Rerit), 127 
Crossover probability, 13 (Note 3) 
Cyclic code. See Code, cyclic 

Data compression theory, 84 
Data processing theorem, 34 
Davisson, L., 365 
DB, definition of, 107 (prob. 4.15) 
Decoder. See Decoding algorithms 
Decoding algorithms, 

Ad hoc, used for proving channel coding 
theorem, 63 

for binary BCH codes, 251 (Fig. 9.1), 252 
(Fig. 9.2),274 (Fig. 9.9) 

burst-trapping, 215 ff. 
error-trapping, 160 (prob. 7.14), 215 
fast Fourier transform decoding of first-order 

Reed-Muller code, 356 
general definition, for DMC, 60 
generalized, for proving source-channel 

coding theorem, 118 (Fig. 5.3) 
geometric, 146 
for Hamming codes, 7, 149 (Fig. 7.4) 
incomplete, 365 
majority-vote, 2, 355 
maximum likelihood, 70 (prob. 2.13), 153, 

306 
minimum error probability, 70 (Prob. 2.13) 
using multipliers, 160 (Prob. 7.14),166 (Note 

12) 
for Reed-Solomon codes, 261 (Fig. 9.4),262 

(Fig. 9.5),274 (Fig. 9.9) 
repetition, 4 
sequential decoding, 313 ff., 358-359 

Fano, 319-320, 328 (Probs. 10.25-10.32) 
Stack, 317-318, 327 (Prob. 10.23) 

syndrome, 145 (Fig. 7.1),149 (Fig. 7.4), 150 
(Fig. 7.5) 

threshold decoding, 355 
Viterbi, 

for BSC, 304 (Fig. 10.11) 
on Gaussian channel, 324 (Prob. 10.7) 
on general DMC, 305-307 

Delay element, 184 
Delsarte, P., 349, 353, 355 
Delsarte-MacWilliams inequalities, 349 
t5max , for DMS, 74 
t5min , for DMS, 77 
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Dependence between random variables 
measured by mutual information, 28 

Density of random variable, 368 
Derivatives, formal, 240, 284 (Prob. 9.18) 
Deus ex machina, 90 
Dimension ofBCH code, algorithm for 

computing, 282 (Prob. 9.4) 
Dimension of linear code, 140 
Discrete memoryless channel. See Channel 
Distance distribution of code, 349 
Distortion, average, of a general communication 

system, 115 
Distortion measure (for distortion function) 

forDMS,75 
generalized, 115 
Hamming, 82, 345 (Note 2) 
squared-error, for Gaussian source, 99 

Distribution function, 367 
Division circuit, shift register, 187 (Fig. 8.3) 
DMC. See Channel, discrete memoryless drriln , 

147 
DMS. See Source, discrete memoryless 
Dual basis, for convolutional code, 322 (prob. 

10.1) 
Dual code, 

of convolutional code, 322 (Prob. 10.1) 
oflinear code, 142 

Eb/No. See Bit signal-to-noise ratio 
Empty string, 331 
Encoding algorithms, 

Ad hoc, proving source-channel coding 
theorem, 117 (Fig. 5.2) 

for convolutional codes, 299 (Figs. 10.3, 
10.4) 

for Golay code, 281 
for Hamming (7, 4) code, 4-5 
for linear codes, 141 
majority-vote, 4 
for Reed-Solomon codes, 258 
repetition, 2 
shift-register, for cyclic codes, 181 ff. 
systematic, for cyclic codes, 186 ff. 

Entropy, 
absolute, 41 
conditional, 20 
convexity of, 32 
differential, 39 ff., 374 
of discrete random variables, 17,374 
of discrete random vectors, 33 
of ergodic process, 124 
J-entropy, 45 (prob. 1.7) 
of Gaussian random variables, 41-42 

(Ex. 1.13) 
joint, 28 
of Markov chain, 46-47 (Prob. 1.20) 
of probability vector, 18 

Entropy function, 
binary, 10, 12 (Prob. 0.10) 
general, 17-18 (Ex. 1.12) 

Erasure channel. See Channel 
Erasure probability in sequential coding, 359 
Erasure symbol, 22, 60, 125, 151 
Ergodic noise, 124 
Error, in decoding convolutional codes, 310-

312 
Error burst, 164 (Prob. 7.32),199 
Error evaluator polynomial, 243 
Error event, 310 
Error locations, 250 
Error locator polynomial, 243 
Error pattern, 5, 143, 151 
Error probability, 

bit, for (7, 4) Hamming code, 8 
block, for Hamming code, 7 
for coin-flipping codes, 4, 12 (prob. 0.5) 
for repetition codes, 3, 12 (prob. 0.7) 

Error trapping, 160 (Prob. 7.14), 215 
Error, values, 260 
Euclid's algorithm for polynomials, 244 ff., 355 
Euler's .p-function, 376 
Expectation of random variable, 367 
Expurgation, 161 (Prob. 7.17),166 (Note 13) 
Extended source, 336 

Factored coders and decoders, comment on, 122 
(Note 4) 

Factoring xn - lover Fq, 182 (Table 8.1), 378 
Fano algorithm, 320 (Fig. 10.22) 
Fano metric, 317, 327 (Prob. 10.21) 
Fano's inequality, 26, 45-46 (Probs. 1.11, 1.12) 
Fast Fourier transform, 356 
Feedback 

binary erasure channel equipped with, 71 
(Prob. 2.20) 

Shannon's theorem about, 74 (Note 15), 125 
Finite fields, 375 ff. 
First error probability, 311 
Flip-flop, 184 
Forney, G.D., 129,329 (Note 4),357 
Forwad test channels, 

for computing R( 0) for Gaussian source, 108 
(Prob.4.18) 

Free distance of convolutional codes, 
algorithm for determining, 325 (Prob. 10.17) 
defined, 312 
papers listing codes with large, 357 
Plotkin bound for, 325 (prob. 10.16) 

Full UD code, 342 (Prob. 11.2) 

Gallagher, R.G., 125, 126, 129, 135 
Galois field, 231, 375 ff. 
Gaussian channel. See Channel 
Gaussian process, 125 
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Gaussian random variables, 
entropy of, 41 (Ex. 1.13) 
maximal entropy property, 42 (Thm 1.11), 48 

(prob. 1.34) 
minimal entropy property, 47 (Prob. 1.30) 

Gaussian source. See Source 
Generating function for codeword components, 

170 
Generator matrix, 

for convolutional code, 293 
for linear code, 140 

Generator polynomial, 
for BCH codes, 235 
computation of, 282 (prob. 9.4) 
for general cyclic code, 173 
for Reed-Solomon code, 254 

Gilbert - Varsharmov bound, 162 (prob. 7.21), 
350 

Golay codes, See Code, Golay 
Goppa codes, 355 
Gorenstein, D.C., 354 
Graph, definition of, 380 

Hadamard matrix, 353 
Hagelbarger, D.W., 13 (Note 5) 
Hamming bound, 163 (prob. 7.22), 202 

(Thm8.9) 
Hamming code, See Code, Hamming 
Hamming distance, 70 (Prob. 2.13), 71 (Prob. 

2.17),106 (prob. 4.6),146,159 (Prob. 7.4) 
Hamming weight, 145 
Hard decisions, 22,107 (Prob. 4.15) 
See also Quantization 
Heller, J., 362 
Helios spacecraft, 362 
Hirasawa, S., 362 
Hocquenghem, A., 233, 354 
Hopcroft, J., 129 
Huffinan's algorithm, for constructing optimal 

UD codes, 336 ff. 

Indecipherable string, 342 (prob. 11.2) 
Independence of random variables, definition, 

368 
Information, mathematical definition, 18 
Information, mutual. See Mutual information 
Information set, 160 (Prob. 7.13) 
Information source. See Source 
Input alphabet. See Alphabet 
Interleaving of codes, 

for burst-error protection, 164 (prob. 7.32), 
207 (Ex. 8.18), 207 

of polynomials' coefficients in convolutional 
codes, 294 

Invariant factors of convolutional code, 323 
(Prob. 10.1) 

Inverse of generator matrix for convolutional 
codes, 323 (Prob. 10.1) 

Irreducible polynomial, 182 (Table 8.1), 353, 
375 

Jacobs, I., 362 
Jensen's inequality, 372-374 
Johannesson, R., 357 
Johnson noise, 96 
Justesen codes. See Code, Justesen 

Kasahara, M., 355 
KBSC, 13 (Note 2) 
Key equation, for decoding BCHIRS codes, 239 

(Thm 9.4) 
Kraft-McMillan inequality, 332 
Kraft's theorem, on constructing prefix codes, 

333 (Thm 11.2) 

Larsen, K., 357 
Law oflarge numbers, 3, 66, 90, 369 
Lee metric, 93 (Prob. 3.13) 
Length oflinear code, 140 
Lexicographic ordering, 343 (Probs. 11.6, 11.7) 
Linear code. See Code, linear 
Linear programming bound, 349-350 
van Lint, J.H., 353 

McEliece, R.J., 128, 350, 353 
McMillan, B., 124, 332 
McMillan's theorem on UD codes, 332 
MacWilliams identities, 155 (Thm 7.6) 

nonbinary, 163 (Prob. 7.27) 
nonlinear, 163 (prob. 7.28), 349 

Mariner spacecraft, 357, 362 
Markov chain, 

defined, 29 
entropy of discrete, 46 (Prob. 1.20) 
as noise in discrete channel, 70 (Note 2.10) 
proof of Theorem 1.4 in special cases, 48 

(Probs. 1.37-1.39) 
variable-length codes for, 344 (Prob. 11.11) 

Massey, J., 129,287 (Prob. 9.37), 329 (Note 
4.10),356,358 

Max, J., 363 
Maximum likelihood decoding, 70 (prob. 2.13) 
Meggitt's lemma, 217 (Thm 8.15) 
Memory of convolutional codes, 293, 299 
Memoryless assumption 

forDMC,36 
for generalized channel, 43-44 

Meretricious example, 330 
Metric, 

in Fano's algorithm, 317 
in Viterbi's algorithm, 304, 306 

Minimal polynomials, 235, 377 
Minimum distance of code, 147 
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Minimum error probability decoding, 70 (Probs. 
2.13,2.14) 

Minimum weight oflinear code, 147 
Mobius function, 375 
mod g(x) circuit, 187 (Fig. 8.3) 
Muller, D.E., 164 (Prob. 7.30), 353, 355 
Multiaccess channel. See Channel 
Multiplier (in digital circuitry), 184 
Multipliers, decoding with, 160 (prob. 7.14), 

166 (Note 18) 
Multiterminal channels, 125-126 
Mutual information, 

conditional, 46 (Prob. 1.19),49 (Note 9) 
convexity of, 31-32 
definition, 

for discrete random variables, 27 
for discrete random vectors, 33 
for nondiscrete random variables and 

vectors, 37 ff. 
integral formulas, 39, 49 (Note I) 

Nadler, M., 350 
Namekawa, T., 355 
NASA (National Aeronautics and Space 

Administration, 110 (Note 1),357,362 
Nat, defined, 17 
(n, k) code. See Code 
Noiseless coding, 132 
See also Chapter II 

Odenwalder, J., 362 
Omura, J., 128, 130, 134, 135, 329 (Note 4), 358 
Outer channel, 129-130 
Output alphabet. See Alphabet 

Pade approximants, 284 (Prob. 9.21) 
Paradigm for source-channel coding theorem, 

112 (Fig. 5.11) 
Parallel Gaussian channels, 108 (Prob. 4.17) 
Parallel Gaussian sources, 110 (Prob. 4.26) 
Parity-checks, 

defined, 142 
for basic Hamming (7, 4) code, 4-5 
name explained, 165 (Note 6) 

Parity-check matrix, 
for BCH code, 232 (Thm 9.1) 
for linear code, 142 

Parity-check polynomial for cyclic codes, 175 
Path enumeration, 307 ff., 380 ff. 
Path weight enumerator, 308 
Perfect codes. See Code, perfect 
Peterson, W.W., 354 
Pilc, R. J., 135 
Pinkser, M.W., 44, 49 (Notes 7, 9) 
Pinkston, J., 92 (probs. 3.8, 3.9), 94 (Note 6) 
Pioneer spacecraft, 362 

Plotkin bound, 163 (Prob. 7.24), 325 (Prob. 
10.16) 

Posner, E.C., 121 (Prob. 5.7) 
Prefix, 331 
See also Code, prefix 
Primitive polynomial, 197-198, 377 
Primitive root, 376 
Probability space, 366 
Probability vector, 17-18 
Product ofDMC's, 69 (Prob. 2.9) 

Quantization, 
effects on capacity of Gaussian channel, 

107-108 (Prob. 4.10) 
ofa random variable, 37-38 
as technique for source coding, 363-364 

Ro coding theorem, 
for DMC's, 72-73 (probs. 2.21-2.26),128 

(Fig. 6.4) 
for Gaussian channel, 106-107 (probs. 4.3-

4.9) 
Ro = Reomp, 358 
Reomp,358 
Rerit,127 
Random coding, 

used in channel coding theorem, 64 
used in source coding theorem, 87 

Random variable, defined, 366 
Random vector, defined, 366 
Rate, 

of convolutional code, 294, 297, 299 
of general channel code, 59 
of general communication systems, 115 
oflinear code, 140 
of source code, 84 

Rate-distortion function 
of arbitrary DMS relative to Hamming 

distortion, 94 (Note 6) 
continuity of at 0 = Omin, 91 (Prob. 3.4) 
definition, for DMS, 76-77 
definition, general, 114 
efficient computation of, 134 
of Gaussian sources, 100, 134 
general description, 79-80 
minimum value, 80, 92 (Prob. 3.7) 
Shannon lower bound on, 92 (Probs. 

3.10-3.11),109 (Probs. 4.23-4.24) 
of symmetric DMS, 83 (Thm 3.3) 

Raw bit error probability, 2 
Ray-Chaudhuri, D.K., 233, n., 354 
Reduced channel for computing Cmin, 55 
Reduction of source, 340 
Redundant bits. See Parity-checks 
Reed, I.S., 354-356 
Reed-Muller code. See Code, Reed-Muller 
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Reed-Solomon code. See Code, 
Reed-Solomon 

Reliability exponent, 127 
Repetition code. See Code, repetition 
Rodemich, E.R., 350 
RRE (Row Reduced Echelon) matrix, 141, 165 

(Note 5) 
Rumsey, H.C., Jr., 107 (Prob. 4.13), 350 

Sample space, 366 
Schalkwijk, IP.M., 359 
Schwartz's inequality, lOS, III (Note 3) 
Sequential decoding. See Decoding algorithms 
Shannon, Claude Elwood, I, 13 (Note 1),60,74 

(Notes 14, 15),77,86,92-93 (Probs. 
3.10-3.12),93 (Note 2),97, 109 (Probs. 
4.23-4.24), 123, 125, 165 (Note I) 

Shannon lower bound on R( 0)), 92 (Probs. 
3.10-3.11), 109 (probs. 4.23-4.24) 

Shannon's theorems. See Coding theorems 
Shift register circuits, 181 ff. 

for polynomial multiplication, 184 (Fig. 8.1) 
for linear recursion, 193 (Fig. 8.6) 
mod g(x), 187 (Fig. 8.3) 

Shortening a linear code, 164 (prob. 7.31) 
Shortest path problem, relevance to decoding 

convolutional codes, 303 
Signal-to-noise ratio, bit, 120 (Prob. 5.3), 361 
Slepian-Wolftheorem, 132-133 
Sloane, N.IA., 349, 353, 356 
Source, 

binary symmetric, I 
discrete memoryless, 75 
extended, 356 
Gaussian, 99 ff., 134,363-364 
General stationary, 114 
synunetric, 82-83 
See also Rate-distortion function 

Solmon, G., 166 (Note 12),354 
Source code. See Code 
Source-channel coding theorem, 

discussion of, 119-120 
statement of, 115 (Thm 5.1) 

Source coding theorems. See Coding Theorems 
Speech compression, 365 
Squared-error distortion criterion. See 

Distortion measure 
Squarewave, 22 
Stack algorithm, 317-318 
Standard array for linear codes, 145 
Stochastic matrix, 46 (prob. 1.20), 47, 73 (Note 

I) 
String, 331 
Strong converse to coding theorem for DMC's, 

130 
Substring, 331 
Suffix, 331 

Sugiyama, y., 355 
Sun ofDMC's, 69 (Prob. 2.8) 
Superchannel, 129 
Survivors, in Viterbi's algorithm, 304 
Syndrome,S, 13 (Note 5), 144 
Syndrome decoding. See Decoding algorithms 
Systematic property oflinear codes, 142 

Test channel, 
backwards, 

for computing R( 0) for a Gaussian source, 
103 (Fig. 4.3) 

for discrete memoryless source, 76-77 
forward, 

for computing R( 0) for a Gaussian source, 
108 (Prob. 4.18) 

general definition, 114 
Test source, for DMC, 52 

general definition, 113 
Thermal noise. See Johnson noise 
Thought experiment, motivating channel coding 

theorem, 59 
Threshold decoding. See Decoding algorithms 
Thresholds for quantization, 363 
Tick, 184 
van Tilborg, H.C.A., 348 
Transfer function, 329 (Note 8) 
Transition probability, 13 (Note 3), 21 
Transmission between vertices in graph, 381 
Transmission gain, 329 (Note 8) 
Transpose operator, 165 (Note 7) 
Tree codes. See Code, tree 
Tree diagram for convolutional codes, 313 ff. 
Trees, s-ary, 346 (Note 4) 
Trellis diagram for convolutional codes, 30 I ff. 
Truncation of convolutional codes, 296 ff. 
Twenty questions, 345 (prob. 11.22) 
Two dB loss to due to binary output quantization 

on Gaussian channel, 107 (Prob. 4.18) 

Ullman, 1, 129 
Uncertainty. See Entropy 
Unique decodability, 330, 342 (Prob. 11.1) 

Van de Meeberg, 163 (Prob. 7.26) 
Vanderhorst, 1, 365 
Vandermonde determinant, 233, 282 (prob. 9.3) 
Variable length code, 315 ff. 

See also Chapter II 
Varsharmov. See Gilbert - Varsharmov bound 
Venn diagram, for remembering basic facts 

about entropy and mutual information, 28 
(Fig. 1.5) 

Vinck, A.J., 359 
Viterbi, A., 128, 134, 135, 329 (Note 4), 358 
Viterbi decoding. See Decoding algorithms 
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Weak converse to coding theorem for DMC's, 
130 

Weight enumerator, 153 ff. 
Weight of error pattern, 6 

See also Hamming weight; minimum weight 
oflinear code 

Welch, L.R., 350 
Wideband Gaussian channel. See Channel 
Wo1fowitz, J., 125 

Worst-case distortion, 117 
Wu, w., 359 
Wyner, A., 126 
Wyner-Ziv, theorem of, 133-134 

Zero error capacity, 71 (Prob. 2.19), 74 (Note 
14) 

Zieder, N.J., 354 
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